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Preface

This text is an introduction to Calderén’s inverse conductivity prob-
lem on Riemannian manifolds. This problem arises as a model for elec-
trical imaging in anisotropic media, and it is one of the most basic
inverse problems in a geometric setting. The problem is still largely
open, but we will discuss recent developments based on complex geo-
metrical optics and the geodesic X-ray transform in the case where one
restricts to a fixed conformal class of conductivities.

This work is based on lectures for courses given at the University
of Helsinki in 2010 and at Universidad Auténoma de Madrid in 2011.
It has therefore the feeling of a set of lecture notes for a graduate
course on the topic, together with exercises and also some problems
which are open at the time of writing this. The main focus is on
manifolds of dimension three and higher, where one has to rely on real
variable methods instead of using complex analysis. The text can be
considered as an introduction to geometric inverse problems, but also
as an introduction to the use of real analysis methods in the setting of
Riemannian manifolds.

Chapter 1 is an introduction to the Calderén problem on manifolds,
stating the main questions studied in this text. Chapter 2 reviews ba-
sic facts on smooth and Riemannian manifolds, also discussing the
Laplace-Beltrami operator and geodesics. Limiting Carleman weights,
which turn out to exist on manifolds with a certain product structure,
are treated in Chapter 3. Chapter 4 then proves Carleman estimates
on manifolds with product structure. The proof uses a combination of
the Fourier transform and eigenfunction expansions. Finally, in Chap-
ter 5 we prove a uniqueness result for the inverse problem in certain
geometries, based on inverting the geodesic X-ray transform.



2 PREFACE

As prerequisites for reading these notes, basic knowledge of real
analysis, Riemannian geometry, and elliptic partial differential equa-
tions would be helpful. Familiarity with [16], [12, Chapters 1-5], and
[5, Chapters 5-6] should be sufficient.

References. For a more thorough discussion on Calderén’s inverse
problem on manifolds and for references to known results, we refer to
the introduction in [4]. General references for Chapter 2 include [11]
for smooth manifolds, [12] for Riemannian manifolds, and [20] for the
Laplace-Beltrami operator. Chapter 3 on limiting Carleman weights
mostly follows [4, Section 2].

To motivate the definition of limiting Carleman weights, we use a
little bit of semiclassical symbol calculus (for differential operators, not
pseudodifferential ones). This is not covered in these notes, but on the
other hand it is only used in Section 3.1 for motivation. See the lecture
notes [6] for details on this topic (semiclassical calculus on manifolds
is covered in an appendix).

The Fourier analysis proof of the Carleman estimates given in Chap-
ter 4 is taken from [10]. Chapter 5, with the proof of the uniqueness
result, follows [4, Sections 5 and 6]. For more details on the geodesic
X-ray transform we refer the reader to [18] and [4, Section 7].

Acknowledgements. I would like to thank the audience in the
courses given in Helsinki and Madrid for useful questions and comments
which have improved the presentation considerably. I would also like
to thank MSRI for a wonderful semester program in inverse problems.



CHAPTER 1

Introduction

To motivate the problems studied in this text, we start with the
classical inverse conductivity problem of Calderén. This problem asks
to determine the interior properties of a medium by making electrical
measurements on its boundary.

In mathematical terms, one considers a bounded open set 2 C R"
with smooth (=C*) boundary, with electrical conductivity given by
the matrix v(z) = (v/*(z))},_,. We assume that the functions 77* are
smooth in €2, and for each x the matrix ~y(z) is positive definite and
symmetric. If y(x) = o(x)I for some scalar function o we say that the
medium is isotropic, otherwise it is anisotropic. The electrical prop-
erties of anisotropic materials depend on direction. This is common
in many applications such as in medical imaging (for instance cardiac
muscle has a fiber structure and is an anisotropic conductor).

We seek to find the conductivity + by prescribing different voltages
on 02 and by measuring the resulting current fluxes. If there are
no sources or sinks of current in €2, a boundary voltage f induces an
electrical potential u which satisfies the conductivity equation

{ div(yVu) =0  in Q,

(1.1) u=f  on JN.

Since 7 is positive definite this equation is elliptic and has a unique
weak solution for any reasonable f (say in the L?-based Sobolev space
H'Y2(0%2)). The current flux on the boundary is given by the conormal
derivative (where v is the outer unit normal vector on Jf2)

A f=~Vu-v|s.

The last expression is well defined also when v is a matrix, and a
suitable weak formulation shows that A, becomes a bounded map
HY2(00Q) — H12(09).

