FYST530 Quantum Mechanics 11 25.05.2012

Final exam (tentti): 5 problems, 4 hours

Regarding all problems:
Remember the collection of formulae in the end of the problem sheet.

1.

(a)

The asymptotic (r — oo) solution of the integral equation for potential scatte-
ring is known to be

eiik’r 1

Wy () = By (1) — AT U (1)U (1),

r 4w
where U(r) = 2V(r), ki = ké., ke = ké&,, k* = 2uE/h?, and Py (r) =
(2m)~3/2e™kiT | Identify the scattering amplitude f(6, ) in the above expres-
sion and explain in one sentence why we should choose the upper signs in the
exponents. Then derive the Born approximation for the scattering amplitude

fB<0>¢>

Using the result which you obtained above, compute the scattering amplitude
fB(0,¢) and the differential cross-section do/dS) in the Born approximation for
a radially symmetric delta-function potential

V(r) = ad(r —a),

where a and « are constants. Note that this delta-function above applies only
to the radial distance r but not to the angles 6, p. Express your final results
in terms of the dimensionless constant § = 2’2‘;‘—“, and show the energy and

scattering angle dependencies of your result explicitly.

Sketch the behaviour of do/d) as a function of the scattering angle in the case
ka = 2w, as well as in the high-energy and low-energy limits.

2. A spinless hydrogen atom, which is in the 2p state |n=2,l=1,m=0), is put into a
time-dependent perturbing potential

N 22

H=(C—"
Vs(t) Ct2+72’

where C' and 7 > 0 are constants and 2 is the z-coordinate operator.

Using the Gaunt’s formula and the attached table of Clebsch-Gordan coefficients,
calculate the probability of transition from the state [210) to the highest-l n=4 state
|410) which is allowed according to the lowest-order time-dependent perturbation
theory during an infinitely long period of time (set ty — —oo and t — 00).



3. (a) Using the Wigner-Eckart theorem, show that for a vector operator \7, we have

(&Gm|V - J|Ejm)

(Em[Vigjm') = Sy (Eimd|gim!)

(b) Apply the above result in the following nonrelativistic nuclear shell-model problem,
where the system(=nucleus) consists of protons and neutrons (i.e. Spin-% par-
ticles) and their mutual interactions. For those nuclei whose number of pro-
tons+neutrons is odd, the oribital angular momentum L and spin angular mo-
mentum S can be assumed to be those of the last (highest-energy), odd, proton
or neutron. Then J =L+ S and thus j =1+ %, and the quantum numbers in &
above include [ and s = % The magnetic moment operator M of the nucleus is
defined as

M =~y L/h+4sS/h,

where 77, and ~g are constants. The magnetic moment p of the nucleus is defined
as the largest possible absolute value (norm) of the vector (M) = (£jm|M|Ejm).
Show that for | = j — % the magnetic moment p becomes

1 1

p=(j— 5)% + 573-



4. Let’s consider the Fock space formulation of the angular momentum operator in a
system of identical fermions.

(a)

5. Starting from the Lorentz-covariant form of the Dirac equation (DE) for a spin-

Angular momentum is an additive quantity, so that the generic form of the Fock
space 1-particle operator (see the collection of formulae) holds. Using this, show
(in sufficient detail) that the total angular momentum operator can be written

as . N
T =335 alaajmlagm’|flajm),

« j mm/
where j = ( o, j;,, j;) is the angular momentum operator for a 1-particle state,
and « stands for all remaining quantum numbers needed to spesify the basis.
Let’s then consider the following 2-particle state in the Fock space:

|F®) =C Z <j1j2m1m2|j1j2JM>aTan2m2aTalj1m1‘O>

mi,m2

where (j1jomima|ji1j2J M) is a Clebsch-Gordan coefficient and C' is a normaliza-
tion constant. Show with an explicit calculation that |F (2)) is an eigenstate of
J. with an eigenvalue AM . Let’s assume here for simplicity that j; # js.

1
2

particle in classical electromagnetic field,

[ (ih0, — qAu(x)) — me]¥(x) =0,

show that for the stationary case with time-independent weak electromagnetic field
the nonrelativistic (NR) limit of this equation is the Pauli equation,

1 h
(B~ GALLa — 25 - Bx) + 9012 vivax) = Exroalx).
Hints: First bring the DE into the form A0,V = ..., then use the ansatz

ey =i ()

and the Dirac-Pauli representation. Recall also that A* = (£, A) and p = —ihV.

c?



