FYST530 Quantum Mechanics 11 3.5.2013

2. exam (2. vélikoe): 4 problems, 4 hours

Regarding all problems:
Consult the collection of formulae in the end of the problem sheet!

1. The SU(2) rotation matrices in the j = % representation are known to be given in
terms of the Pauli spin matrices, rotation angle and rotation axis as

ID(%) _ efi%an-&’.

a) Show that D) = 1,cos(a/2) —i(n - &) sin(a/2)
b) Verify that indeed D@ € SU(2).

Consider then a matrix U = \%(12 +ioy).
c) Show that U € SU(2).

d) Write down the SO(3) rotation matrix R in 3-dimensional coordinate space
which corresponds to U above.

e) Show that the matrices {15, U? U* U®} form a group (i.e. a subgroup of SU(2)).

2. Let’s put a spinless hydrogen atom in a weak external constant electric field, i.e.
perturb the hydrogen atom with a potential

V =eEz=eErcost =eE\/FrYio(0, ),

where the product e€ is a positive constant. Using the Gaunt’s formula, consider
the Stark effect on a spinless hydrogen atom in the case n = 2, i.e. determine how
such a perturbation changes the hydrogen energy levels €. Sketch also a figure of
the obtained energy level splitting. A table of the Clebsch-Gordan coefficients and
related material is attached.



3. Let’s consider a nonrelativistic gas of N identical noninteracting spin-s fermions,
whose Hamilton operator in terms of 1-particle operators is

N N o

o 2 _ N P
H_ZH' - L=2m’

i=1 =1

The 1-particle wave functions, when putting the free particles in a box of volume
V = L? and requiring periodic boundary conditions, are known to be

(bp,sz (X7 U) = <X70-’p752> - \/Veép.x(sos.z

with (p1, $1.|P2, 52:) = 0pips0s,.s,. and discrete momentum values p = 2 (n,, n,, n.)

where n; =0, +1,£2,....

a) Form the Hamilton operator of this system in the Fock space. Consult the col-
lection of formulae for the needed generic form of the Fock space operator.

b) The ground state of this system is

7y =11 ab..10)-

P,Sz
Ipl<pr

Show explicitly the effect of the total particle number operator N (see again the
collection of the formulae) on the ground state | F).

c) Compute the Fermi momentum, pg, of such a gas in the limit N,V — oco. Express

pr in terms of the particle spin s and the average particle density n = N/V. In the
1%

continuum limit V' — oo use p(p) = @y s the density of the momentum states.

d) Compute the single-particle correlation function for our fermion gas,

2s+1

Go(x—x) = (FlU!(x,0)0(x',0)|F)

in the limit N,V — oo. For the field operators, consult the collection of formulae.
You should also identify the spherical Bessel function j; in your answer and show
that the answer depends only on kg|x — x/|.



4. a) Substituting an ansatz ,
U(x) = u(p)e i

into the Dirac equation
(thy" 0, — me)¥(x) = 0,

and using the Clifford algebra for the gamma-matrices, show that the Dirac equa-
tion has both positive-energy and negative-energy solutions. Which are the allowed
values of energy?

b) Using the Dirac-Pauli representation and considering the positive energy case,
find an explicit 4-component form for the momentum-space spinor u"(p) which in
the limit p — 0 becomes an eigenspinor of ¥, with an eigenvalue +§. You don’t
have to consider the normalization of u* (p). In the end, show explicitly that indeed
2. uM(p =0) = +2uV(p = 0) for the 4-spinor you obtained.

c) Derive the Dirac Hamilton operator Hp from the Dirac equation above, and
using the 4-spinor uM(p) which you obtained (in its block form), show explicitly
that indeed Hpt(x) = E(x), where 1)(x) is the stationary part of the spinor ¥(x)
above.



Collection of formulae:

Spherical coordinates and spherical harmonics:

10,,0 1 .
2 _ 2 3, 22 2 . o
\ =2 8r< 87“) h2r2L d’r = r°drd{) = rdr sin 0dfdy /dQ = 47
L2Y2m(‘9a p) = h2l<l + 1)Yim (0, ») [A/ZYZm(Q? ©) = hmYi, (0, ¢)
- 1 0 0 1 02
L? = —h? 0— — dQ Y5 (0, 0)Yim(0,0) = S Smm
ngag(sm 39) 8111293@2] / v (0,0)Yim (0, ¢) u

Vind6.0) = (1) 5\ 2 [P cos D)™ ¥ (0,0) = (<1019

Plk(z) = (1 — 22)k/2jkpl( ) Pz(z) 211” ddl( _ 1)1

1 /3 /3 . ;
Yoo(0, p) = — Yi0(0, ) = ECOS@ Yi1(0,p) = F P sin fe*?

