FYSA235 Quantum Mechanics I, part B 11.1. 2013

Exam: 4 problems, 4 hours

1. (a) (3p.) An infinitesimal rotation by angle € around the z-axis is represented by
the operator

Re)=1- %Jz.

Starting from this, derive the operator representing a finite rotation by angle
around the z-axis. You can assume known that

N
lim (1 + %) =e".

N—oo

(b) (3p.) Consider the operator T'(a) = e~**/%. Using series expansion, show that
operating on a wavefunction ¢ (x) with T'(a) gives

T(a)p(z) = ¢(z —a).

Why does this result show that T'(a) represents a translation by a to right (i.e.
to the direction of positive z-axis)?

2. Consider angular momentum operator J_: whose components satisfy the commutation
relations

o, J,) =ihd.,  [Jy, ) =ihdy, [, J,] = ihJ,.

(a) (2p.) The square of the angular momentum is
S =T+ I+ J2

Show that each component of J commutes with .J2.
(b) (2p.) Define operators
Jr =J, £iJy,.
Show, that
[J., J1] = £hJs, [J?,Js] =0
and
JoJ_=J*—J*—hJ,, J . J.=J"—J>+hJ..

(c) (2p.) On the basis of the result obtained in part (a) we know that J? and one
component of J — let this component be J, — have common eigenstates. Denote
these eigenstates by |jm) and assume that they satisfy

JPlgm) = j(j + DR*|jm),  J.|jm) = mh|jm).

Show that J, raises and J_ lowers the eigenvalue of J, by the amount A. Show
also that J, and J_ do not change the eigenvalue of J2. In other words, show
that

J.Jeljm) = (m £ DhJ|im), J2Jslgm) = (G + DR J<|jm).



3. Consider a system consisting of a spin-1 particle (particle 1) and a spin-1,/2 particle
(particle 2).

(a)
(b)

(2p.) Write all the states in the coupled basis in terms of the uncoupled states.
(You may look up the Clebsch—Gordan coefficients from the table.)

(2p.) Let the Hamiltonian of the system be

By~ =
H:h—;’sl-SQ,

where Fj is a constant, and §1 and S, are the spin operators of particles 1 and
2. If the energy of the system is measured, what results can be obtained?

(2p.) Suppose that the spins of both particles have been measured along the z-
axis, and the results +h for particle 1 and +h/2 for particle 2 have been found.
If the energy of the system is measured immediately after this, what are the
probabilities for obtaining each possible value of the energy?

(3p.) Consider a harmonic oscillator placed on a weak electric field. Then the
unperturbed Hamiltonian is Hy = P?/2m + mw?®z? and the perturbation is
V = —q|E|z. Using perturbation theory, calculate the first- and second-order
corrections to the energy of the ground state |0).

(3p.) Use the variational method to estimate the ground state energy of the
one-dimensional potential V(z) = Az*. Choose the function ¢y(z) = e ** as
your trial function.
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34. Clebsch-Gordan coefficients 010001-1
34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS
JoJ
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation:
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Figure 34.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.



