
FYST530 Quantum Mechanics II

Exam (Tentti): 5 problems, 4 hours

31.5.2013

1. As you remember, in the quantum mechanical description of elastic scattering the
Born approximation for the scattering amplitude is

fB(θ, ϕ) = − 1

4π

2µ

~2

∫
d3r′e−i(kf−ki)·r′V (r′)

where ki = kêz, kf = kr/r = kêr and k2 = 2µE/~2. Let’s consider the following
potential:

V (r) =

{
V0, r ≤ a
0, r > a

where V0 is a constant.

a) Compute fB(θ, ϕ) in this case. In the end, write your result in a form which
shows the dependence of the obtained scattering amplitude on the scattering
angles and energy.

b) What is fB(θ, ϕ) for backward scattering off this potential in the high-energy
limit (ka→∞)?

c) What is the elastic total cross section in the low-energy limit (ka� 1) in the
case of the above potential, according to the Born approximation?

2. A spinless hydrogen atom, which is in the 2p state |n=2, l=1,m=0〉, is put into a
time-dependent perturbing potential

V̂S(t) = C
ẑ2

t2 + τ 2
,

where C and τ > 0 are real constants and ẑ is the z-coordinate operator.

Using the Gaunt’s formula and the attached table of Clebsch-Gordan coefficients,
calculate the probability of a transition from the state |2 1 0〉 to the highest-l n=4
state |4 l 0〉 which is allowed according to the lowest-order time-dependent pertur-
bation theory during an infinitely long period of time (set t0 → −∞ and t→∞).

3. As you remember, a rotation of a state vector – formulated in terms of the standard
Euler angles α, β and γ – is caused by the operator

D̂(α, β, γ) = e−
i
~αĴze−

i
~βĴye−

i
~γĴz

Let’s consider a one-electron system where the orbital angular momentum L = 0.
Suppose that the system is originally in a state which is an eigenstate of the squared
total angular momentum J2 and where the z-component of the electron’s spin is up,
+~

2
. What is the state of the system after the above rotation? Express your result

in the basis |j,m〉 and in terms of coefficient functions which depend on α, β and
γ. In such a rotated state, what is the probability for finding the electron still with
spin up?



4. Let’s consider a nonrelativistic gas of N identical noninteracting spin-3
2

fermions,

whose Hamilton operator in terms of 1-particle operators is

Ĥ =
N∑
i=1

Ĥ
(1)
i =

N∑
i=1

p̂2
i

2m
.

The 1-particle wave functions, when putting the free particles in a box of volume
V = L3 and requiring periodic boundary conditions, are known to be

φp,sz(x, σ) = 〈x, σ|p, sz〉 =
1√
V
e
i
~p·xδσsz

with 〈p1, s1z|p2, s2z〉 = δp1p2δs1zs2z and discrete momentum values p = 2π~
L

(nx, ny, nz)
where ni = 0,±1,±2, . . . .

a) What is the ground state energy of such a system when N = 76?

b) Using the Fock-space formalism, compute the single-particle correlation function
for such a fermion gas,

Gσ(x− x′) ≡ 4

n
〈F |ψ†(x, σ)ψ(x′, σ)|F 〉

in the limit N, V → ∞, keeping the average particle density, n = N/V , constant.
Consult the collection of formulae for the field operators. The ground state is

|F 〉 =
∏
p,sz
|p|≤pF

a†p,sz |0〉,

and the Fermi momentum pF = ~kF = ~(3
2
nπ2)1/3. In the continuum limit V →∞

use ρ(p) = V
(2π~)3 as the density of the momentum states. You should be able to

identify the spherical Bessel function j1 in your answer and show that the answer
depends only on kF |x− x′|.

5. Starting from the Lorentz-covariant form of the Dirac equation (DE) for a spin-1
2

particle in classical electromagnetic field,

[γµ(i~∂µ − qAµ(x))−mc]Ψ(x) = 0,

show that for the stationary case with time-independent weak electromagnetic field
the nonrelativistic (NR) limit of this equation is the Pauli equation,[

1

2m
(p̂− qA(x))212 −

q~
2m

~σ ·B(x) + qϕ(x)12

]
ψNR(x) = ENRψNR(x).

Hints : First bring the DE into the form i~∂0Ψ = ..., then use the ansatz

Ψ(x) = e−
i
~Et

(
ψu(x)
ψl(x)

)
and the Dirac-Pauli representation. Recall also that Aµ = (ϕ

c
,A) and p̂ = −i~∇.



