PHOTOACOUSTIC AND THERMOACOUSTIC
TOMOGRAPHY WITH AN UNCERTAIN WAVE SPEED
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ABSTRACT. We consider the mathematical model of photoacoustic
and thermoacoustic tomography in media with a variable sound
speed. When the sound speed is known, the explicit reconstruction
formula of [14] can be used. We study how a modelling error in
the sound speed affects the reconstruction formula and quantify
the effect in terms of a stability estimate.

1. INTRODUCTION

Coupled-physics imaging methods, also called hybrid methods, at-
tempt to combine the high resolution of one imaging method with the
high contrast capabilities of another through a physical principle. One
important medical imaging application is breast cancer detection. Ul-
trasound provides a high, sub-millimeter resolution, but suffers from
low contrast. On the other hand, many tumors absorb much more
energy of electromagnetic waves, in some specific energy bands, than
healthy cells.

Photoacoustic tomography (PAT) [19] consists of sending relatively
harmless optical radiation into tissues that causes heating, with in-
creases of the temperature in the millikelvin range, which results in
the generation of propagating ultrasound waves. This is the photo-
acoustic effect. The inverse problem then consists of reconstructing
the optical properties of the tissue. In Thermoacoustic tomography
(TAT), see e.g. []], low frequency microwaves, with wavelengths on the
order of 1m, are sent into the medium. The rationale for using the lat-
ter frequencies is that they are less absorbed than optical frequencies.
PAT, TAT and other couple-physics imaging techniques offer poten-
tial breakthroughs in the clinical application of multi-wave methods to
early detection of cancer, functional imaging, and molecular imaging
among others [20], [19].
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There are two steps in PAT and TAT. The first one is to solve the
inverse source problem for the wave equation. The source measures
the absorbed radiation and varies from tissue to tissue. Once this is
solved the second step is to determine the optical or electromagnetic
parameters from the internal information obtained in the first step.
Here we are concerned with the first step that we now describe.

Let u solve the initial value problem

(02 —cA)u = 0 in (0,7) x R",

(1) u|t:0 - f7
8tu|t:0 = 0,

where T" > 0 is fixed and ¢ is a smooth and strictly positive function on
R™. Let us assume that the source f is supported in M, where M C R"
is some bounded domain with smooth boundary. The measurements
are modelled by the operator

(2) Acf =u

[0,T]xOM -

The inverse problem is to reconstruct the unknown f and ¢ from A..

Most of the available results assume that the sound speed ¢ is known.
Concerning the constant speed case we refer to the survey paper [9]
and the references therein. In practice, there are many cases when
the constant sound speed model is inaccurate. For instance in breast
imaging, the different components of the breast, such as the glandular
tissues, stromal tissues, cancerous tissues and other fatty issues, have
different acoustic properties. The variations between their acoustic
speeds can be as great as 10 percent [7]. The case of a variable sound
speed was thoroughly investigated in [14] and a reconstruction method
for the source was proposed. A numerical algorithm based on this
method was developed in [I3] and compared with the standard time
reversal method used for instance in [5] [6]. The case of a discontinuous
sound speed was considered in [16] which arises, for instance, in brain
imaging.

The paper [I5] deals with the case where the source f is known and
recovers the sound speed ¢ with one measurement under the geometric
assumption that the domain is foliated by strictly convex hypersurfaces
with respect to the Riemannian metric g = C%de where dz? denotes
the Euclidean metric. In practice the wave speed is known only up to
some uncertainty and we would like to reconstruct both ¢ and f given
A.f. This problem is linear in f and non-linear in c. It is shown in [17]
that the linearized problem of recovering both parameters is unstable.

In this paper, we assume that our best guess for the wave speed
co is close to the true wave speed c. We will study how the modelling
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error ¢ — ¢g affects the reconstruction of f by the modified time-reversal
method introduced in [14].

2. STATEMENT OF THE RESULTS

Let us begin by describing the reconstruction method introduced in
[T4]. To define the operator giving the reconstruction, we consider the
time reversed wave equation on M,

(3) 0P — *Av =0, in (0,7) x M,
U‘ZL‘EBM - h, ln (O, T) X aM,
V|t = A71h|t=T7 0|1 = 0, in M,

where A~!h|;,—r is the solution of the Dirichlet problem on M,
Ap=0in M and ¢ = hl—y on OM.
Moreover, we define the operators
Ach=v|=g and K.=1-AA,,

where v is the solution of (3)). The method of [14] gives a reconstruction
by the formula
f=RA.f, where R.:= Z KA.

m=0

Let ¢g € C*(R") be strictly positive and let us consider the recon-
struction operator ., corresponding to cg. If ¢y is close to ¢, we expect
the reconstruction

(4) f = ReyAf.

to be close to f. Indeed, in this paper we show that the difference
f — f is bounded by suitable norms of the measurement A.f and the
modelling error ¢ — ¢y.