Viar
Yao (0 O (300520 — 1 Your (0, 0) = T4/ =2 cosOsin 65 Ypuo(0 15 in2 getaie
20(0,p) = 167r( cos ) 2+1(0,0) = F g, cosdsinbe 2+2(0, ©) 3o, S fe

Transition probability, lowest order, ¢ # f:

2

/dt1<¢f|VS(t1)|¢> (Ey=tn/n

to

Pt to) = 1 or () P ~ o

Hydrogen-like atom wave-functions:

\Ijnlm(x) = Rnl<7a)mm(97 (10> R=— a = Me2

Ru(r) = \/(2/*@)3%(2’“‘) e LI (2mr)  Li(z) =) (=19) » _(z;;;(gi 1)k

A 3/2 1 A 3/2 A 7 5/2
Rip=2 <_) e—Zr/a Roy = E <_) (1 _ Z_T) e—Zr/Qa Ry = 2\/6 (_) Te—Zr/Qa
a a a a

Spherical Bessel & Neumann functions:

d? d
2 cigr) +2r Jflir) + [(kr)> =11+ 1] R(r)=0 —  R(r) = Aj/(kr) + Bry(kr)
+ 1) (—1) & (—1)%(s — )
— ol,l (s 2s _ 2s
Z s1(2s + ot e = 2o 5l(2s — )
, sin , sinz  cosw cos T cosz  sinz
Jolw) = — nle)=—5—— no(w) = —— m(e) = ——3 - —



For integrations:

o " —aw n! > a? T ) 1 d \n-1 "
/0 drz"e™ = —, /_ dre """ = \/g, Resf(2)|,_, = Zh_{glom(a) [(z=20)" f(2)]

j{ dzf(z) = QWiiResf(z)‘Z:Z,
C = !

Trigonometry: cos 2z = cos® & — sin’ x, cos’z +sin®x =1

Angular momentum:

F25,my = B3 + Vlj,m), .|, m) = hml|j,m)

Ji=J, £iJ,, Jiljm) = /G TFm)GE£m+1)|j,m=*1)

[ i, Jj) = mzez‘jkjk, [J2, ;] =0

OO " 0 r2n . OO p2ntl
e’ = 2 ] cosx = ;(—1) o) sinx = ;(—1) 2n g0

Pauli spin matrices:

(01 (0 (10
2=\ 10 =i 0 2= 0 -1

[03,05] = 2ieipon {05, 05} = 20515

— - -,

(G-@)(F-0) = (@ D)1y +i(@x D) &

Wignert-Eckart theorem:

‘ A . 1 . o . .
(EFm TP jm) = ——— (jkma|jki'm'). (€5 |]TM]|€5)
27" +1

where

1 A e .
V27 + 1 > (€imulT0 [gma) (kmag |k m)

mi,ma,q’

(€N

SU(2) tensor operator:

[T = TP [ T = VE(k+ 1) = g(q £ DT,
where ¢ refers to the spherical components, which for a vector operator are

. 1 . . . .
Vi :_E(%"i_i‘/g;)a Vo=V. Va=+



Spherical unit vectors:

~

. . . .
€t1 = :Fﬁ(ez + ’ley), €y = €,

Scalar products in spherical basis: A-B=—-A,1B_1 — A 1B, + AyBy

Basic rotations:

1 0 0 cosae 0 sina cosa —sino
Re () =1 0 cosa —sina Re, (o) = 0 1 0 Re, (o) = | sina  cosa
0 sina cosa —sina 0 cosa 0 0

Gaunt’s formula

. 2 + 1) (2l + 1
/ ALY, ()Y, (Q)Yigm, (Q) = \/ (24 47r(2>l(+21) )u(lllgmlmgﬂllglm)cu(l1l200|l1l2l0>c.