Collection of formulae:

Spherical coordinates and spherical harmonics:

r = (r sin θ cosϕ, r sin θ sinϕ, r cos θ) ∇2 =
1

r2
∂

∂r
(r2

∂

∂r
)− 1

~2r2
L̂2

∫
d3r =

∫ ∞
0

drr2
∫
4π

dΩ =

∫ ∞
0

drr2
∫ π

0

dθ sin θ

∫ 2π

0

dϕ =

∫ ∞
0

drr2
∫ 1

−1
d(cos θ)

∫ 2π

0

dϕ

L̂2Ylm(θ, ϕ) = ~2l(l + 1)Ylm(θ, ϕ) L̂zYlm(θ, ϕ) = ~mYlm(θ, ϕ)

L̂2 = −~2
[

1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂ϕ2

] ∫
dΩY ∗l′m′(θ, ϕ)Ylm(θ, ϕ) = δll′δmm′

Ylm(θ, ϕ) = (−1)
m+|m|

2

√
2l + 1

4π

√
(l − |m|)!
(l + |m|)!

P
|m|
l (cos θ)eimϕ Yl,−m(θ, ϕ) = (−1)mY ∗l,m(θ, ϕ)

P k
l (z) = (1− z2)k/2 d

k

dzk
Pl(z) Pl(z) =

1

2ll!

dl

dzl
(z2 − 1)l

Y00(θ, ϕ) =
1√
4π

Y10(θ, ϕ) =

√
3

4π
cos θ Y1±1(θ, ϕ) = ∓

√
3

8π
sin θe±iϕ

Y20(θ, ϕ) =

√
5

16π

(
3 cos2 θ − 1

)
Y2±1(θ, ϕ) = ∓

√
15

8π
cos θ sin θe±iϕ Y2±2(θ, ϕ) =

√
15

32π
sin2 θe±2iϕ

Stationary Schrödinger equation, the radial part:

r2
d2R(r)

dr2
+ 2r

dR(r)

dr
+

[
(kr)2 − l(l + 1)− r22m

~2
V (r)

]
R(r) = 0, k2 =

2mE

~2

Spherical Bessel & Neumann functions:

r2
d2R(r)

dr2
+ 2r

dR(r)

dr
+
[
(kr)2 − l(l + 1)

]
R(r) = 0→ R(r) = Ajl(kr) +Bnl(kr)

jl(x) = 2lxl
∞∑
s=0

(−1)s(s+ l)!

s!(2s+ 2l + 1)!
x2s nl(x) =

(−1)l+1

2lxl+1

∞∑
s=0

(−1)s(s− l)!
s!(2s− 2l)!

x2s

j0(x) =
sinx

x
j1(x) =

sinx

x2
− cosx

x
n0(x) = −cosx

x
n1(x) = −cosx

x2
− sinx

x

Transition probability, lowest order, i 6= f :

Pfi(t, t0) ≡ |〈φf |ψ(t)〉|2 ≈ 1

~2

∣∣∣∣ ∫ t

t0

dt1〈φf |V̂S(t1)|φi〉ei(Ef−Ei)t1/~
∣∣∣∣2

Power series, Taylor expansions:

ex =
∞∑
n=0

xn

n!
cosx =

∞∑
n=0

(−1)n
x2n

(2n)!
sinx =

∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!

√
1 + x = 1 +

1

2
x− 1

8
x2 + . . . ln(1 + x) = x− 1

2
x2 +

1

3
x3 + . . .



For integrations: ∫ ∞
0

dxxne−ax =
n!

an+1
,

∫ ∞
−∞

dxe−ax
2

=

√
π

a

Resf(z)
∣∣
z=z0

= lim
z→z0

1

(n− 1)!

( d
dz

)n−1
[(z−z0)nf(z)]

∮
C

dzf(z) = 2πi
n∑
j=1

Resf(z)
∣∣
z=zj

Hydrogen-like atom wave-functions:

Ψnlm(x) = Rnl(r)Ylm(θ, ϕ) κ =
Z

na
a =

4πε0~2

µe2

Rnl(r) =

√
(2κ)3

(n− l − 1)!

2n(n+ l)!
(2κr)le−κrL2l+1

n−l−1(2κr) Lqp(x) =

p∑
k=0

(−1k)
(p+ q)!xk

(p− k)!(q + k)!k!