As mentioned above, the closely related problem to find ¢ given the
pair (A.f, f) was considered in [I5], and the problem was shown to be
stable under the geometric assumption that M is foliated by strictly
convex hypersurfaces with respect to the Riemannian metric ¢~ 2dz?.
We will impose a similar convexity condition below. Furthermore, we
will assume that OM is strictly convex with respect to the Riemannian
metric ¢c2dx?. If this is the case, then the operator A. has the following
regularity property

Ao s HY(K) — HY((0,T) x dM),
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where K C M™ is compact, see e.g. [I4]. Without the convexity
assumption, a loss of smoothness up to degree 1/4 is possible [18]. We
describe this phenomenon in more detail in the appendix below.

The operator K. is compact if the state of the wave equation is
smooth at ¢ = T irrespective of f. This is guaranteed if all unit speed
geodesics starting from M at t = 0 exit M before ¢t = T" and do not
re-enter before t = T. To avoid technicalities related to re-entering
singularities we assume below that M is convex also in the sense that
no geodesic exiting M re-enters M.

Theorem 1. Let ¢y € C(R™) be strictly positive and suppose that
the Riemannian manifold (M,cy?dx?) has a strictly convex function
with no critical points and that M is strictly convex with respect to the
Riemannian metric c;*dz®. Let KK C M™ be compact, let C.,C; > 0
and consider the functions f € H3*(R"™) and c € C®(R") satisfying

I llse) < Cr Nlellezgey < Cey supp(f) €K, c=co in R"\ K.
There are €., T,C > 0 such that if ¢ satisfies also

|c — CO”cl(;c) < €

then
1/2
) (Rey = ROAS g any < Clle = coll poary 1A 12 0 om, -

We emphasize that (R., — R.)A.f = f— f, whence () gives a bound

for the reconstruction error.

3. THE PROOF

The existence of a strictly convex function on (M, c;?dx?) implies
that the wave equation

Otv — cgAv =0, in (0,7) x M,

is exactly controllable for large T' > 0, see e.g. [2I]. This again implies
that (M, cy®dz?) is non-trapping, see e.g. [I]. Thus Y oo K™ is a
bounded operator on H}(M) by [14]. Let us begin by showing that
the reconstruction is well defined. This is guaranteed by the next
lemma.

Lemma 1. Let f € HY (M) N H*(M). Then A,A.f € Hy(M).
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Proof. Notice that the solution u of (1)) is in C([0,T); H*(M)). Let us
consider the solution v of

Otv — cgAv =0, in (0,7) x M,
Vlscon = Acf, in (0,7) x OM,
V=1 = ¢,  Opvli=r = 0, in M,
where ¢ = A7'A.f|i—r. The difference w = u — v satisfies
OPw — cgAw = (¢ — ) Au, in (0,7) x M,
W|penm =0, in (0,7) x OM,
w\t:T = U\t:T -0, atw|t:T = atult:Ta in M.

Notice that wli—z = 0 on M and Au € C([0,T]; L*(M)). Thus we
have w € C([0,T]; HY(M)), and Ao, Aof = v]imo = f — w|i=o € H}(M).
U

Let us recall that A, : H((0,T) x dM) — H'(M) is bounded [I1],
and that f = R., A, f [14]. Thus there is C' > 0 depending only on ¢
and M such that

|7~

= || Reo (Aef = Neo ) any
< ClAcf = Neo [l 0.1y x001) -

Notice that A.f — A, f = w0 r)xom, Where w is the solution of the
wave equation,

Otw — ciAw = (¢ — ) Au, in (0,00) x R",
U)’t:o = O, 8tw\t:0 = O, n Rn,
and wu is the solution of .