The map A, is called the Dirichlet-to-Neumann map, DN map for
short, since it maps the Dirichlet boundary value of a solution to what

3



4 1. INTRODUCTION

is essentially the Neumann boundary value. The DN map encodes
the electrical boundary measurements (in the idealized case where we
have infinite precision measurements for all possible data). The inverse
problem is to find information about the conductivity matrix v from
the knowledge of the map A,.

The first important observation is that if v is anisotropic, the full
conductivity matrix can not be determined from A,. This is due to
a transformation law for the conductivity equation under diffeomor-
phisms (that is, bijective maps F' such that both F' and F~! are smooth
up to the boundary).

LEMMA. If F : Q — Q is a diffeomorphism and if F|aq = 1d, then
Ap = A,
Here F,v is the pushforward of v, defined by

(DF)y(DF)'

Fry() = —F———
2 |det(DF) F-1(&)

where DF' = (O, F})},—, is the Jacobian matriz.

EXERCISE 1.1. Prove the lemma. (Hint: if u solves div(yVu) = 0,
show that uo F~! solves the analogous equation with conductivity F,y.)

The following conjecture for n > 3 is one of the most important
open questions related to the inverse problem of Calderén. It has only
been proved when n = 2.

QUESTION 1.1. (Anisotropic Calderdn problem) Let ~y,, 2 be two
smooth positive definite symmetric matrices in Q. If A, = A, show
that vy = F,y, for some diffeomorphism F : Q — Q with F|sq = Id.

In fact, the anisotropic Calderén problem is a question of geometric
nature and can be formulated more generally on any Riemannian mani-
fold. To do this, we replace the set Q C R™ by a compact n-dimensional
manifold M with smooth boundary dM, and the conductivity matrix
~v by a smooth Riemannian metric ¢ on M. On such a Riemannian
manifold (M, g) there is a canonical second order elliptic operator A,
called the Laplace-Beltram: operator. In local coordinates

_ 0 o Ou
Agu=lg| 1/25 (|g|1/293ka—m) .
J
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We have written g = (g;x) for the metric in local coordinates, g=' =
(¢’%) for its inverse matrix, and |g| for det(g;s).
The Dirichlet problem for A, analogous to (1.1) is

Agju =0 in M,
u=f on OM.
The boundary measurements are given by the DN map
Ay f = Oyulom

where d,u is the Riemannian normal derivative, given in local coordi-

(1.2)

nates by gjk(axju)yk where v is the outer unit normal vector on JM.
The inverse problem is to determine information on ¢g from the DN
map Ay.

There is a similar obstruction to uniqueness as for the conductivity
equation, which is given by diffeomorphisms.

LEMMA. If F : M — M is a diffeomorphism and if Flgoy = Id,
then
AF*g - Ag.
Here F*q is the pullback of g, defined in local coordinates by
F*g(x) = DF(z)'g(F(x))DF (x).
EXERCISE 1.2. Prove the lemma.

The geometric formulation of the anisotropic Calderén problem is
as follows. We only state the question for n > 3, since again the two
dimensional case is known (also the formulation for n = 2 would look
slightly different since A, has an additional conformal invariance then).

QUESTION 1.2. (Anisotropic Calderdn problem) Let (M, g,) and
(M, g2) be two compact Riemannian manifolds of dimension n > 3 with
smooth boundary, and assume that A, = A,,. Show that go = F* gy for
some diffeomorphism F : M — M with F|ay = 1d.

A function u satisfying Aju = 0 is called a harmonic function in
(M, g). Note that if M is a subset of R" with Euclidean metric, then
this just gives the usual harmonic functions. Since (u|gar, O, uloar) is the
Cauchy data of a function u, and since metrics satisfying go = F*g;
are isometric in the sense of Riemannian geometry, the anisotropic
Calderén problem reduces to the question: Do the Cauchy data of all
harmonic functions in (M, g) determine the manifold up to isometry?
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EXERCISE 1.3. Show that a positive answer to Question 1.2 would
imply a positive answer to Question 1.1 when n > 3. (Hint: assume
the boundary determination result that A,, = A,, implies det(v{k) =
det(73") on 9Q [13].)

Instead of the full anisotropic Calderén problem, we will consider
the simpler problem where the manifolds are assumed to be in the same
conformal class. This means that the metrics g; and g in M satisfy
g2 = cg; for some smooth positive function ¢ on M. In this problem
there is only one underlying metric g;, and one is looking to determine
a scalar function c. This covers the case of isotropic conductivities in
Euclidean space, but if the metric is not Euclidean the problem still
requires substantial geometric arguments.

The relevant question is as follows. It is known that any diffeomor-
phism F' : M — M which satisfies F|gy, = Id and F*g; = cg; must
be the identity [15], so in this case there is no ambiguity arising from
diffeomorphisms.