R10 = 2

(
Z

a

)3/2

e−Zr/a R20 =
1√
2

(
Z

a

)3/2(
1− Zr

2a

)
e−Zr/2a R21 =

1

2
√

6

(
Z

a

)5/2

re−Zr/2a

R30 =
2

3
√

3

(
Z

a

)3/2(
1− 2Zr

3a
+

2

27
(
Zr

3a
)2
)
e−Zr/3a R31 =

8

27
√

6

(
Z

a

)5/2

r

(
1− Zr

6a

)
e−Zr/3a

R32 =
4

81
√

30

(
Z

a

)7/2

r2e−Zr/3a R40 =
1

4

(
Z

a

)3/2(
1− 3Zr

4a
+

1

8
(
Zr

a
)2 − 1

192
(
Zr

a
)3
)
e−Zr/4a

R41 =

√
5

16
√

3

(
Z

a

)5/2

r

(
1− Zr

4a
+

1

80
(
Zr

a
)2
)
e−Zr/4a

R42 =
1

64
√

5

(
Z

a

)7/2

r2
(

1− Zr

12a

)
e−Zr/4a R43 =

1

768
√

35

(
Z

a

)9/2

r3e−Zr/4a

Spherical spinors:

(Yljm(Ω))ms = 〈Ω,ms|l, s =
1

2
, j,m〉c

∫
dΩYljm(Ω)†Yl′j′m′(Ω) = δll′δjj′δmm′

Trigonometric functions:

cos 2x = cos2 x− sin2 x, cos2 x+ sin2 x = 1 sin 2x = 2 sin x cosx

Euler: eiα = cosα + i sinα cosα = 1
2
(eiα + e−iα) sinα = 1

2i
(eiα − e−iα)

Angular momentum:

Ĵ2|j,m〉 = ~2j(j + 1)|j,m〉, Ĵz|j,m〉 = ~m|j,m〉

Ĵ± = Ĵx ± iĴy, Ĵ±|j,m〉 = ~
√

(j ∓m)(j ±m+ 1)|j,m± 1〉

[Ĵi, Ĵj] = i~
3∑

k=1

εijkĴk, [Ĵ2, Ĵi] = 0

Pauli spin matrices:

σx =

(
0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)
[σi, σj] = 2iεijkσk {σi, σj} = 2δij12 (~σ · ~a)(~σ ·~b) = (~a ·~b)12 + i(~a×~b) · ~σ



Gaunt’s formula:∫
dΩY ∗lm(Ω)Yl1m1(Ω)Yl2m2(Ω) =

√
(2l1 + 1)(2l2 + 1)

4π(2l + 1)
u〈l1l2m1m2|l1l2lm〉c u〈l1l200|l1l2l0〉c

Wignert-Eckart theorem:

〈ξ′j′m′|T̂ (k)
q |ξjm〉 =

1√
2j′ + 1

u〈jkmq|jkj′m′〉c 〈ξ′j′||T (k)||ξj〉

where 〈ξ′j′||T (k)||ξj〉 ≡ 1√
2j′ + 1

∑
m1,m2,q′

〈ξ′j′m1|T̂ (k)
q′ |ξjm2〉〈jkm2q

′|jkj′m1〉

SU(2) tensor operator:

[Ĵz, T̂
(k)
q ] = qT̂ (k)

q [Ĵ±, T̂
(k)
q ] =

√
k(k + 1)− q(q ± 1)T̂

(k)
q±1,

where q refers to the spherical components, which for a vector operator are

V̂+1 = − 1√
2

(V̂x + iV̂y), V̂0 = V̂z V̂−1 = +
1√
2

(V̂x − iV̂y)

Spherical unit vectors:

ê±1 = ∓ 1√
2

(êx ± iêy), ê0 = êz

Scalar products in spherical basis: A ·B = −A+1B−1 − A−1B+1 + A0B0

Fermionic operators in the Fock space:

aν |n1n2 . . . 1ν . . . 〉 = (−1)
∑ν−1
µ=1 nµ |n1n2 . . . 0ν . . . 〉

a†ν |n1n2 . . . 0ν . . . 〉 = (−1)
∑ν−1
µ=1 nµ |n1n2 . . . 1ν . . . 〉

{aµ, aν} = 0 {a†µ, aν} = δµν nµ = a†µaµ

F̂ =
∑
µ,ν

〈µ|f̂ |ν〉a†µaν F̂ =
1

2

∑
µ,µ′,ν,ν′

〈µµ′|ĝ|νν ′〉a†µa
†
µ′aν′aν

ψ(x, σ) =
∑
µ

φµ(x, σ)aµ ψ†(x, σ) =
∑
µ

φ∗µ(x, σ)a†µ,

Relativistic theory:

metric tensor gµν = diag(1,−1,−1,−1) = gµν

scalar products a · b = aµb
µ = gµνa

µbν

4-vectors: xµ = (ct,x), pµ = (E/c,p), Aµ = (ϕ/c,A)

derivatives: ∂µ = ∂
∂xµ

= (1
c
∂
∂t
,∇), and ∂µ = ∂

∂xµ

Dirac gamma-matrices: {γµ, γν} = 2gµν14

Dirac-Pauli representation:

γ0 =

(
12 0
0 −12

)
γi =

(
0 σi

−σi 0

)



Clebsch-Gordan coefficients, 3j symbols and some properties thereof:(
j1 j2 j
m1 m2 m

)
≡ (−1)j1−j2−m√

2j + 1
u〈j1j2m1m2|j1j2j −m〉c

(
j1 j2 j3
m1 m2 m3

)
=

(
j2 j3 j1
m2 m3 m1

)
=

(
j3 j1 j2
m3 m1 m2

)
=

(
j2 j3 j1
m3 m1 m2

)
=

(
j3 j1 j2
m2 m3 m1

)

(−1)j1+j2+j3
(

j1 j2 j3
m1 m2 m3

)
=

(
j2 j1 j3
m2 m1 m3

)
=

(
j1 j3 j2
m1 m3 m2

)

=

(
j3 j2 j1
m3 m2 m1

)
=

(
j1 j2 j3
−m1 −m2 −m3

)
∑
m1m2

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j′3
m1 m2 m′3

)
=
δj3j′3δm3m′3

2j3 + 1

∑
j3m3

(2j3 + 1)

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j3
m′1 m′2 m3

)
= δm1m′1

δm2m′2

(
j1 j2 j3
m1 m2 m3

)
= 0 unless m1 +m2 +m3 = 0 and 4(j1, j2, j3)(

j1 j2 j3
0 0 0

)
= 0 if j1 + j2 + j3 is odd(

j + 1
2

j 1
2

m −m− 1
2

1
2

)
= (−1)j−m−

1
2

√
j −m+ 1

2

(2j + 2)(2j + 1)(
j + 1 j 1
m −m− 1 1

)
= (−1)j−m−1

√
(j −m)(j −m+ 1)

(2j + 3)(2j + 2)(2j + 1)(
j + 1 j 1
m −m 0

)
= (−1)j−m−1

√
(j +m+ 1)(j −m+ 1)

(2j + 3)(j + 1)(2j + 1)(
j j 1
m −m− 1 1

)
= (−1)j−m

√
(j −m)(j +m+ 1)

(j + 1)(2j + 1)(2j)(
j j 1
m −m 0

)
= (−1)j−m

m√
(2j + 1)(j + 1)j(

j j 0
m −m 0

)
= (−1)j−m

1√
2j + 1(

j j 2
m −m 0

)
= (−1)j−m

3m2 − j(j + 1)√
(2j + 3)(j + 1)(2j + 1)2j(2j − 1)



35. Clebsch-Gordan coefficients 1

35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

AND d FUNCTIONS

Note: A square-root sign is to be understood over every coefficient, e.g., for −8/15 read −√
8/15.

Y 0
1 =

√
3
4π

cos θ

Y 1
1 = −

√
3
8π

sin θ eiφ

Y 0
2 =

√
5
4π

(3
2

cos2 θ − 1
2

)

