
FYSH300 Particle physics
2. half-course exam (2. välikoe) 19.12.2012: 4 problems, 4 hours. Return the
the question sheet and particle tables together with your answer sheets – remember
to write down your name in the problem sheet!

1. a) What does one mean by running of the strong coupling, and by asymptotic freedom
of QCD? (1p)

b) Explain, using Feynman diagrams, how one can probe the strong coupling constant
αs by measuring the decay width Γ(τ− → ντ + hadrons). Indicate how the width
Γ(τ− → ντ + hadrons) depends on αs. (1p)

c) The absolute values of the elements of the CKM-matrix have been measured to be
as follows (ignoring the experimental error bars here): |Vud| |Vus| |Vub||Vcd| |Vcs| |Vcb|

|Vtd| |Vts| |Vtb|

 =

 0.97427 0.22534 0.00351
0.22520 0.97344 0.0412
0.00867 0.0404 0.999146


Using this, estimate the ratio of the following decay widths:

Γ(B+(ub̄)→ K+(us̄) + π0(uū))

Γ(B+(ub̄)→ π+(ud̄) +D0(uc̄))

where the quark content of the hadrons is shown in the parentheses, and where you
don’t have to think about any phase-space effects. Draw also the Feynman graphs
for these processes. (2p)

d) Using lowest order QED perturbation theory, estimate the value of the ratio

R =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)

in the region
√
s = 4 . . . 8 GeV in the cases of NC = 3 and NC = 4 colors. Draw

the Feynman diagrams for these processes and indicate the coupling strengths in
each vertex. Above the mass thresholds of the final state particles, you can assume
an ultrarelativistic case, i.e. massless particles. [Note: this is a short calculation but
answer, however, in sufficient details!] (2p)



2. Consider a theory whose Lagrange density is

L = −1

4
FµνF

µν + (Dµφ)∗(Dµφ)− µ2φ∗φ− λ(φ∗φ)2,

where φ is a complex scalar field which depends on the coordinate 4-vector x and
which describes a charged spin-0 particle. The gauge field is Aµ and the field strength
tensor is Fµν = ∂µAν − ∂νAµ. This theory is invariant in local U(1) gauge (phase)
transformations,

φ
U(x)−→ U(x)φ, where U(x) = eiα(x)

where α(x) is real. The covariant derivative,Dµ = ∂µ−ieAµ, is required to transform
in these gauge transformations as

Dµφ
U(x)−→ U(x)Dµφ.

a) Derive the transformation law for the gauge field Aµ in these gauge transfor-
mations. (1p)

b) Show, as briefly as possible, that φ∗φ and (Dµφ)∗(Dµφ), and Fµν and thus also
FµνF

µν , are invariant in these gauge transformations. (1p)

c) Let’s assume that λ > 0 but µ2 < 0, so that the Higgs mechanism is needed
to find out the physical fields and masses of the theory. You don’t have to
do a detailed calculation here but explain the principle, i.e. write down how
the fields φ(x) and Aµ(x), and the terms φ∗φ and (Dµφ)∗(Dµφ) and FµνF

µν

transform in the Higgs mechanism. (1p)

d) After the Higgs mechanism, the Lagrangian of the broken-symmetry theory
becomes

L̃ = −1

4
FµνF

µν+
1

2
∂µh∂

µh−λv2h2+
1

2
e2v2AµA

µ−λvh3−1

4
λh4+

1

2
e2AµA

µh2+ve2AµA
µh

where v2 = −µ2/λ and h = h(x) is the real scalar field.

i) Identify the mass terms and the particle masses in this theory (the factors
of 2 you do not need to specify). (1p)

ii) Identify all the interaction terms of the broken-symmetry theory, and draw
the vertices which each of these terms describes. In the figure, indicate the
interaction strength in the vertex too. (1p)

iii) Draw all the tree-level (=non-loop) Feynman diagrams for the scattering

A+ A→ h+ h

which this broken-symmetry theory predicts. Indicate the coupling strengths
in the graphs. (1p)