Collection of formulae:

Spherical coordinates and spherical harmonics:

10,, 1 .,
wor o) T et

[e'e) 1 27
/d?’r—/ drr? / dQ) = / drr? / d@sm@/ dp = der/ d(cos@)/ dy

0 ~1 0

©) = hm 0,

LY (0, 0) = B+ 1)Yin(0,9)  L.Yin(0, Vi
A [1 0 0 1 82}

r = (rsinf cos @, rsindsin g, rcos6) V2 =

©)

L?=—h? sin 0—

sin 6 89( 80) sin? 0 0p? / dQ2 Y (8, 0)Yim (6, ) = du b

Vind6.0) = (1) 5\ 2 [P cos D)™ Yo (0,0) = (<1019

i+
P = (=L R A = g (1)

1 /3 /3 . ;
Yoo(0, p) = T Yi0(0, ) = ECOS@ Yi41(0,¢) = F gsmeei ¢

) 15 ; 15
Yoo (0, p) =1/ — Ton (3cos®6 —1) Yor1(0, ) = F4/ S—Wcosﬁsin fetie Yous(6,0) = o sin? fe*21%

Stationary Schrodinger equation, the radial part:

2mE

2
S d°R(r) N 2TdR(7“) "

dr? dr

+ {(k:r) —I(l4+1)—r ﬁX/( )} R(r) =0, k* =

Spherical Bessel & Neumann functions:

L d*R(r) +or dR(r)

i o+ [(kr)? =11+ 1] R(r) =0—  R(r) = Aji(kr) + Bny(kr)

ol lz PEED a0y CUH SR =Dl

s1(2s + 20 + 1)! o2l L= sl (25 - 21)!
. sinx . sin x COS T COS T COS T sinx
Jo(x) = . Jz) = 2 no(z) = — - ni(z) = — g

Transition probability, lowest order, i # f:

2

Pri(t,to) = |5l (1))[* =

/dt1<¢f|VS<t1)|¢> (=Bt

R Ji,
Power series, Taylor expansions:
. o ol 00 . x2n . o0 . x?n—&—l
e = Z m COST = Z(—l) (2n>‘ SINxr = Z(-l) m
n=0 n=0 n=0
1 1, 1, 134
\/1+x:1—|—§x—§x +... ln(1+x):x—§x —|—§x +...



For integrations:

oo ‘ (o, ¢]
_ n: 2 ™
/ dxx"e " = ——l / dre ™ =,/ —
0 a —00 a

Resf(2)| = lim ! d )n_l[(z—zo)"f(z)] fgdzf(z) = ZWiZResf(z)‘Z:Zj

=200 2520 (n—1)! (E

Hydrogen-like atom wave-functions:

Z _ Ame h?

lenlm(X) = Rnl(r>Y2m(9> 90) k= % ue2

_ g(n—1-1) Ve L2 (9 4(p) — . ok (p+ q)lz*
Ry (r) = \/<2H) TR (2wr) e L7 (26r) - L )—];( 1 >(p_k)!(q+k)!k!

Z\*? 1 (2\*? Z 1 [ 2\?
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a V2 \ a 2a 276 \ a
A °07r 2 Zr 8 [7Z\°? Zr
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% 3\/§<a) ( 3a +27(3a))6 BT e\a) 6a ) €

4 (Z\? 1/ Z\*? 3Zr 1,7 1 Zr
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a

Z\*"* Zr 1. Z
Ry = ﬁ <_) r (1 _ _r + _(_T)Q) 6—Z7’/4a
16v/3 \ a

7/2 9/2
R42 — L (g) 7,.2 (1 . ﬁ) e*ZT/4a R43 — 1 (g) r3efZ7"/4a
64v/5 \ a 12a 768v/35 \ a

Spherical spinors:

1
(yl]m(Q))ms = <Q,m5|l, S = 5,], m>c /del]m(Q)Tyl’]’m’(Q) = 5ll’6jj’5mm’