QUESTION 1.3. (Anisotropic Calderén problem in a conformal class)
Let (M, g1) and (M, g2) be two compact Riemannian manifolds of di-
mension n > 3 with smooth boundary which are in the same conformal
class. If Ny, = Ay,, show that g, = go.

EXERCISE 1.4. Using the fact on diffeomorphisms given above,
show that a positive answer to Question 1.2 implies a positive answer
to Question 1.3.

Finally, let us formulate one more question which will imply Ques-
tion 1.3 but which is somewhat easier to study. This last question will
be the one that the rest of these notes is devoted to.

The main point is the observation that the Laplace-Beltrami oper-
ator transforms under conformal scalings of the metric by

Agu = c_nTH(Ag + q)(ch_Qu)

where ¢ = ¢"1° Acg(c_nT_Q). It can be shown that for any smooth posi-
tive function ¢ with ¢|gps = 1 and 9,¢|spr = 0, one has

Acg = Ag,—q

where Ay : f +— O,ulonr is the DN map for the Schrodinger equation

{ (=A;+V)u=0 in M,

(13) u=f  ondM.
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For general V' this last Dirichlet problem may not be uniquely solvable,
but for V' = —¢ it is and the DN map is well defined since the Dirichlet
problem for A., is uniquely solvable. We will make the standing as-
sumption that all potentials V' are such that (1.3) is uniquely solvable
(this assumption could easily be removed by using Cauchy data sets).
Then the last question is as follows. It is also of independent interest
and a solution would have important consequences for the anisotropic
Calderén problem, inverse problems for Maxwell equations, and inverse
scattering theory.

QUESTION 1.4. Let (M, g) be a compact Riemannian manifold with
smooth boundary, and let V; and V5 be two smooth functions on M. If
ANgvi = Ag v, show that Vi = V5.

EXERCISE 1.5. Prove the above identities for A., and A.,. Show
that a positive answer to Question 1.4 implies a positive answer to
Question 1.3. (You may assume the boundary determination result
that A, = A, implies c|spp = 1 and 9,¢|oppr = 0 [13].)






CHAPTER 2

Riemannian geometry

2.1. Smooth manifolds

Manifolds. We recall some basic definitions from the theory of
smooth manifolds. We will consistently also consider manifolds with
boundary.

DEFINITION. A smooth n-dimensional manifold is a second count-
able Hausdorff topological space together with an open cover {U, } and
homeomorphisms ¢, : U, — ﬁa such that each U'a is an open set in R”,
and g0 p ! (U, NUs) = p3(Uy NUpg) is a smooth map whenever
U, N Ugs is nonempty.

Any family {(U,, pa)} as above is called an atlas. Any atlas gives
rise to a maximal atlas, called a smooth structure, which is not strictly
contained in any other atlas. We assume that we are always dealing
with the maximal atlas. The pairs (U,, p,) are called charts, and the
maps @, are called local coordinate systems (one usually writes x = ¢,
and thus identifies points p € U, with points z(p) € U, in R™).

DEFINITION. A smooth n-dimensional manifold with boundary is
a second countable Hausdorft topological space together with an open
cover {U,} and homeomorphisms ¢, : U, — Ua such that each Ua is
an open set in R} := {z € R"; z, > 0}, and pgo " : 9o (UsNUs) —
©3(Uy N Ug) is a smooth map whenever U, N Ug is nonempty.

Here, if A C R™ we say that a map F' : A — R" is smooth if
it extends to a smooth map A — R™ where A is an open set in R
containing A.

If M is a manifold with boundary we say that p is a boundary point
if p(p) € ORY, for some chart ¢, and an interior point if ¢(p) € int(R?)
for some . We write M for the set of boundary points and M™ for
the set of interior points. Since M is not assumed to be embedded in
any larger space, these definitions may differ from the usual ones in
point set topology.
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EXERCISE 2.1. If M is a manifold with boundary, show that the
sets M and OM are always disjoint.

To clarify the relations between the definitions, note that a manifold
is always a manifold with boundary (the boundary being empty), but
a manifold with boundary is a manifold iff the boundary is empty (by
the above exercise). However, we will loosely refer to manifolds both
with and without boundary as 'manifolds’.

We have the following classes of manifolds:

o A closed manifold is compact, connected, and has no boundary
— Examples: the sphere S™, the torus 7" = R"/Z"
e An open manifold has no boundary and no component is com-
pact
— Examples: open subsets of R”, strict open subsets of a
closed manifold
e A compact manifold with boundary is a manifold with bound-
ary which is compact as a topological space
— Examples: the closures of bounded open sets in R™ with
smooth boundary, the closures of open sets with smooth
boundary in closed manifolds

Smooth maps.