3. Let’s consider the Standard Model (SM) Higgs particle (H0) production and decays
here.

a) One production channel through which the SM Higgs particle is searched for
in the high-energy p+p collisions at the LHC, is the heavy-vector-boson fusion
with tagged jets (one in the forward direction and one in the backward di-
rection). Draw a parton model example graph of such a SM Higgs production
channel, and identify the colliding partons, beam jets, tagged jets and Higgs
in the figure. (1p)

b) Write down, schematically, an expression for such a Higgs production cross
section, dσ(p+ p→ H0 + 2 jets +X), according to collinear factorization. (1p)

Consider then the following possible SM Higgs decay channels, marked in the figure
on the next page (these are simulations for different Higgs masses):

c) Draw an example Feynman graph of the SM Higgs decay shown in each panel
(draw these below each panel). Identify the particles and draw the arrows in
your diagrams. (1p)

d) Into each panel, identify the Higgs signal particles and the following detec-
tor parts of the CMS experiment: Tracking chamber (TC), electromagnetic
calorimeter (ECAL), hadron calorimeter (HCAL), muon detector (MD) (2p)

Let’s then look at the recent measurements, shown in the two figures below.
Left: The invariant mass distribution of four leptons (l+l−l+l−)
Right: The invariant mass distribution of e±µ∓.

e) Explain why in the four-lepton channel there is a peak at mllll ≈ 125 GeV,
while in the eµ channel such a peak is not seen at mll ≈ 125 GeV. (1p)
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Table 3
The number of selected events, compared to the expected background yields and expected number of signal

events (mH = 125 GeV) for each final state in the H → ZZ analysis. The estimates of the Z + X background

are based on data. These results are given for the mass range from 110 to 160 GeV. The total background

and the observed numbers of events are also shown for the three bins (“signal region”) of Fig. 4 where an

excess is seen (121.5 <m4� < 130.5 GeV).

Channel 4e 4μ 2e2μ 4�

ZZ background 2.7 ± 0.3 5.7 ± 0.6 7.2 ± 0.8 15.6 ± 1.4

Z+ X 1.2+1.1
−0.8 0.9+0.7

−0.6 2.3+1.8
−1.4 4.4+2.2

−1.7

All backgrounds (110 <m4� < 160 GeV) 4.0 ± 1.0 6.6 ± 0.9 9.7 ± 1.8 20 ± 3

Observed (110 <m4� < 160 GeV) 6 6 9 21

Signal (mH = 125 GeV) 1.36 ± 0.22 2.74 ± 0.32 3.44 ± 0.44 7.54 ± 0.78

All backgrounds (signal region) 0.7 ± 0.2 1.3 ± 0.1 1.9 ± 0.3 3.8 ± 0.5

Observed (signal region) 1 3 5 9

and the other pair is required to have a mass in the range

12–120 GeV. The ZZ background is evaluated from MC simula-

tion studies. Two different approaches are employed to estimate

the reducible and instrumental backgrounds from data. Both start

by selecting events in a background control region, well separated

from the signal region, by relaxing the isolation and identification

criteria for two same-flavour reconstructed leptons. In the first ap-

proach, the additional pair of leptons is required to have the same

charge (to avoid signal contamination) while in the second, two

opposite-charge leptons failing the isolation and identification cri-

teria are required. In addition, a control region with three passing

leptons and one failing lepton is used to estimate contributions

from backgrounds with three prompt leptons and one misidenti-

fied lepton. The event rates measured in the background control

region are extrapolated to the signal region using the measured

probability for a reconstructed lepton to pass the isolation and

identification requirements. This probability is measured in an in-

dependent sample. Within uncertainties, comparable background

counts in the signal region are estimated by both methods.