By Theorem [5| in the appendix below, there is a constant C' > 0
depending only on ¢y, T and M such that

H (M)

Hw|(0,T)X8MHHl((o,T)xaM) <C H(CQ N Cg)Au”LQ((O,T)X’C)
<C H02 - CgHLoo(]C) HAuHL2((0,T)><IC) :

By applying the energy estimates, see e.g. [10, p. 153], on dyu we see
that there is a constant C' > 0 depending only on 7" and the bounds

(6) €0 < c(z), lellergny < Co,
such that
1/2 1/2
HAUHL2((O,T)></C) < C Hf“HQ(IC) < C HfHH/l(IC) Hfl‘l:{3(lC) :
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Thus there is C' > 0 depending only on CY, ¢y, T', M and the bounds
(@ such that

1/2
[Acf — AcOfHHI((o,T)xaM) <C H02 - CgHLOO(IC) ||fHH1(IC) :

By [14] there is a constant C'(c¢) > 0 depending on ¢ such that

(7) ||f||H1(M) < C(c) ||A0f||H1((O,T)><6M) :

Theorem (1] follows after we show that C'(c) is uniformly bounded in
a neighborhood of ¢y. We do not know how to prove this simply by
perturbing the estimate . However, the uniform boundedness follows
from a modification of the Carleman estimate in [12]. We will prove the
modified estimate in the next section under the geometric assumptions
formulated in Theorem [1 see Corollary [I] below.

4. A CARLEMAN ESTIMATE WITH EXPLICIT CONSTANTS

As the proof of the Carleman estimate below is of geometric nature,
we will consider the wave equation

Ou— A, u =0, in (0,T) x M

on a smooth compact Riemannian manifold (M, g) with boundary.
Here A, , is the weighted Laplace-Beltrami operator,

Ay u = ptdiv, (uVu),

where p € C*°(M) is strictly positive and div, and V, denote the
divergence and the gradient with respect to the metric tensor g. In
order to prove Theorem , we apply the results below to g = c(z)2da?
and p(z) = c¢(x)" 2. Then A,, = c(z)?A, where A is the Euclidean
Laplacian.

We denote by | - |g, (-,-)g, dVy, dSy, vy and D? the norm, the in-
ner product, the volume and the surface measures, the exterior unit
normal vector and the Hessian with respect to g. Moreover, we write
divy, X = p~tdiv,(uX) for a vector field X, and will omit writing
the subscript ¢ when considering a fixed Riemannian metric tensor.

Let us recall the pointwise Carleman estimate from [12].

Theorem 2. Let £ € C*(M) and p > 0 satisfy
(8) D*(X,X) > p|X|>, Xe€T,M, v€ M.
Let 7> 0 and u € C*(R x M). We define

vi=eu, Vi=T1((AL — p)v +2(Vo, VE)),
Y = 7((0)* + |Vo|* — (1p — 72| VL})0?) VL.
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Then
e (OFu — Au)? )2 — 0y(V0w) + div, (IVv) + div, Y
> ¥ (pr — D) ((0u)? + |Vul?) /2 + 2™ (2p|VL* T — C) T2,
where Cy = p?* + maxgen |V(AL(x)) 2

Lemma 2. Let T > 0, uw € C*([0,T] x M), 7 > 1, p > 0 and let
(e C3(M). We define v, 9 and Y as in Theorem @ Moreover, we
write dm := udV and dn = pdS. Then

T
/ / div,(¥Vv) + div, Y dmdt
o Jum
T
< (60 + Cg)eB”T/ / (Opu)? + |Vul*dndt
0o Jom

T
+ (7C37% + 5026’37')63”7'/ / u?dndt,
o Jom

where

Co = max(|Vel(z)[ +1), Oy =max(p+|A,£])/2,

and By = 2max,ep ((x). Moreover,

/ [90v|dm
M
< Op(2C371 + C3)ePr (/ (Opu)? + |Vul*dm +/ u2dn> :
M oM

where Cr > 1 1s a constant satisfying the Friedrichs’ inequality

2 2 2 0
(9) /MgzﬁdeCF(/MWgzﬁ\ dm—i—/anﬁdn), ¢ e C®(M).
Proof. We have

Vo = e™ (Vu + 7uVe),
0 =re™ (Al — p+27|VI*)u+ 2(Vu, VI)),
Y =7 ((8w)” + |Vul|® + 27u(Vu, VI) + (27°| VL] — mp)u®) VL.
Thus
e T 9(Vo,v) + (Y, v))
= [(Ou)? + |Vul* + 47u(Vu, VI)
+ @72V = 21p + AU (VL v)
+ (Al = p+ 27|V u+ 2(Vu, VI)) (Vu, v)
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We estimate the cross terms as follows
47 u(Vu, V)| < 273 VL u? + 2| Vul?,
180 = pllu(Vu )] < |80 = pl/2 0 + A, = pl/2 [Vl
27|V |u(Vu, v)| < 72| VEPu? + |V | Vul?,
and get
e 9(Vo, v) + (Y, V)]
< |VU(0ew)® + 6]V + (p + |Aul]) /2)[Vul®
+ (TP2 VP + (47|VE + 1) (p + [AL])/2) v’

