FYST530 QuANTUM MECHANICS II 1. exam
Kimmo Tuominen 04.03.2011

1. Let us consider a rotation R,(c) around an axis n by an angle a. The effect of the
rotation on the position vectors is

and on the state vectors
R ~ G —ignd

) — [¢') = DV (Ra(a))|9), where 9(Ra(a)) = e7#*|g)).

(a) (3 p.) Find the rotation matrix DY (R,(a)) for j = % in the eigenbasis |j, m) of
J? and JZ, when the rotation is around the z-axis, n = éy.

(b) (3 p.) Suppose that the system is originally in the state [¢)) = |[j = 3,m = 1),
In which state is it after the above rotation around the z-axis? What happens
if a = 2m, is the state of the system after the rotation the same as initially?

2. Suppose that the Hamilton operator in the Schrédinger picture is
Hs(t) = Hy + Vs(t),

where Hj does not depend on time but Vs does. In the interaction picture (I-picture),
the states are defined in terms of the states in the Schrédinger picture as

(1)) = e oty (t))s.

(a) (2 p.) Derive the following equation of motion for the states in the I-picture:
L d -
Zh%ld’(t))l = Vi(@)|$(t)):.

(b) (2 p.) Show next that the time-evolution operator Uj(t,t,) in the I-picture sat-
isfies the following integral equation,

-~

.t
~ 1 ~
Or(t,to) =1 7 / 4V (E)O( o).
to
(c) (2 p.) Suppose then that the time-dependent potential Vs(t) is a weak pertur-
bation. Using the I-picture, derive the following lowest-order time-dependent
perturbation theory result for the transition probability for a transition from an
initial state |@;) at to to a state |py) at ¢:

2

/ dty (Vs (t2) i) Er—Bou/m|

Pyt to) = (@50 () ~

where the initial and final states are eigenstates of Hy: I:IOlgz‘)f) = E¢|¢s) and

I:Iolq‘)i) = Ei|¢:), and |¢;) # |¢5). We also assume here that the energy spectrum
is discrete and nondegenerate.
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(a) (3 p.) The scattering amplitude for elastic scattering off a potential V(r) is given
by

fx(0,0) = —27T2/d37"(1);;f (U ()T, (1),

where kg is the wave vector of the particle after the scattering and k; is the
wave vector before the scattering, |k¢| = |ki| = k& = \/2uE/k?, and @y, (r) =
(_2# ekt and U(r) = 2 V(r). The wave function Wy (r) is obtained from the
integral equation for the potential scattering,

Uy (r) = Ok (r) + /d3r'Gk(r - YU) T (r),

where Gi(r — r’) is the Green’s function for the operator V2 + k2 (explicit form
of Gy is not needed now).

Form the Born series for the scattering amplitude (write only the two first terms
explicitly), and show that in the Born approximation the scattering amplitude
is essentially a Fourier transform of the potential,

12 (ke —Ke )r
Fa(0.0) =~ =75 [ dretekOmy ().

(3 p.) Thomson’s plum puddig model of the atoms was excluded by Rutherford’s
experiment. Assume the distribution

Z —x2 2
) = ragp® 0

of the positive charge in the atom instead of a point-like nucleus py (%) = Z4(Z).
Calculate the scattering cross section of the alpha particle off the atom using
the Born approximation. You may neglect the electrons which are so light that
they are thrown out by the bulldozing alpha particle anyway. Compare your
result to that with the point-like nucleus:

do _ (2m)*(Z2Z'e%)?
Eﬁpoint - 16(hk)2 sm4(0/2) ) . (2)
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4. (a) (3 p.) Using the Wigner-Eckart theorem, show that for a vector operator V, we

have " o
(Egm|V - J|E5m)

(€imiVieim') = Sy — (Eamiigim)

(b) (3 p.) Apply the above result in the following nonrelativistic nuclear shell-model

problem, where the system(=nucleus) consists of protons and neutrons (i.e. spin-
3 particles) and their mutual interactions. For those nuclei whose number of
protons+neutrons is odd, the oribital angular momentum L and spin angular
momentum S can be assumed to be those of the last (highest-energy), odd,
proton or neutron. Then J = L + S and thus j = [ + %, and the quantum
numbers in £ above include [ and s = % The magnetic moment operator M of
the nucleus is defined as