The number of selected ZZ → 4� candidate events in the mass

range 110 < m4� < 160 GeV, in each of the three final states, is

given in Table 3, where m4� is the four-lepton invariant mass. The

number of predicted background events, in each of the three fi-

nal states, and their uncertainties are also given, together with

the number of signal events expected from a SM Higgs boson of

mH = 125 GeV. The m4� distribution is shown in Fig. 4. There is a

clear peak at the Z boson mass where the decay Z → 4� is re-

constructed. This feature of the data is well reproduced by the

background estimation. The figure also shows an excess of events

above the expected background around 125 GeV. The total back-

ground and the numbers of events observed in the three bins

where an excess is seen are also shown in Table 3. The combined

signal reconstruction and selection efficiency, with respect to the

mH = 125 GeV generated signal with m�� > 1 GeV as the only cut,

is 18% for the 4e channel, 40% for the 4μ channel, and 27% for the

2e2μ channel.

The kinematics of the H → ZZ → 4� process in its centre-of-

mass frame, for a given invariant mass of the four-lepton system,

is fully described by five angles and the invariant masses of the

two lepton pairs [123–125]. These seven variables provide signif-

icant discriminating power between signal and background. The

momentum of the ZZ system may further differentiate signal from

background, but would introduce dependence on the production

mechanism, and on the modelling of the QCD effects, and is there-

fore not considered here. A kinematic discriminant is constructed

based on the probability ratio of the signal and background hy-

potheses, KD = Psig/(Psig + Pbkg), as described in Ref. [126]. The

likelihood ratio is defined for each value of m4� . For the signal, the

phase-space and Z propagator terms [127] are included in a fully

analytic parameterization [124], while the background probability

Fig. 4. Distribution of the four-lepton invariant mass for the ZZ → 4� analysis.

The points represent the data, the filled histograms represent the background,

and the open histogram shows the signal expectation for a Higgs boson of mass

mH = 125 GeV, added to the background expectation. The inset shows the m4� dis-

tribution after selection of events with KD > 0.5, as described in the text.

is tabulated using a simulation of the qq → ZZ/Zγ process. The

statistical analysis only includes events with m4� > 100 GeV.

Fig. 5 (upper) shows the distribution of KD versus m4� for

events selected in the 4� subchannels. The colour-coded regions

show the expected background. Fig. 5 (lower) shows the same two-

dimensional distribution of events, but this time superimposed

on the expected event density from a SM Higgs boson (mH =
125 GeV). A clustering of events is observed around 125 GeV with

a large value of KD , where the background expectation is low and

the signal expectation is high, corresponding to the excess seen

in the one-dimensional mass distribution. The m4� distribution of

events satisfying KD > 0.5 is shown in the inset in Fig. 4.

There are three final states and two data sets (7 and 8 TeV),

and thus the statistical treatment requires six simultaneous two-

dimensional maximum-likelihood fits for each value of mH, in the

variables m4� and KD . Systematic uncertainties are evaluated from

data for the trigger efficiency and for the combined lepton re-

construction, identification, and isolation efficiencies, as described

in [128]. Systematic uncertainties in the energy/momentum cal-

ibration and in the energy resolution are estimated from data.

Additional systematic uncertainties arise from limited statistical

precision in the reducible background control regions.

The expected 95% CL upper limit on the signal strength σ/σSM,

in the background-only hypothesis, for the combined 7 and 8 TeV
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Table 4
Observed number of events, background estimates, and signal predictions for mH = 125 GeV in each category of the

WW analysis of the 8 TeV data set. All the selection requirements have been applied. The combined experimental and

theoretical, systematic and statistical uncertainties are shown. The Zγ process includes the dimuon, dielectron, and

ττ → �� final states.