The first claim follows from the divergence theorem.
For the second claimed inequality, notice that

7L e 90w| = (AL — p)u + 2(Vu + 7uVE, V)l
(AL — p) + 27|V [udpu| + 2|V || Vu||Opu]
|

<
<AL= p)/2 + T|VL?|(u® + (9:u)?) + |V (| Vul® + (pu)?).

e BTl / |W0v|dm
M

< (max|A,l — p|/2 4+ 7 max |V{|?) (/ u2dm—|—/ (@U)Qdm)
M M

+ max |V/]| / |Vul® + (Opu)*dm,
M

and the second claimed inequality follows from @ with ¢ = u. O
Remark 1. Let u € C?([0,00) X M) be a solution of
(10)  Jfu(t,x) — ALu(t,z) =0, (t,x) € (0,00) x M,

Then the energy,
B() = [ (@ule)?+[u(o)am,
satisfies
E(t) = E(0) + 2/(: /{W dyu(s) dyu(s) dnds.

Theorem 3 (Observability inequality). Suppose that there is a strictly
convex function { € C3(M) with no critical points. Let p,r > 0 satisfy

(11) DX, X) > plXP, [VU()| > 1,
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for all X € T,M and x € M. We write 5, = 2mingep ¢(x) and
suppose that

3 C
(12) T > 2Cp(2C%7 4 C3)eBe=PI™r  where 7 = max (—, —12, 1) .
p 2pr

Let u € C*([0,T] x M) be a solution of (1(). Then

T
E(0) < C/ / (Oru)* + |Vul? + udndt,
o Jom

where C' depends only on Cy, Cs, Be, By, 7 and T.

Proof. We will integrate the inequality of Theorem [2] Notice that
pr —1>2 and 2p|VI*T —C) >0,

whence
T
(13) 65”/ / (Oyu)? + |Vul*dmdt
0o JM
T
S / / —8t<198t’0) + dlvu(ﬁVU) + diVu Ydmdt.
0 JM

We estimate the left-hand side of from below using Remark ,

T
66”/ /(8tu)2+ |Vul2dmdt
o Jum
> e TTE(0) — T ([|0,ull} + |9y
Z € € vUl[L2((0,7)x0M) tUllL2((0,7)x0M) | *

To estimate the right-hand side of from above, we notice that

T
/ / 8t(198tv)dmdt‘
o Jum

< E(0)+ E(T) + / u(0)* + u(T)*dn
oM

2 2
<2E(0) + Hal/uHL2((O,T)><8M) + ||atu||L2((0,T)><8M)

+/6Mu(0) +u(T)dn,

Cyt
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where Cy = Cp(2C37 + C3)eB7 7. Hence
(77T — 2C4) E(0)

2 2
< Cy <H8Vu||L2((O,T)><8M) + 2C7, ”uHHl((O,T)XaM))

+ (6Cy + Cs)e™ 1 (HatUHLZ((o,T)xaM) + ||quL2((0,T)X8M))
+ (7TC37% + 5CoCy7)el T ”u”i%(o,T)xBM)

T 2 2
+elrT <||8,,u||Lz((0,T)XaM) + ||8tu||L2((o,T)xaM)> ;

where C'r,. > 1 is a constant satisfying the trace inequality

2 2 2
1O Z2onr) T 12D 72000y < Crr |01 (0.7 %001 -
O

We recall the following trace regularity result by Lasiecka, Lions and
Triggiani [11].

Theorem 4. Let f € C°(M). There is C > 0 depending only on T,
M and clgm\pr such that

1000l L2 0.7y xanry S C N A 1oy %an1) »
where u s the solution of .

Proof. Apply [I1, Th. 2.1] in the domain B(0, R) \ M, where R > 0 is
large enough so that u(t, z) vanish for ¢t € [0,7] and = € 0B(0, R). O

Corollary 1 (Stable observability). Suppose that there is a strictly
convex function { € C*(M) with no critical points on the Riemannian
manifold (M, cy2dz?). Let Uy be a bounded C? neighborhood of cy. Then
there is a C' neighborhood U of ¢y and constants C,T > 0 satisfying
the following: for all ¢ € Uy NU the solution of the wave equation
satisfies the observability inequality

1 sy < C A i omyxant) -

Proof. As in [12], we see that holds for the Riemannian manifold
(M, c™2dz?) if ¢ € U and U is small enough, and also that the constants
Cy, Cy, C3, By, By, 7 and T for (M, c 2dx?*) stay bounded when ¢
belongs to Uy N U. U