Y 1
2 = −

√
15
8π

sin θ cos θ eiφ

Y 2
2 =

1
4

√
15
2π

sin2 θ e2iφ

Y −m
� = (−1)mY m∗

� 〈j1j2m1m2|j1j2JM〉
= (−1)J−j1−j2〈j2j1m2m1|j2j1JM〉d �

m,0 =
√

4π

2� + 1
Y m

� e−imφ

d
j
m′,m = (−1)m−m′

d
j
m,m′ = d

j
−m,−m′ d 1

0,0 = cos θ d
1/2
1/2,1/2

= cos
θ

2

d
1/2
1/2,−1/2

= − sin
θ

2

d 1
1,1 =

1 + cos θ

2

d 1
1,0 = − sin θ√

2

d 1
1,−1 =

1 − cos θ

2

d
3/2
3/2,3/2

=
1 + cos θ

2
cos

θ

2

d
3/2
3/2,1/2

= −√
3
1 + cos θ

2
sin

θ

2

d
3/2
3/2,−1/2

=
√

3
1 − cos θ

2
cos

θ

2

d
3/2
3/2,−3/2

= −1 − cos θ

2
sin

θ

2

d
3/2
1/2,1/2

=
3 cos θ − 1

2
cos

θ

2

d
3/2
1/2,−1/2

= −3 cos θ + 1
2

sin
θ

2

d 2
2,2 =

(1 + cos θ

2

)2

d 2
2,1 = −1 + cos θ

2
sin θ

d 2
2,0 =

√
6

4
sin2 θ

d 2
2,−1 = −1 − cos θ

2
sin θ

d 2
2,−2 =

(1 − cos θ

2

)2

d 2
1,1 =

1 + cos θ

2
(2 cos θ − 1)

d 2
1,0 = −

√
3
2

sin θ cos θ

d 2
1,−1 =

1 − cos θ

2
(2 cos θ + 1) d 2

0,0 =
(3

2
cos2 θ − 1

2

)

+1

5/2
5/2

+3/2
3/2

+3/2
1/5
4/5

4/5
−1/5

5/2

5/2
−1/2
3/5
2/5
−1
−2

3/2
−1/2
2/5 5/2 3/2

−3/2−3/2
4/5
1/5 −4/5

1/5

−1/2−2 1
−5/2
5/2

−3/5
−1/2
+1/2

+1−1/2 2/5 3/5
−2/5
−1/2

2
+2

+3/2
+3/2

5/2
+5/2 5/2

5/2 3/2 1/2

1/2
−1/3

−1

+1
0

1/6

+1/2

+1/2
−1/2
−3/2

+1/2
2/5

1/15
−8/15

+1/2
1/10

3/10
3/5 5/2 3/2 1/2

−1/2
1/6

−1/3 5/2

5/2
−5/2

1

3/2
−3/2

−3/5
2/5

−3/2

−3/2

3/5
2/5

1/2
−1

−1
0

−1/2
8/15

−1/15
−2/5

−1/2
−3/2

−1/2
3/10
3/5

1/10

+3/2

+3/2
+1/2
−1/2

+3/2
+1/2

+2 +1
+2
+1

0
+1

2/5
3/5

3/2

3/5
−2/5

−1

+1
0

+3/21+1
+3

+1

1
0

3

1/3
+2

2/3

2

3/2
3/2

1/3
2/3

+1/2

0
−1

1/2
+1/2
2/3

−1/3
−1/2
+1/2

1

+1 1
0

1/2
1/2

−1/2

0
0

1/2

−1/2

1

1
−1−1/2

1

1
−1/2
+1/2

+1/2 +1/2
+1/2
−1/2

−1/2
+1/2 −1/2

−1

3/2

2/3 3/2
−3/2

1
1/3

−1/2

−1/2

1/2

1/3
−2/3

+1 +1/2
+1
0

+3/2

2/3 3

3

3

3

3

1−1−2
−3

2/3
1/3

−2
2

1/3
−2/3

−2

0
−1
−2

−1
0

+1

−1
2/5

8/15
1/15

2
−1

−1
−2

−1
0

1/2
−1/6
−1/3

1
−1

1/10
−3/10

3/5

0
2
0

1
0

3/10
−2/5
3/10

0
1/2

−1/2

1/5

1/5
3/5

+1

+1

−1
0 0

−1

+1

1/15
8/15
2/5

2

+2 2
+1

1/2
1/2

1

1/2 2
0

1/6

1/6
2/3

1

1/2

−1/2

0

0 2

2
−2
1−1−1

1
−1

1/2
−1/2

−1
1/2
1/2

0
0

0
−1

1/3

1/3
−1/3

−1/2

+1

−1

−1
0

+1
00

+1−1

2

1
0

0 +1

+1+1

+1
1/3
1/6

−1/2

1
+1

3/5
−3/10
1/10
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Figure 35.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.
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