DEFINITION. Let f : M — N be a map between two manifolds.
We say that f is smooth near a point p if o fop™ : p(U) — (V) is
smooth for some charts (U, ) of M and (V,%) of N such that p € U
and f(U) C V. We say that f is smooth in a set A C M if it is smooth
near any point of A. The set of all maps f : M — N which are smooth
in A is denoted by C*(A, N). If N = R we write C*(A, N) = C*(A).

Summation convention. Below and throughout these notes we
will apply the Einstein summation convention: repeated indices in
lower and upper position are summed. For instance, the expression

i Lk
ajkllﬂc

E ajklb]ck.
Jik

The summation indices run typically from 1 to n, where n is the di-

is shorthand for

mension of the manifold.
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Tangent bundle.

DEFINITION. Let p € M. A derivation at p is a linear map v :
C*(M) — R which satisfies v(fg) = (vf)g(p) + f(p)(vg). The tangent
space T,M is the vector space consisting of all derivations at p. Its
elements are called tangent vectors.

The tangent space T,M is an n-dimensional vector space when
dim(M) = n. If z is a local coordinate system in a neighborhood
U of p, the coordinate vector fields O; are defined for any ¢ € U to be
the derivations

0
Oilaf =5 —(for)w(@), j=1,...n

Then {0;],} is a basis of T,M, and any v € T, M may be written as
v =170;.
The tangent bundle is the disjoint union

T™ = \/ T,M.

peEM
The tangent bundle has the structure of a 2n-dimensional manifold
defined as follows. For any chart (U,z) of M we represent elements
of T,M for ¢ € U as v = v/(q)9}|y, and define a map ¢ : TU —
R* &(q,v) = (x(q),v*(q),...,v"(q)). The charts (TU, @) are called
the standard charts of T'M and they define a smooth structure on
TM.

EXERCISE 2.2. Prove that 7, M is an n-dimensional vector space
spanned by {0;} also when M is a manifold with boundary.

Cotangent bundle. The dual space of a vector space V is
V*:i={u:V — R; u linear}.

The dual space of T, M is denoted by Ty M and is called the cotangent
space of M at p. Let = be local coordinates in U, and let 0; be the
coordinate vector fields that span T,M for ¢ € U. We denote by da’
the elements of the dual basis of Ty M, so that any § € T;M can be
written as { = & do’/. The dual basis is characterized by

dxj(ék) = 0jk-
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The cotangent bundle is the disjoint union
"M =\/ T; M.
peEM
This becomes a 2n-dimensional manifold by defining for any chart

(U, ) of M a chart (T*U, @) of T*M by ¢(q,&; da?) = (p(q), &1, -, &n).

Tensor bundles. If V' is a finite dimensional vector space, the
space of (covariant) k-tensors on V is

THV):={u:V x ... xV — R; u linear in each variable}.
———

k copies

The k-tensor bundle on M is the disjoint union

"M = \/ THT,M).

peEM

If z are local coordinates in U and da/ is the basis for T; M, then each
u € TH(T,M) for q € U can be written as

U= uj..;dr" @ ... @ dz'k
Here ® is the tensor product
TEV) x TF (V) = T*(V), (u,u)) = u®
where for v € V¥ v/ € V¥ we have
(u@u')(v,v") :=u(v)u'(v).

It follows that the elements dz/' ® ... ® da/* span T*(T,M). Similarly
as above, T"M has the structure of a smooth manifold (of dimension
n + nk).

Exterior powers. The space of alternating k-tensors is
AF(VY = {u e TH(V); u(vy, ..., v) = 0 if v; = v; for some i # j5}.
This gives rise to the bundle
AF(M) = \] AMT,M).

peEM

To describe a basis for A*(T,M), we introduce the wedge product

! ! ! !
ARV x AF (V) = AR (V) (w,0) = wAW = %Alt(u} Ruw'),
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where Alt : T%(V) — A¥(V) is the projection to alternating tensors,

1
AW(T)(vr, - vp) = o D sen()T(Vo(1), - - Voh))-

) cESk

We have written Sy for the group of permutations of {1,...,k}, and
sgn(o) for the signature of o € Sy.

If z is a local coordinate system in U, then a basis of A*(T,M) is
given by

Ji J
{da A da? < <go< <gizn:

Again, AF(M) is a smooth manifold (of dimension n + (})).

EXERCISE 2.3. Show that Alt maps T%(V) into A¥(V) and that
(Alt)? = Alt.