APPENDIX: ON THE REGULARITY OF TRACES

Let us denote by 7y the projection on 7*({0} x K) from the subset of
T*RY™ lying on {0} x K, and let mgp; be the analogous projection with
respect to the set (0,7') x OM. Furthermore, let us denote by v, ¢ the
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geodesic satisfying 7(0) = = and 4(0) = &, where 4 is the differential
of v, and define

7(x, &) == min{t > 0; v,¢(t) € OM}.
The measurement operator
Ao C3P(K) — C*((0,T) x OM)
is the sum of two zeroth order Fourier integral operators with canonical
relations C'; and C'_, and the union Cy U C"_ consist of the points
(mo(s,y,0,m), mom (¢, @, 7, €))

such that (¢,z,7,£) € T*R™" and (s, y,0,7n) € T*R™™ lie on the same
null bicharacteristic of p(z, 7, &) := 7% — c(z)*|£|*, v € OM, y € K and
s = 0. Moreover, in a neighborhood of such a point (yg,79) € T*IK that

(14) Yyo.m (T (Y0, 10)) ¢ T™(OM),

the canonical relation C'; is given by the graph of the map

(y,m) = (T m), Yy (T (5 m)), Inl, 3, (T (Y, 1)),

where 4T stands for the tangential projection on 7%(0M ). An analogous
statement holds for C_ with n replaced by —n, see e.g. [14] for more
details. In particular, when restricted near (yo,n0) satisfying the
measurement operator is continuous from H' to H' [4, Cor. 25.3.2].

The case of tangential intersection, that is, the case when does
not hold, is more delicate and in general C'y can be a one-sided fold
[18]. In this case the general theory of Fourier integral operators implies
continuity from H' to H3/* [2]. The following example illustrates how
singularities in C1 arise.

Example 1. Suppose M C R?, ¢ = 1 identically and that near (1,0)
the boundary OM coincides with the unit circle

St={r e R? |z| =1}

If K intersects the vertical line through (1,0), then Cy is not a local
canonical graph.

Proof. Let us parametrize S' by z(a) := (cosa,sina), a € (—m,m).
Then the cotangent space T;(a)S1 is spanned by 2t (a) := (—sina, cosa),
and C consist locally of the points (y,n,t,a, T, a) where

Ui
y = z(a) - P nl,  a=n-2"(a).
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Hence C is locally parametrized by 7, t and a. Let us consider the
projection

mr(t,a,n) = (y,n), w1 :CL— TH(K).
Its differential is of the form

nol
I (a) =
amy < o 0 1)
where [ is the identity matrix and the explicit form of * is not needed
for our purposes. Thus dr(0t,0a,dn) = 0 if and only if én = 0 and
~ sty r*(a)da = 0.

n|

The latter equation has a non-trivial solution if and only if 7 is a scalar
multiple of z1(a), that is, the geodesic v(t) = y + trh intersects St
tangentially. In this case dmj has a one dimensional kernel and C is

not a local canonical graph (in fact, Cy is a two-sided fold [1§]). O

If OM is strictly convex with respect to the Riemannian metric
¢ 2dz?, then holds for all (yg,70) € T*K. In this case we have
the following regularity result.

Theorem 5. Suppose that OM is strictly convex with respect to the
Riemannian metric ¢ 2dz? and let K C M™ be compact. Let T > 0
and let w be the solution of the wave equation

O}w — *Aw = F, in (0,7) x R™,
'lUlt:() = 0, 8tw]t:0 = 0, m Rn,

where ' € C§°((0,T) x K). Then there is C > 0 independent of F
such that

Hw’(OvT)XaMHHl((O,T)XaM) <C ”FHLQ((&T)XIC)‘

Proof. The operator F' +— w coincides with the forward parametrix
of [4, Th. 26.1.14] modulo an operator with a smooth kernel. The
composition of the parametrix with the restriction on (0,7") x OM is a
Fourier integral operator of order —5/4 with the canonical relation C'
consisting of such points

(t’ Z, |§|7§7 S,’Yﬁg(S - t)? |§|7”7;g(5 - t))a

that v, o(s—t) € OM, (z,§) € T*K\O and ¢, s € (0,T). Here £=¢/l¢).
As above, the strict convexity of OM implies that s is locally a func-

tion of (¢,z,£). In particular, the canonical relation is parametrized by
(t,z,€) and the projection C' — T*((0,T") x K) has the rank 2(n+1)—1.
We may apply [3, Th. 4.3.2] to get the claimed continuity. O
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