12. 4. 2013

FYSA242 Statistical physics exam: 4 problems, 4 hours

1. Answer the following questions briefly:
(a) (1p.) What does Dulong-Petit law state?
(b) (1p.) Under which conditions gas can be treated as an ideal gas?
(c)
)

1
(1p.) What is equipartition of energy?
(d) (1

(1p.) How does the interaction with the environment differ in canonical and grand canonical
ensembles?

(e) (1p.) Why does the continuum approximation for energy states break down for ideal bosonic
gas at low temperatures?

(f) (1p.) What is Debye frequency?
(g) (1p.) What is fermi surface?

2. (a) (2p.) At which temperatures the heat capacity of a crystal is given by Cy = T + oT3? From
which two physical phenomena the two terms arise?

(b) (3p.) What is the qualitative difference between the assumptions of Einstein and Debye theories,
and how is this difference reflected in the theoretical predictions for heat capacity Cy 7
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(¢) (3p.) Derive the partition function for translational motion of single particle Z; = V (222

(Hint: continuum approximation in k-space and fooo 226~ dp = @a_3/2.)

(d) (3p.) It is known that the pressure of blackbody radiation is P = €(T")/3, where ¢(T) = E/V is
the energy density of the radiation. Derive the following results for the entropy of the radiation,

P e () ()

and using these obtain the Stefan-Boltzmann law € ~ T for the temperature dependence of the
radiation.

3. (a) (4p.) Consider a system in heat- and particle bath, and derive the grand canonical probability
distribution. In other words, show that the probability of the state whose energy and particle
numbers are F, and N, is

e~ B(En—pNn)

— j— 7ﬁ(En* N'rt)
p(n) = — Z= ;e Béin),

where Z is the grand canonical partition function.

(b) (3p.) Consider non-interacting particles in the grand canonical ensemble. Show that the grand
canonical partition function can be written with the help of the canonical partition function
Z(N,T,V) as

Z= Z PN Z(N, T, V)
N=0

(c) (3p.) Then show that for classical ideal gas the grand potential is ® = —kgTefrZ,(T,V),
where Z1(T,V) is the canonical single particle partition function. Using this result, compute
the average number of particles, (IV), and derive the ideal gas equation of state.



4. Let us model the conduction electrons of metal as ideal fermion gas. After continuum approximations
for the density of states you know that the number of electrons whose energies are in the range
[, € + de), is

_ 47T3V(2m)3/2 Vede '
h ePle=n) 41

(a) (3p.) Suppose that the number of conduction electrons is N. Show that

h? /3 N\
6F22m<8ﬁv) '

(b) (3p.) Let the temperature be 0 < T <« Tr = €p/kp. Compute the energy E. You may apply
the Sommerfeld expansion.

n(e — p)g(e)de

> a 7T2 2 41
| dente=mote) = [ deote) + - (nT 6 ) + -
0 0
and the fact that at low temperatures

n* (kpT)?

T) = Sp=ep—
pln.T) = e + 6 = ep = 50

The result is )

E = /Ooo deeg(e)n(e — p) = Eo + %(kT)%q(er

where Eg = [1* deeg(e).

(c) (4p.) Estimate the number N,y of electrons excited above the fermi energy. Express your result
in terms of the ratio 7'/Tr. You should get

r

Nex ~ N—.
Tr



Useful formulas

Mahdollisesti-hy&dyitisti-tietoja

—23 - 1
k= 1.3805x 1072 JK™* kp-300 K~ o eV R = 8.3143 J/molK

0°C=273.15K c=3x10®m/s mec® = 511 keV
1 atm = 1.013 x 10° Nm™2 g = 9.81 ms™2 B =1.0545 x 10734 Js
dE = dQ +dW dE = TdS — PdV dE = TdS — PdV + pdN
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PV=NegT=nrT (&) =25 T
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P, = PN TEND 2= S PUNEND Q= —kyTInE = B-TS—uN = —PV

Z = H L = H i eBlp—er)nr (n,) = 1
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oo~ B e[ DY ] rremas ()

feun=0 "= (Z) (2) (&) -1 s <Z~‘;>z<-§—z>z=1

1 1 h
sinhz = 5(62 - e—:z:) coshz = §(€$ + e-’”) tanhz = S;I;hi
1 1 ,
e’ —1+.’IZ+§.’E+ (1+x)q:1+qx+§q(q——1);p + ..

1 atm:
sulamislamp
hoyrystymislampo 226
0°C:s eys 0.9999 g/cm? ja jaa .9168 g/cm3
0 °C:ssa veden tiheys 0.9588 g/cm? ja hoyryn tiheys U:
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