Category: 0-jet eμ 0-jet �� 1-jet eμ 1-jet �� 2-jet eμ 2-jet ��

WW 87.6 ± 9.5 60.4 ± 6.7 19.5 ± 3.7 9.7 ± 1.9 0.4 ± 0.1 0.3 ± 0.1

WZ+ ZZ+ Zγ 2.2 ± 0.2 37.7 ± 12.5 2.4 ± 0.3 8.7 ± 4.9 0.1 ± 0.0 3.1 ± 1.8

Top 9.3 ± 2.7 1.9 ± 0.5 22.3 ± 2.0 9.5 ± 1.1 3.4 ± 1.9 2.0 ± 1.2

W + jets 19.1 ± 7.2 10.8 ± 4.3 11.7 ± 4.6 3.9 ± 1.7 0.3 ± 0.3 0.0 ± 0.0

Wγ (∗) 6.0 ± 2.3 4.6 ± 2.5 5.9 ± 3.2 1.3 ± 1.2 0.0 ± 0.0 0.0 ± 0.0

All backgrounds 124.2 ± 12.4 115.5 ± 15.0 61.7 ± 7.0 33.1 ± 5.7 4.1 ± 1.9 5.4 ± 2.2

Signal (mH = 125 GeV) 23.9 ± 5.2 14.9 ± 3.3 10.3 ± 3.0 4.4 ± 1.3 1.5 ± 0.2 0.8 ± 0.1

Data 158 123 54 43 6 7

The background from low-mass resonances is rejected by requiring

a dilepton invariant mass greater than 12 GeV.

To suppress the top-quark background, a “top tagging” tech-

nique based on soft-muon and b-jet tagging is applied. The first

method is designed to veto events containing muons in b jets com-

ing from decays of top quarks. The second method uses a b-jet

tagging algorithm, which looks within jets for tracks with large

impact parameters. The algorithm is applied also in the case of

zero-jet events, which may contain low-pT jets below the selection

threshold. To reduce the background from WZ production, events

with a third lepton passing the identification and isolation require-

ments are rejected.

Yields for the dominant backgrounds are estimated using con-

trol regions in the data. The W + jets contribution is derived from

data using a “tight–loose” sample in which one lepton passes

the standard criteria and the other does not, but instead satisfies

a “loose” set of requirements. The efficiency εloose for a jet that

satisfies the loose selection to pass the tight selection is deter-

mined using data from an independent loose lepton-trigger sample

dominated by jets. The background contamination is then esti-

mated using the events of the “tight–loose” sample weighted by

εloose/(1 − εloose). The normalisation of the top-quark background

is estimated by counting the number of top-tagged events and ap-

plying the corresponding top-tagging efficiency. The nonresonant

WW contribution is normalised by using events with a dilepton

mass larger than 100 GeV, where the Higgs boson signal con-

tamination is negligible, extrapolated to the signal region using

simulated samples. The same-flavour Drell–Yan background is nor-

malised using the number of events observed with a dilepton mass

within 7.5 GeV of the Z boson mass, after subtracting the non-

Drell–Yan contribution. Other minor backgrounds from WZ, ZZ,

and Wγ are estimated from simulation.

The 7 TeV data are analysed by training a BDT for each Higgs

boson mass hypothesis in the zero-jet and one-jet event cate-

gories, while a simple selection strategy is employed in the VBF

category [26]. In the BDT analysis, the Higgs boson signal is sepa-

rated from the background by using a binned maximum-likelihood

fit to the classifier distribution. The 8 TeV analysis is based on

a simple selection strategy optimized for each mass hypothesis,

where additional kinematic and topological requirements are ap-

plied to improve the signal-to-background ratio. One of the most

sensitive variables to discriminate between H → WW decays and

nonresonant WW production is the dilepton invariant mass m�� .

This quantity is shown in Fig. 7 for the zero-jet eμ category af-

ter the full selection for mH = 125 GeV, except for the selection

on m�� itself. Table 4 shows for the 8 TeV analysis the number of

events selected in data, background estimates, and signal predic-

tions for mH = 125 GeV in each analysis category after applying all

the selection requirements. About 97% of the signal events selected

Fig. 7. Distribution of m�� for the zero-jet eμ category in the H → WW search at

8 TeV. The signal expected from a Higgs boson with a mass mH = 125 GeV is shown

added to the background.

in the zero-jet eμ category are expected to be produced by the

gluon–gluon fusion process, whereas 83% of the signal in the two-

jet eμ category is expected to be produced by the VBF process.