Smooth sections. The above constructions of the tangent bundle,
cotangent bundle, tensor bundles, and exterior powers are all examples
of wvector bundles with base manifold M. We will not need a precise
definition here, but just note that in each case there is a natural vector
space over any point p € M (called the fiber over p). A smooth section
of a vector bundle E over M is a smooth map s : M — E such that
for each p € M, s(p) belongs to the fiber over p. The space of smooth
sections of E is denoted by C*(M, E).

We have the following terminology:

o C®°(M,TM) is the set of vector fields on M,

o C®°(M,T*M) is the set of 1-forms on M,

o C®(M,T*M) is the set of k-tensor fields on M,

o C®(M,A*M) is the set of (differential) k-forms on M.

Let z be local coordinates in a set U, and let 9; and dz? be the co-
ordinate vector fields and 1-forms in U which span T;M and T;M
respectively, for ¢ € U. In these local coordinates,

a vector field X has the expression X = X79;,
a 1-form « has expression o = «a; da?,
a k-tensor field u can be written as

— we o drht Jk
U= Uj..j,dx” @ ... Qdx’*,

a k-form w has the form

w = wyda’
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where I = (i1,...,i;) and da! = da™* A ... A da', with the
sum being over all I such that 1 <17 <1 < ... <14 < n.

Here, the component functions X7, v, u,...;,,w; are all smooth real
valued functions in U.

Note that a vector field X € C*°(M,TM) gives rise to a linear map
X :C®(M) — C>®(M) via X f(p) = X(p)f.

EXAMPLE. Some examples of the smooth sections that will be en-
countered in this text are:

e Vector fields: the gradient vector field grad(f) for f € C*>(M),
coordinate vector fields 0; in a chart U

e One-forms: the exterior derivative df for f € C*(M)

e 2-tensor fields: Riemannian metrics g, Hessians Hess(f) for
fe (M)

e k-forms: the volume form dV" in Riemannian manifold (M, g),
the volume form dS of the boundary oM

Changes of coordinates. We consider the transformation law for
k-tensor fields under changes of coordinates, or more generally under
pullbacks by smooth maps. If F : M — N is a smooth map, the
pullback by F is the map F* : C®°(N, T*N) — C°(M, T*M),

(F u)p(v1, ..., v) = upp)(Fior, ..., Fuog)

where vy, ..., v, € Tp]\7[. Here F, : T,M — Tpq)N is the pushforward,
defined by (Fiv)f = v(f o F) for v € T,M and f € C*(N). Clearly
F* pulls back k-forms on N to k-forms on M.
The pullback satisfies

o [*(fu)=(foF)F*u

o [Muu)=Fu® F*u

o F*lwAw)=FwA F*W
In terms of local coordinates, the pullback acts by

e [*f = foFif fisasmooth function (=0-form)

o ["(ajda?) = (ajo F)d(z) o F) if v is a 1-form

and it has similar expressions for higher order tensors.

Exterior derivative. The exterior derivative d is a first order dif-
ferential operator mapping differential k-forms to k£ + 1-forms. It can
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be defined first on O-forms (that is, smooth functions f) by the local
coordinate expression

af . .
df := ——dz’.
f 8xj v
In general, if w = wydz! is a k-form we define
dw := dw; A dz’.

It turns out that this definition is independent of the choice of coordi-
nates, and one obtains a linear map d : C*®°(M, A*) — C°°(M, A1),
It has the properties

e d’=0

e d =0 on n-forms

o dwAw)=dwAw + (=1)fwAdw for a k-form w, k'-form «’

o [dw =dF*w

EXERCISE 2.4. If f is a smooth function and V' = (V;, V5, V3) is a
smooth vector field on R?, show that the exterior derivative is related
to the gradient, curl, and divergence by

df = (V[);da’,
d(V;da’) = (V x V); da’,
d(Vida') = (V- V) da' A da® A da®,
d(f dz* A dx* A da®) = 0.

Here da! := da? A dx3, dz? = da® A dxt, dr® == da' A da?.

Partition of unity. A major reason for including the condition
of second countability in the definition of manifolds is to ensure the
existence of partitions of unity. These make it possible to make con-
structions in local coordinates and then glue them together to obtain
a global construction.

THEOREM 2.1. Let M be a manifold and let {U,} be an open cover.
There exists a family of C* functions {x.} on M such that0 < x, <1,
supp(xa) € Uy, any point of M has a neighborhood which intersects
only finitely many of the sets supp(xa), and further

Zxazl wm M.



16 2. RIEMANNIAN GEOMETRY

Integration on manifolds. The natural objects that can be inte-
grated on an n-dimensional manifold are the differential n-forms. This
is due to the transformation law for n-forms in R™ under smooth dif-
feomorphisms F' in R",

F*(dx' A--- Nda™) = (det DF)da* A -+ A da”

This is almost the same as the transformation law for integrals in R™
under changes of variables, the only difference being that in the latter
the factor |det DF| instead det DF appears. To define an invariant
integral, we therefore need to make sure that all changes of coordinates
have positive Jacobian.