M = 'YLf‘/h + ’Yss/h,

where 77, and yg are constants. The magnetic moment p of the nucleus is defined
as the largest possible absolute value (norm) of the vector (M) = (£jm|M|&jm).
Show that for [ = j — % the magnetic moment p becomes

— 1) +1
m=\J 2'YL 2’Ys-
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Collection of formulas:

Fourier transform:

~ dPx

o) = [ e 0
_ d3p ip-X p
fx) = / T @)

Under suitable assumptions for functions f(x) ja g(x) we have:
d3

dBz
V2 x)= [ ——=(V?f(x X).
\/—%)—3 9(x) W( f(x))g(x)

1

90) = Grosze /) = ) = e @ o~

Spherical coordinates and spherical harmonics:

2 _ 18(28) _1__A2
T r29r or h2r?

LY (8, 9) = RPUL+ 1)Yim(0,0)  L:Yim(8, 0) = BmYim(6, )

d*r = r2drdQ = r’dr sin 8d0dy / dQ) =4n

) 1 o 1 & ]
L2 = —bh2 Lm@ 89( lneae) sm2 95@_2-] /dQ Yl'm’(ea QO)Ylm(07 SO) = 6ll’5mm’
m mtim| 2041 [(I—|m m im N
Vinlt, ) = (1) /2L H,’ B30 ™ Vi nl6,0) = (~1)"Yin(6,)

Bie) = (- AL e R = - 1)

1 /3 [3 . i
Yoo(0, @) = \/_E Yi0(0, ) = y cos Yimi(6,0) = F o sin feti®

5 15 , 1 )
Y20(8, ) = Tor (3cos®6 — 1) Yo41(0, ) = F4/ = cosfsin0e*™®  Yiuo(8, ©)4/ 325 sin? fet?¥

Hydrogen-like atom wave-functions:

\Ilnlm( ) Rn.l( ) lm(o (,0) K= — a=

an<r>=\/ oG e 2 ) 1) = S (-1 I

k=0

A 1 [Z\%? Zr 1 [Z\%?
— “ —Zr/a — - | Z 1 - =2= ~Zr/2a - | = —Zr/2a
ro=2(7) e ma= (7)) (1-%) T Ra=gg (D) e
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Spherical Bessel & Neumann functions:

d?R(r dR(r )
r drg )t or df~ L [(br? — 10+ )] RO =0 >  R(r) = Aji(kr) + Bru(ir)
1 s+ s (DS (C)(s =D
)=2e Zs' 2s+2l+1) G £ sl(2s — 20)!
. sinzx . sinz cosz COST cosr sinz
Jo(z) = T Ji(z) = 2z no(z) = — - ni(z) = — 2z

For integrations:

(-oo n —az __ ’n,' o —az? _ m IRRT 1 d
oy derte™ =T /_ood“ —\/;’ Resf (). = Jim iy (3

?{dzf —2mZResf iy

Trigonometry: cos 2z = cos’x — sin® z, cos’z +sin’z =1

Angular momentum:

j2|j7 m) = h2.7(.7 + l)lja m>’ jzlj’ m) = hm'ﬂ’ m)

Jy = J, £iJ, Jilj,m) = /G Fm)G £m + 1)|j,m£1)

3
[ji, jJ] = th €ijkjk, [32, jl] =0
k=1
Power series:

- . 0 2 _ % z2n+l
e’ = ;H coST = ;(—1) @) sinz = nzzo(—l) Gy D

Pauli spin matrices:

(01 (0 =i (10
d2=11 0 v=\ i 0 V0 -1
[O'i, O'j] = 27;€ijk0'k {0’,’,0']'} = 2(5,']'12

=

(G-3)@-b) =@ b)ly+i(@xb)-&
Wignert-Eckart theorem:

(€5 m | TP 165m) = =g ulskmalskg'm')e (€5IITPlle5)
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where

(€71 T™|1¢5)

1 . - . , -
N ES > (€ mal T gma) (kmag ks my)

mi 7m27ql

SU(2) tensor operator:

where q refers to the spherical components, which for a vector operator are
Vi=-—=V+iV), W=V V.=+

