
FYSPlll, Tentti 

HUOM: Tehtavissa 4 b) ja 6 voit kayttaa kaantopuolella annettua integraalitaulukkoa. 

1. Laske seuraavat raja-arvot 

x 2 - 1 
a) lirn -

x-tl X + 1 

b) lirn x2 - 1 
x-t-1 X + 1 
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. ln(cosx) 
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2. a) Laske funktion J(x) = (x - 2).JX+l derivaattafunktio. 

b) Olkoon J(x) = ln (k). Laske J'(l). 
x2 +1 

3. Muodosta funktion J(x) = esin(x) toisen asteen Taylorin polynorni pisteessa x0 

sita kayttaen likiarvo luvulle f ( x) = esin(o.2
). 

4. a) Laske rnaaraarnaton integraali J x2 ex dx kayttarnalla osi ttaisintegrointia. 

11 1 + 2 
b) Laske rnaaratty integraali vrbdx 

o 1- x2 
kayttarnalla sijoitusta x = sin u. 

5. Laske oheisen kuvan rnukaisen pyorahdyssyrnrnetrisen suppilokar
tion tilavuus. Suppilon vaakasuora poikkileikkaus on yrnpyra, jonka 
sade noudattaa kaavaa r( z) = az2

, rnissa z on etaisyys suppilon 

karjesta, a = ~, R on ylapinnan sade ja h on suppilon korkeus. 

6. Ratkaise alkuarvotehtava 

dy - y = O· 
dx Jx2+1 ' 

y(O) = 1. 

z 

0 
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0 ja laske 



FYSPlll. Liite 1: lntegraalitaulukko 

INTEGRALS INVOLVING ,/~2-±;J! (a > Ol ______ ,_,.,. 

(If assume > a 0.) 

f J x2 ± a2 dx = i J x2 ± a2 ± ~ In Ix + j x2 ± a2 I + C 

f d x r,.,---:; ,,,-;---; = In Ix+ v x- ± a·I + C 
vx2 ± a2 

f u+Q2d ~ I 1a+v'X2+021 C --- x = v r +a" - a n + 
x x 

!~ ,,,---., ~ 
---dx = vx2 -a1 -atan .. 1---+C 

x a 

f x2/x2 ± a2 dx = i<2x2 ±a2)Jx2 ±a2 - ~In Ix+ Jx 2 ±a21 + C 

f x2 x ;-:;-:--:; a2 ,,-;--:; 
~dx = -vx2 ±a2 'f -

2 
In lx+vx2 ±a21 + C 

vx· ±a· 2 

f .rxr±aI .rxr±aI ;-·---
--x-2- dx = ---x-- +lnlx + x2 ±a21 + C 

f dx ~ C 
x2.rxr±QI ='f~+ 

f dx ±x 
(x2 ± 0 2)3/2 = a2J x2 ± 0 2 + C 

(x2 ± a2
) 3!2 dx = -(2x2 ± 5a2 )Jx2 ± a2 + - In Ix+ v x 2 ± a2 1 + C f x 3a4 ,,-;--:; 

g 8 

INTEGRALS INVOLVING ../a- - x· (a OJrl al··-·-.. ·-----

va2 -x2dx = -../a2 -x2 + -sin-1
- +c ! r:;---:; x a2 x 

2 2 a 

J Ja2x_xi dx=Ja2-x2-a lnla+~I +C 

I x2 x ,,,---., a 2 x 
---dx = --va2 -.t2 + -sin-1- +c 
~ 2 2 a 

x2../a2-x2dx = -(2x2 -a2)Ja2-x2+ -sin· 1- +C I x a4 x 

8 8 a 

I dx ~ C 
x2~=-~+ 

!~ ~ 1X 
--x-2-dx = ---x-- - sin ;:; + C 

I dx =-~ln1a+~1+c 
x~ a x 

I dx x 
(a2 -· x2)3!2 = al~+ C 

/
(a2 - x2 )311 dx = ::(5a2 -2x2)../a2 - x2 + 3a

4 
sin-1:: + C 

8 8 a 

TRIGONOMETRIC INTEGRALS--··---.. ··-·---

/
.' ·' I . sm· x dx = '2 - 4 sm 2x + C 

J , d x I . . 
cos· x x = - + - sm 2x + C 

2 4 

j tan2 x dx = tunx - x + C 

f co1
2 x dx = - cotx - x + C 

j sec3 x dx = ~ sccx tanx +~In! sec'+ tan xi+ C 

f csc3 
.1 dx = -~ csc.rcotx +~In I cscx - coul + C 

f sin( a - b)x sin(a + b)x , , 
;in ax sin bx dx = Z(a /J) - 2(!1 + b) + C iftI· ;6 b-

f sin(a - b)x sin(a + b)x , , 
cow' cosb.r d.r = 2(a _ b) + 2(a + b) - + C if a- ;6 Ir 

f cos(a - b)x cos(a + b)x 2 , 
sinar co,b.1 dx = -

2
(a _ b) - - 2(~1 + b) + C if a ;6 b· 

f sin" xdx = ,~ sinu'< 1 x cosx + ~ f sinn-<! .\dx 
ll 11 

f cos11 .\'dx .!.cos" 1 xsinx+n-ljcm/>~2 xdx 
ll II 

f tanN .t dx = -
1
- tun11 ~ 1 x -! tan11 ~- 1 _t dx if n '# l 

11 I 

f cot" x dx = 2 cot" 1 x f cot" 2 .r d.1 if /1 ;6 I 
11-J 

f sec'1 xtlx -
1
-scc11 2 xtanx+

11
-

2
/sec" 2 xdxifnf:.1 

11-l 11- I 

f csc" xdx = 2csc" ·2 .r cotx+ 
11 

-
2 j csc" '2 .rclxif 11 fl 

11- I 11 I 

sin11 x cosm xd.r = - ~ · ' · -r- -- sin" "2 x cos"' xdx if 11 :j:; -m f sin" - 1 r cosm ...... J r n - I I 
n+m n+m 

stnn r co~· 1 x dx ..:.:: + -- sin" x cosm~-2 x dx tf m # -n f , ., sin"+ 1 x cosm "-! x m - I f . . 
n+m n+m f x sinxdx = sinx - x cosx + C 

/" co,tdx cosx+x sinx+C 

f x" 'in 1 d x ~ x" cos x + /1 f x" 1 cos x ch 

f .>'' cos x d.1 x" sin x 11 f x" 1 sin x dx 