DEFINITION. If M admits a smooth nonvanishing n-form we say
that M is orientable. An oriented manifold is a manifold together with
a given nonvanishing n-form.

If M is oriented with a given n-form €2, a basis {vy,...,v,} of T,M
is called positive if Q(vy,...,v,) > 0. There are many n-forms on
an oriented manifold which give the same positive bases; we call any
such n-form an orientation form. If (U,¢) is a connected coordinate
chart, we say that this chart is positive if the coordinate vector fields
{01,...,0,} form a positive basis of T, M for all ¢ € M.

A map F': M — N between two oriented manifolds is said to be
orientation preserving if it pulls back an orientation form on N to an
orientation form of M. In terms of local coordinates given by positive
charts, one can see that a map is orientation preserving iff its Jacobian
determinant is positive.

ExaAMPLE. The standard orientation of R" is given by the n-form
dx' A --- A dx™, where x are the Cartesian coordinates.

If w is a compactly supported n-form in R", we may write w =
fdzt A - A da™ for some smooth compactly supported function f.
Then the integral of w is defined by

/nw = . f(z)dxt--- da"

If w is a smooth 1-form in a manifold M whose support is compactly
contained in U for some positive chart (U, ), then the integral of w
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o= / L@

Finally, if w is a compactly supported n-form in a manifold M, the

over M is defined by

integral of w over M is defined by

L

where {U,} is some open cover of supp(w) by positive charts, and {x;}
is a partition of unity subordinate to the cover {U;}.

EXERCISE 2.5. Prove that the definition of the integral is indepen-
dent of the choice of positive charts and the partition of unity.

The following result is a basic integration by parts formula which
implies the usual theorems of Gauss and Green.

THEOREM 2.2. (Stokes theorem) If M is an oriented manifold with
boundary and if w is a compactly supported (n — 1)-form on M, then

/dw:/ 7w
M oM

where i : OM — M is the natural inclusion.

Here, if M is an oriented manifold with boundary, then M has a
natural orientation defined as follows: for any point p € OM, a basis
{E1,...,E,_1} of T,(OM) is defined to be positive if {N,, Ey, ..., E,_1}
is a positive basis of T,M where N is some outward pointing vector
field near OM (that is, there is a smooth curve 7 : [0,6) — M with

7(0) = p and §(0) = —NV,.).

EXERCISE 2.6. Prove that any manifold with boundary has an out-
ward pointing vector field, and show that the above definition gives a
valid orientation on 0M.
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2.2. Riemannian manifolds

Riemannian metrics. If u is a 2-tensor field on M, we say that
u is symmetric if u(v,w) = u(w,v) for any tangent vectors v, w, and
that w is positive definite if u(v,v) > 0 unless v = 0.

DEFINITION. Let M be a manifold. A Riemannian metric is a
symmetric positive definite 2-tensor field g on M. The pair (M, g) is
called a Riemannian manifold.

If g is a Riemannian metric on M, then g, : T,M x T, M is an inner
product on T,M for any p € M. We will write

(v, w) = g(v,w), [v| := (v, v)1/2.

In local coordinates, a Riemannian metric is just a positive definite
symmetric matrix. To see this, let (U,z) be a chart of M, and write
v,w € TyM for ¢ € U in terms of the coordinate vector fields 9; as
v =179;, w=wl9;. Then

g(v,w) = g(9;, O )vIw".
This shows that g has the local coordinate expression
g = gppdr’ @ daF

where ;i := g(0;,0x) and the matrix (g;x)},—, is symmetric and pos-
itive definite. We will also write (¢/*)7,_, for the inverse matrix of
(gjx), and |g| := det(gjx) for the determinant.

EXAMPLE. Some examples of Riemannian manifolds:

1. (Euclidean space) If © is a bounded open set in R", then (€2, e)
is a Riemannian manifold if e is the Fuclidean metric for which
e(v,w) = v - w is the Euclidean inner product of v, w € T, ~ R™.
In Cartesian coordinates, e is just the identity matrix.

2. If Q is as above, then more generally (€2, ¢) is a Riemannian manifold
if g(z) = (gj())}x=, is any family of positive definite symmetric
matrices whose elements depend smoothly on = € €.