The 95% CL expected and observed limits for the combination of

the 7 and 8 TeV analyses are shown in Fig. 8. A broad excess is ob-

served that is consistent with a SM Higgs boson of mass 125 GeV.

This is illustrated by the dotted curve in Fig. 8 showing the me-

dian expected limit in the presence of a SM Higgs boson with

mH = 125 GeV. The expected significance for a SM Higgs of mass

125 GeV is 2.4σ and the observed significance is 1.6σ .

6.2. H → ττ

The decay mode H → ττ is searched for in four exclusive sub-

channels, corresponding to different decays of the τ pair: eμ,

μμ, eτh, and μτh, where electrons and muons arise from leptonic

τ decays, and τh denotes hadronic τ decays. The latter are recon-

structed by selecting τ decays consistent with the hypothesis of

three charged pions, or one charged pion and up to two neutral

pions [131]. The search is made in the mass range 110–145 GeV,

and a signal should appear as a broad excess in the distribution of

the τ -pair invariant mass mττ .

The sensitivity of the search is improved by classifying the

events according to jet multiplicity and the transverse momentum

of the reconstructed τ . The multiplicity of jets with pT > 30 GeV
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4. Consider the scattering

e−(pa) + µ−(pb)→ e−(pc) + µ−(pd)

at the ultrarelativistic limit, where the particle masses can be neglected, and in the
leading order of the electromagnetic coupling. The 4-momenta of the particles are
shown in the parentheses.

a) Using the Feynman rules of QED (see the attachment), compute the unpola-
rized differential cross section

dσ

dΩ∗c
=
|M|2
64π2s

of this scattering and express the final result in terms of the Mandelstam
variables s = (pa+pb)

2, t = (pa−pc)2 and u = (pa−pd)2. [Hint: Formulate the
calculation in terms of the leptonic tensors Leµν and Lµνmuon. See the collection
of formulae in the end of the paper for help in doing the spin summations.]
(6p)

Bonus problem (extra +2p available) — do if you still have time and energy left!

b) Let’s then suppose that instead of a spin-1
2

particle the muon is a spin-0 par-
ticle, keeping however the electron as a spin-1

2
particle. Compute the unpola-

rized differential cross section dσ
dΩ∗

c
again. In this case the Feynman rule for the

muon–photon vertex is not −ieγν but −ie(pb + pd)
ν , and the Feynman rule

for the external muon legs is just 1. Express again the result in terms of the
Mandelstam variables. [Hint: Before squaring the amplitude M, use momen-
tum conservation and the Dirac equations p/u(p) ≈ 0, ū(p)p/ ≈ 0 to simplify the
expression. Make use of the leptonic tensor you derived above.]



Collection of formulae

gµν = gµν=̂ diag(1,−1,−1,−1)

AµBµ = A0B0 −A ·B

{γµ, γν} ≡ γµγν + γνγµ = 2gµν14

γµ† = γ0γµγ0

γµγ
µ = 414

γµ a/ γ
µ = −2a/, where a/ ≡ γµa

µ

γµ a/ b/ γ
µ = 4a · b

γµ a/ b/ c/ γ
µ = −2c/ b/ a/

γ5† = γ5 , where γ5 = iγ0γ1γ2γ3

(γ5)2 = 14

{γ5, γµ} = 0

Tr(γµγν) = 4gµν

Tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ)

Tr(γ5) = 0

Tr(γµ1γµ2 . . . γµ2n+1) = 0

Projection operators for Dirac spinors:∑
s=1,2

u(s)(p)u(s)(p) = p/ +m
∑
s=1,2

v(s)(p)v(s)(p) = p/−m,

where u ≡ u†γ0 and v ≡ v†γ0

Dirac equations: (p/−m)u(p) = 0 (p/ +m)v(p) = 0

Cross section ab→ cd (when ma,b = mc,d):

dσ

dΩ∗
=
|M|2
64π2s

Spherical coordinates: ∫
dΩ =

∫ 2π

0

dφ

∫ 1

−1

d(cos θ)
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