
���������
	����
�����������������
���
������ "!#����$%$'&(�()�*��+��$-,-�/.0��1/��$- "�� 2 2)3,%�($'��14.
57686:9 14;8�(��< 9�=>5@? � 5 ��A�B =
,-1 6:6 <:&41
 @CEDGFED =4H4HJI
���(,%,-$ 9 ����&(�($-.�<:�K*��L� 9NM 1O.0�� ",%< 6  9 <8.0�� 2 P�PD

�Q 2RJ��S M STAP;QDJUWVPXZY0[P\^]P_G`(aPabV7]"cd_eXdXfab_GV
g
∫

arctanx dx =

∫

1
︸︷︷︸

=f ′

arctanx
︸ ︷︷ ︸

=g

dx = x
︸︷︷︸

=f

arctanx
︸ ︷︷ ︸

=g

−

∫

x
︸︷︷︸

=f

1

1 + x2

︸ ︷︷ ︸

=g′

dx

= x arctanx −
1

2

∫
2x

1 + x2
dx = x arctanx −

1

2
ln | 1 + x2

︸ ︷︷ ︸

≥1>0

| + C

= x arctanx −
1

2
ln(1 + x2) + C, C ∈ h .

i%j(k lnm
o UWV"X^Y�[p\Z]p_GV"X^_GqNapr2_e] m(s(s X^X s(s
−
l/k t�m
ovuwo/x ab\ZryapcdX s cK`�Y�\^_Gqp]P_G`(Y0V i-l(k z{m
ovu g

d

dx

(

x arctanx −
1

2
ln(1 + x2) + C

)

= (Dx) arctan x + xD arctanx

−
1

2

D(1 + x2)

1 + x2
= arctanx + x

1

1 + x2
−

1

2

2x

1 + x2
= arctanx

ryab_Gr"_G|G|Ga
x ∈ h i-l(kG}7m
ovuwo8~ aPay��_GVLqy�p|e_ k ��]p|G|�a�_eV"XZY0[p\fapap|e_e� s V(r"XZ_e]�cZapayXZ_e_GV k ]PV�cd_G_Gc

I = h oi-l/k ��m
ovu
�� 2RJ��S M S = ��D���c o | s Y�V(V(]pX oK� ]p\Z\ZaPc�� s V/rPXZ_e] l(k ��m
oGk

ala
∫ b

a
f
l(k ��mEoek�� |G� ∫ b

a
f
l(k���mEo

�da�_GVPXZY0[P\^]P_�X s q s(s `�Y�VL���P�b\Z_�X^X^Y0|GY0qy��Y��PXZ]�XZap_
�{_GrN�+� � qy�pV/c^��\Z_G_�X^XZ�Nqy��Y0�"X^] i Y�c^_G� o
f
]pV

�dayXZr s qNanrP]prp]nqy�b|G_e|G|�� m �p�yXZY m _�cdX^Y0_eXZ�n� �p� XZY0V uQl/kv��m
o
�� 2RJ��S M S = ;�D���]Pc^rNa

0 ≤ sin x ≤ 1
rNap_er2_G|e|�a

x ∈ [0, π]
k V(_e_GV i-l/k �nm
ovu

sin x −
sin2 x

2
≤ ln(1 + sin x) ≤ sinx

ryab_Gr2_e|G|�a
x ∈ [0, π].

UWV"X^Y0[P\ZaPab|G_eV��n]PV(]bXZ]pV(_�c s(s `�Y�V i |Ga s cdY j(o jP�pu V(]b�dap|e|�a�XZ�p|e| � _GV id}pkG}�m
o u
∫ π

0

(

sin x −
sin2 x

2

)

dx ≤

∫ π

0

ln(1 + sin x) dx ≤

∫ π

0

sin x dx.

� _erPY�a m(s ]P|e_�]PV i%l(k z{m
o u
/π

0

− cosx = − cosπ − (− cos 0) = − cosπ + cos 0 = 1 + 1 = 2.

��apc^Y0V m(s ]P|e_�]PV i%l(k���m
o u
∫ π

0

sin x dx −
1

2

∫ π

0

sin2 x dx = 2 −
1

2

/π

0

1

2
(x − sin x cosx) = 2 −

π

4
.

� _eX^Y0V
2 −

π

4
≤

∫ π

0

ln(1 + sinx) dx ≤ 2.

�� 2RJ��S M S>�ED i � s qya }pk l�m
ovuQ~ apc^rpY0XZaPabV�ry� � \Z�pV
y = ln x

�da�c s ]p\fabV
y = 1

|eY�_er2rya s c m _�c�XZYpg
ln x = 1 ⇔ x = e

i%l(k ��mEo u�o � _eX^Y0V�r s q2_G]pV�ab|�a�]P|erP]2]pV

A =

∫ e

0

|1 − ln x| dx

︸ ︷︷ ︸

1,8 p.

= lim
a→0+

∫ e

a

|1 − ln x| dx

︸ ︷︷ ︸

0,5 p.

= lim
a→0+

∫ e

a

(1 − ln x) dx

︸ ︷︷ ︸

0,4 p.

.

_



UWV"X^Y0[P\^]P_e��ap|e|�a�]"cd_eXdXfab_GV�cZapaP`(apapV i�}Pke}�m
ovu g
∫ e

a

(1 − ln x) dx =

∫ e

a

1 dx −

∫ e

a

1 · ln x dx = e − a −

/e

a

x ln x +

∫ e

a

x ·
1

x
dx

= e − a − (e ln e − a lna) + e − a = e − 2a + a ln a,

cd_G|G|G�
ln e = 1

o � _�XZY0V i-l/k z{m
ovu

A = lim
a→0+

(e − 2a + a ln a) = e − 2 · 0 + 0 = e ≈ 2, 72.

−3

−2

−1

 0

 1

 2

 0  0.5  1  1.5  2  2.5  3

y

x

y=ln x
y=1

� s qya } g���� � \f�bV�V
f(x) = ln x

�danc s ]p\Z_eY�V
x = 0

�da
y = 1

\fay�daPab��abV7ap| s Y�Y0V m _eV"Xfay�Wab|�a o

_G_