Spherical unit vectors
A | A A
€+1 = :Fjﬁ(ez + wy), €0 = €;

Scalar products in spherical basis: A-B=—-A 1B — A_1B,;+ AyBy
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34. Clebsch-Gordan coefficients 010001-1

34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS

J oJ
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —4/8/15. Notation: M M
1/2x1/2 | }—— . 3 — M1 M2
Yy =4/ -—cosé X
+1/2+41/2] 1] 0 0 V4 2x1/2 +s/2] 572 372 my my | Coefficients
+1/2 -1/2(1/2 1/2| 1 3 o bkezszal 1)3/2+43/2 o
S1/2 +1/2]1/2-1/2]1 Y} =—y/ = singe® +2 -1/2| 1/5 4/5) 572 3/2
EZEZE 8m +1 +1/2| a75-1/5k1/2 +1/2
0 53 o 1 +1-1/2| 2/5 3/5] 5/2 3/2
372 ¥y = ;1;(5 cos® — 5) 0+1/2| 3/5 ~2/5|-1/2 -1/2
1x1/2 A e | 0-1/2| 3/5 2/5] 572 3/2
Bz iz e Y} =—y 155 Gn6cosgei Sl+1/2) 2/5-3/5)-3/2 -3/2
2 —1-1/2| a/5 /5] 5/2
+1-1/2{ 1/3 2/3| 372 1/2 4 3/2%x1/2
0+1/2{ 2/3-1/3}-1/2-1/2 1 /18 ) / 2] 2 1) |-2+1/2] 1/5 —a/5]-5/2
v2 = 2. /22 sin20 %0 +3/2 +1/2] 1]+1 +1 w2 .
0-1/2| 2/3 /3] 3/2| T2 = 7y 5 sSimve
1 2172| 1r3-273)-372 +3/2-1/2{1/4 3/4] 2 1
ax13 EEVEE - +1/2 +1/2]3/4-1/4] 0 o
ol P prwry 3/2x1 |2 =75 +1/2-172[1/2 172 2 1
[+2 +1] 1]+2 +2 [Frzeal  il+3/2 +3/2 -1/2+1/2|1/2-1/2) -1 -1
+2 0j1/3 2/3 3 2 1 +372 o| 275 375 572 372 172 -1/2-1/2|3/4 1/4} 2
+1 +1)2/3 -1/3] +1 +1 +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 —3/2+1/2|1/4-3/4}-2
+2-1{1/15 1/3 3/5 +3/2-1|1/10 2/5 172 | EEIR
1x1]2 +1 0]8/15 1/6-3/10f 3 2 1 +1/2 o 3/5 1715 -1/3]| 572 372 172
2] 2 1 fo+1] 2/5-1/2 1/10] 0 o0 0 -1/2+1|3/10 —8/15  1/6]-172 -1/2 -1/2
frafi]a + +1-1|1/5 1/2 3/10 ¥1/2-1|3/10 8/15 1/6
+1 of1/z 172 2 1 o 0 ofays o-25] 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
o+1fir2-172) 0 o o -1+41{1/5-1/2 3/10] -1 -1 -1 -372 +1l1/710 -2/5 1/2}-372 -3/2
+1-1|1/6 172 1/3 0-1 2/5 1/2 1/10 |—1/2-1 3/5 2/5] 5/2
0 ojz/3 o-u3[ 2 1 -1 o/8/15-1/6-3/10] 3 2 —3/2 0} 2/5 -3/5}-5/2
-1+1|1/6-1/2 1/3]-1 -1 —2+1{1/15-1/3  3/5] -2 -2 l-372-1] 1
0-1f1/2 1/2| 2 -1-1{2/3 1/3] 3
Y, ™ = (-1)™my -1 of1/2-1/2 -2 : -2 0|1/3-2/3}-3 (j1jomimeli1jo M)
-1-1{ 1 T —i ~2-1] 1 ——go s ..
| dfo= \/2£+ 1Y"e img | = (~1)T 1772 (jojymamy | j2j1 T M)
. s A 3