3. If Q is a bounded open set in R” with smooth boundary, then (€2, g)
is a compact Riemannian manifold with boundary if g(x) is a family
of positive definite symmetric matrices depending smoothly on x €

Q.
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4. (Hypersurfaces) Let S be a smooth hypersurface in R™ such that
S = f740) for some smooth function f : R® — R which satisfies
Vf # 0 when f = 0. Then S is a smooth manifold of dimension
n — 1, and the tangent space 7,5 for any p € S can be identified
with {v € R™; v-V f(p) = 0}. Using this identification, we define an
inner product g, (v, w) on T,,S by taking the Euclidean inner product
of v and w interpreted as vectors in R”. Then (.5, ¢g) is a Riemannian
manifold, and g is called the induced Riemannian metric on S (this
metric being induced by the Euclidean metric in R™).

5. (Model spaces) The model spaces of Riemannian geometry are the
Euclidean space (R",e), the sphere (S™,g) where S™ is the unit
sphere in R™*! and g is the induced Riemannian metric, and the
hyperbolic space (H", g) which may be realized by taking H™ to be
the unit ball in R” with metric gji(x) = Wéﬂg.

The Riemannian metric allows to measure lengths and angles of

tangent vectors on a manifold, the length of a vector v € T, M being
lv| and the angle between two vectors v, w € T,M being the number
O(v, w) € [0, 7] which satisfies
o (v, w)
(2.1) cos O(v, w) : ol
Physically, one may think of a Riemannian metric g as the resistivity
of a conducting medium (in the introduction, the conductivity ma-
trix (/%) corresponded formally to (|g|/2¢’%)), or as the inverse of
sound speed squared in a medium where acoustic waves propagate (if a
medium 2 C R™ has scalar sound speed ¢(z) then a natural Riemann-
ian metric is gjr(z) = c(x)"20;1). In the latter case, regions where
g is large (resp. small) correspond to low velocity regions (resp. high
velocity regions). We will later define geodesics, which are length min-
imizing curves on a Riemannian manifold, and these tend to avoid low
velocity regions as one would expect.

EXERCISE 2.7. Use a partition of unity to prove that any smooth
manifold M admits a Riemannian metric.

Raising and lowering of indices. On a Riemannian manifold
(M, g) there is a canonical way of converting tangent vectors into cotan-
gent vectors and vice versa. We define a map

T,M — TrM, v o’
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by requiring that v”(w) = (v, w). This map (called the 'flat’ operator)
is an isomorphism, which is given in local coordinates by
(v10;)" = v;dx?, where v; 1= gjv".

We say that v” is the cotangent vector obtained from v by lowering
indices. The inverse of this map is the 'sharp’ operator

T:M — T,M, &~ ¢
given in local coordinates by
(& da?)F = £70;, where & 1= g7%¢,.

We say that &% is obtained from ¢ by raising indices with respect to
the metric g.

A standard example of this construction is the metric gradient. 1f
f € C°°(M), the metric gradient of f is the vector field

grad(f) := (df)*.
In local coordinates, grad(f) = ¢7*(9; f)Ok.

Inner products of tensors. If (M, g) is a Riemannian manifold,
we can use the Riemannian metric g to define inner products of differ-
ential forms and other tensors in a canonical way. We will mostly use
the inner product of 1-forms, defined via the sharp operator by

(@, B) := (af, 57).
In local coordinates one has («, 8) = ¢/*a; ), and ¢’% = (dz7, dz*).
More generally, if v and v are k-tensor fields with local coordinate
representations u = u;,..;, dz" @+ - ® dz'*, v = v;,..; A2 ® -+ @ da'*,
we define

(2'2) <u> U> = giljl o 'gikjkuir--ikvjl-"jk'

This definition turns out to be independent of the choice of coordinates,
and it gives a valid inner product on k-tensor fields.

Orthonormal frames. If U is an open subset of M, we say that
aset {Fy,...,E,} of vector fields in U is a local orthonormal frame if
{E1(q), ..., En(q)} forms an orthonormal basis of T, M for any q € U.

LEMMA 2.3. (Local orthonormal frame) If (M, g) is a Riemannian
manifold, then for any point p € M there is a local orthonormal frame
in some neighborhood of p.
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If {E;} is a local orthonormal frame, the dual frame {7} which is
characterized by &’(FE})) = d;; gives an orthonormal basis of T; M for
any ¢ near p. The inner product in (2.2) is the unique inner product
on k-tensor fields such that {¢" ®---®¢e"} gives an orthonormal basis
of T*(T,M) for q near p whenever {&/} is a local orthonormal frame of
1-forms near p.

EXERCISE 2.8. Prove the lemma by applying the Gram-Schmidt
orthonormalization procedure to a basis {0, } of coordinate vector fields,
and prove the statements after the lemma.