Fermionic operators in the Fock space:

aylning .. 1, ..) = (=1)Z0=1"nny .0, )

allning...0,...) = (—1)223"“|n1n2 U

{ag,a,} =0 {aL, ay} = O

. A A1 .
F=Y i, F=3 S (wllaln)alal e,
v wop w,v!
U(x,0) = Z bu(x,0)a, Yi(x,0) = Z .. (x, a)aL N = ZaLa”
p p p

Relativistic theory:

metric tensor g, = diag(1, —1, -1, —1) = ¢g"

scalar products a - b = a,b" = g,,a"b"

4-vectors: ot = (ct,x), pt = (E/c,p), A" = (¢/c, A)
)

vatives: — 9 _ (190 w— 9
derivatives: 0, = 57 = (3 5;, V), and 9" = 3o

Clifford algebra for the Dirac gamma-matrices: {y*,7"} = 2¢"'14

Dirac-Pauli representation:

o (12 0 i 0 o i_f_i g 0
Tl -1 T =0 0 “2\0 7
Taylor series expansions:
1 1, 1, 134
Vidtzr =14 o — <" +... In(l+z)=x— -+ -a°+...

2 8 2 3

o



Clebsch-Gordan coefficients, 35 symbols and some properties thereof:
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http://pdg.lbl.gov/2009/reviews/rpp2009-rev-clebsch-gordan-coefs.pdf

35. Clebsch-Gordan coefficients 1
35. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS
) g J
A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation: M M
[ ] m m
1/2x1/2 +1 — = 1 M2
0 ..
725172 1] o o 1 2x1/2\.55 572 372 M1 M2 | Coefficients
|+1/2 —172|172 172[ 1 . Fz=1i72] 1}3/2+3/2
—1/2 +1/2|1/2-1/2}-1 v = '/7 sin § ¢*¢ +2-1/2| 1/5 4/5| 572 3/2
|-172-1/2] 1 8w +1+1/2| 4/5-1/5}+1/2 +172
v 5 (3 29 ) +1-1/2] 2/5 3/5| 5/2 372
=4/ —|zcos? 0 — - - ~1/2 -
1x1/2 [372 2 =\ 7 \3 0+1/2] 3/5-2/5)-1/2-1/2
+3/721 372 172 0-1/2| 3/5 2/5] 5/2 3/2
[-1 4172 1h172+172 / qme(,mgpws > —1+1/2 2/? ,?;z fijg ,?g —
KRR T R R 3/2x1/2 hol7 [z.12] /5 -ass 52
y2_ 2. /2 2 g p2i¢ [+3/2 +172] 1]+1 +1 |72 ~1/2 1
01721 23 13 32l 2 4 27r sin 372 1/2[1/4 3/4] 2 1
-1+1/2| 1/3-2/3|-3/2 +3/2 -
213 — > +1/2+1/23/4-1/4) 0 0
ol % mea 3/2x1 +§f2 R +1/2-12012 172 2
[F2+1] 1] +2 +2 [z 1|32 4372 —17241/2)172-172] -1 -1
+2 0[1/3 2/3 3 2 1 +372 0l 2/5 3/51 572 3/2 172 -1/2-1/2|3/4 1/4] 2
+1 +112/3 -1/3] +1  +1 +1 +1/2 +1] 3/5 =2/50+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4}-2
+2-111/15 1/3 3/5 +3/2-1110 2/5 172 |=372-172] 1
1x1] 2 +1 0/8/15 1/6-3/10] 3 2 1 +1/2 0| 3/5 1715 -173| 572 3/2 1/2
- 1+$ 12 1 0+1| 2/5-1/2 1710} 0 0 0 -1/2+1|3/10-8/15  1/6|-1/2 -1/2 -1/2
| ot +1-1|1/5 1/2 3/10 +1/2-1[3/10 8/15 1/6
+1 0f172 172 2 1 0 00|35 o0-25] 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0+11/2-12 0 0 0O —1+1[1/5-1/2 3/10] -1 -1 -1 -3/2+1(1/10 -2/5 1/2}-3/2 -3/2
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= =1 1] ¢ 4m Y emimé 211 = (=1)7=9132 (jo j1mamy o i1 JM
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d3§2,_1/2:\/370085 dsq =~ B sin 6 -1 -1 47 0-3/7] 4 3
’ -2 0[3/14-1/2 2/7] -3 -3
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Figure 35.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.
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