dl, =(nmmgl =g , 3/2x3/2 3 1 1/2 0 1 1+ cos@
m'm m,m —m,—m/ 3 2 dgo=cosb d =cos = dy, = ——
’ [r372+372] 1]+2  +2 0,0 1/2,1/2 2 11 2
2x3/2 ) 7/2 sin @
it W e v By e Aaap=—sing  djg=-"
bzesi2l _1prs/a+s/2 +3/2-1/2 [1/5 1/2 3/10 ' 2 , V2
+2+1/2( 3/7 4/7) 172 5/2 3/2 1724172 |3/5 0 —2/5 3 2 1.0 al _ 1—cosé
+1+3/2| a/7-3/7)+372  +3/2+3/2 Ti2+3211/5-1/2 0] o o 0 o 1=
+2-1/2| 1/7 16/35 2/5 —
R R e ey B SR N
2%2 : — 0+3/2] 2/7-18/35 1/5] +1/2 +1/2 +1/2 +1/2 712 1172 |9/20 1741720 /a3 3 1
G2z +1 3 43 +2-3/2| 1/35 6/35 2/5 2/5 3/2 +3/2 [1/20 <174 9/20-17a] -1 -1 1
+1-1/2|12/35 5/14 0 -3/10 +1/2-3/2| 175 1/2 3/10
+2+4111/2 1/24 4 32 0+1/2(18/35 -3/35 -1/5 /50 7/2 5/2 3/2 12| | 35-1/2| 35 o —as| 3 2
+1+2[1/2-1/2 +/2 J;z J;z -1+3/2| 4/35-21/70 2/5 -1/10| -1/2 -1/2-1/2 -1/2| | 23757172 1/5-1/2 3/10] -2 -3
+2 0|3/18 1/2 2/7 +1 —3/2| 4/35 27/70 2/5 1/10
+14} 47 0371 4 3 2z 1 0 -1/2 18/35 3/35-1/5 -1/5 l:”z -¥2|12 12 3
0+2]3/14-1/2 2/7] 11 +1 a1 H -1 +1/2 [12/35 -5/14 0 3/10| 71/2 5/2 3/2) &2 =1f2l1/2-1/2}-3
(2 —1li/14 3/10 3/7 1/5 -2 +3/2 | 1/35 -6/35 2/5 —2/5}-3/2 -3/2-3/2 F3/2-372
T LRy 1] e a—— 0 Ty T e Ms
+ ~1/5- -1 -1/2| 4/7 -1/35-2/5] 1/2 5/2
L1 +2 |1/14-3/10  3/7 -1/5 0 0 0 o 0 2 12| 1r-16735 2/5) —572 —s2
5016 205 11710 173 A I
0 0 [18/35 0 -2/7 0 1/5 ok Vi R T Ml | mi
-1 +1 | 8/35 -2/5 1/14 1/10 -1/5| 4 3 2 1 |-2-32] 1
P I 14+cosé 6 -2 +2 | 1/70-1/10 2/7 -2/5 1/5] -1 -1 -1 -1
3/23/2= g 53 +1 -2{1/14 3/10 3/7 1/5
2 0 -1| 3/7 1/5-1/14-3/10
232 :_\/§1+C05951n_‘9_ a2, = (H'—Coso) -1 o 37 -1/5-1714 10| & 3 2
3/2,1/2 2 2 » 2 -2 +1|1/14 -3/10  3/7 -1/5}) -2 -2 -2
3/2 l—cosf 0 g _ _ltcosf . 0 —2[3/14 1/2 2/7
dyp 1 =V3—g ooy 4 g b n i A I
1+ cosf -2 0|3/14-1/2 2/7] -3 -3
432 = lzcost . 8 d2 =.@sin20 d%,1=—2'(2C059—1) -1 20172 172 4
3/2,-3/2 2 2 2,0 4 -2 -1|1/2-1/2]-4
32 3cosf—1 @ 2 _ 1l—cosf d2. =— §sin0 cosf S
dpajp = g ——C05 3 d3 = ———5—sinf 10 5
3/2 _ 3cosf+1 . 0 2 _(1—c050)2 2 _ 1—cosé 2 _(E 2 _1)
d1/2,-1/2 =—— sin 5 dj_o= — d1,—1 = (2cos8+1) do,o =3 cos® @ 3

Figure 34.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley ( The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.