Trigonometric functions:

cos2r = cos’z —sin’x, cos’z +sin’z =1 sin2z = 2sinzcosz
Euler: ¢ = cosa + i sin « cosa = 3(e™ + e7i) sina = o (¢ — e7™)

Angular momentum:

F5,m) = B3 + Vlj,m),  J.|j,m) = hml|j,m)

Ji = J, +iJ,, Jeljym) = /(G FmM)(GEm+1)[j,m+1)

3
[ji,jj] :ihZEijkjk, [32,1];] = 0
k=1
Pauli spin matrices:

(01 (0 =i (1 0
9= =\ 1 0 D=\ 0 %=\ 0 -1

—, -

04, 0] = 2iegpoe {005} = 2051, (G-@)(G-b) = (@-b)ly+i(d@ xb)- 7




Gaunt’s formula:

. 20y +1) (2, + 1
/ AQ Y () Yim, () Yipm, (Q) = \/ ( 147r(2)l(+21) )u(zlzzmlmgulzzzm>cu<111200|111210>c

Wignert-Eckart theorem:

7 -/ / S . 1 . . -/ ! -/
(& 5m| T |Ejm) = —sr wlakmaljksm’)e (€] 1T™]1¢5)
J +1

where

(€TNTW1e) W > (€ ma| Ty ggma) kmad |k ma)

mi1,ma,q’

SU(2) tensor operator:

[, T = gT®  [J, T = Rk + 1) — qlg £ )T,

where q refers to the spherical components, which for a vector operator are
Vi = ——(Va +1iV}), o=V, V=4 —=(V,—il})

Spherical unit vectors:

biy = F——(6p 2 i6,),  éo=é.

61 =
+1 :F\/§

Scalar products in spherical basis: A-B=—-A,1B_1 — A 1B, + AyBy

Fermionic operators in the Fock space:

almng .. 1, ...) = (=1)Z=1 " ngn, .0, )

ablning .. 0, ..) = (=1D)Z0=1 " nny .1, )

{au,a,} =0 {aL, ay} = O n, = aL&“

Fock space operators:

F=> (ulflv)aa, Z (it |glv/)alalana,

2214 Bop s

l\:>|>—l

Relativistic theory:

metric tensor g,, = diag(l, —1,—1,—1) = g"”
scalar products a - b = a,b"
4-vectors: zt = (ct,x), p = (E/c,p), A* = (go/c, A)

derivatives: 0, = 72; = (12,V), and 9" = ;2

— Bt oxy,

Dirac gamma-matrices: {7y*,7"} = 2¢"1,4

Dirac-Pauli representation:

0 __ 12 0 i 0 O'i
TV o0 -1, T\ 50




http://pdg.lbl.gov/2009/reviews/rpp2009-rev-clebsch-gordan-coefs.pdf

35. Clebsch-Gordan coefficients 1
35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS
) g J
A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation: M M
[ ] m m
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|+1/2 —172|172 172[ 1 . Fz=1i72] 1}3/2+3/2
—1/2 +1/2|1/2-1/2}-1 v = '/7 sin § ¢*¢ +2-1/2| 1/5 4/5| 572 3/2
|-172-1/2] 1 8w +1+1/2| 4/5-1/5}+1/2 +172
v 5 (3 29 ) +1-1/2] 2/5 3/5| 5/2 372
=4/ —|zcos? 0 — - - ~1/2 -
1x1/2 [372 2 =\ 7 \3 0+1/2] 3/5-2/5)-1/2-1/2
+3/721 372 172 0-1/2| 3/5 2/5] 5/2 3/2
[-1 4172 1h172+172 / qme(,mgpws > —1+1/2 2/? ,?;z fijg ,?g —
KRR T R R 3/2x1/2 hol7 [z.12] /5 -ass 52
y2_ 2. /2 2 g p2i¢ [+3/2 +172] 1]+1 +1 |72 ~1/2 1
01721 23 13 32l 2 4 27r sin 372 1/2[1/4 3/4] 2 1
-1+1/2| 1/3-2/3|-3/2 +3/2 -
213 — > +1/2+1/23/4-1/4) 0 0
ol % mea 3/2x1 +§f2 R +1/2-12012 172 2
[F2+1] 1] +2 +2 [z 1|32 4372 —17241/2)172-172] -1 -1
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Figure 35.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.
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