Volume form, integration, and L? Sobolev spaces. From this
point on, all Riemannian manifolds will be assumed to be oriented.
Clearly near any point p in (M, g) there is a positive local orthonormal
frame (that is, a local orthonormal frame {E;} which gives a positive
orthonormal basis of T, M for g near p).

LEMMA 2.4. (Volume form) Let (M, g) be a Riemannian manifold.
There is a unique n-form on M, denoted by dV and called the volume
form, such that dV(Ey, ..., E,) =1 for any positive local orthonormal
frame {E;}. In local coordinates

dV = |g|"?dxt A .. A da".
EXERCISE 2.9. Prove this lemma.

If f is a function on (M, g), we can use the volume form to obtain
an n-form fdV. The integral of f over M is then defined to be the
integral of the n-form fdV. Thus, on a Riemannian manifold there is
a canonical way to integrate functions (instead of just n-forms).

If u,v € C*®(M) are complex valued functions, we define the L2
inner product by

(u,v) = (u,v)r20ar) ::/ uv dV.

M
The completion of C*°(M) with respect to this inner product is a
Hilbert space denoted by L*(M) or L?*(M,dV). Tt consists of square
integrable functions defined almost everywhere on M with respect to
the measure dV. The L? norm is defined by

1/2
lall = llull 2o = (0) 0,
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Similarly, we may define the spaces of square integrable k-forms or k-
tensor fields, denoted by L2(M,A*M) or L?*(M,T*M), by using the
inner product

(u,v) := / (u,0)dV, w,v € C®(M,T*M) complex valued.
M

We may use the above inner products to give a definition of low
order Sobolev spaces on Riemannian manifolds which does not involve
local coordinates. We define the H!(M) inner product

(w,v) g1 ary = (w,v) + (du, dv), u,v € C*(M) complex valued.

The space H'(M) (resp. H3(M)) is defined to be the completion of
C>(M) (resp. C°(M™")) with respect to this inner product. These are
subspaces of L*(M) which have first order weak derivatives in L*(M),
and they coincide with the spaces defined in the usual way by using
local coordinates. Also, we define H~'(M) to be the dual space of

HL(M).

Codifferential. Using the inner product on k-forms, we can define
the codifferential operator ¢ as the adjoint of the exterior derivative via
the relation

(0u,v) = (u,dv)

where u € C®(M, A*) and v € C°(M™, AF~1). Tt can be shown that
0 gives a well-defined map

§: C(M,A*) — O (M, A1),

We will only use ¢ for 1-forms, and in this case the operator can be
easily defined by a local coordinate expression. Let a be a 1-form in
M, let (U,x) be a chart and let ¢ € C°(U). One computes in local
coordinates

(a,dv):/(a,dv) dV:/gjkaj%\gP/zdm
U U

= —/Igl‘l/zﬁk(|g|”29j’“aj)vdV
U

This computation shows that the function da, defined in local coordi-
nates by
da = —|g|79;(|9' g™ ),

is a smooth function in M and satisfies (0o, v) = (v, dv).
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It follows that da is related to the divergence of vector fields by
da = —div(af), where the divergence is defined by

div(X) = |g| 20, (g /*X7).

EXERCISE 2.10. (Hodge star operator) Let (M, g) be a Riemannian
manifold of dimension n. If w and 7 are k-forms on M, show that the
identity

wAxn = (w,n)dV

determines uniquely a linear operator (called the Hodge star operator)
%0 C°(M,\F) — C°(M,A"F).

Prove the following properties:

o xx = (—1)*"=k) on k-forms

o x1 =dV

o x(eP AL AEN) = M A L A e whenever (g1,...,e") is a
positive local orthonormal frame on 1™ M

o (xw,n) = —(w,*n) when w,n are 1-forms and dim(M) = 2

(that is, on 2D manifolds the Hodge star on 1-forms corre-
sponds to rotation by 90°)

Prove that the operator
0:= (—1)(k_1)(”_k)_1 xdx* on k-forms

gives amap  : C®(M, A*) — C°°(M, A¥1) satisfying (du,v) = (u, dv)
for compactly supported v, and thus gives a valid definition of the
codifferential on forms of any order.

Conformality. As the last topic in this section, we discuss the
notion of conformality of manifolds.

DEFINITION. Two metrics g; and g, on a manifold M are called
conformal if go = cgy for a smooth positive function ¢ on M. A diffeo-
morphism f : (M, g) — (M, ¢') is called a conformal transformation if
f*q’ is conformal to g, that is,

g = cg.

Two Riemannian manifolds are called conformal if there is a conformal
transformation between them.
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We relate this definition of conformality to the standard one in
complex analysis via the concept of angle 0(v,w) = 0,(v,w) € [0,7]
defined in (2.1).

LEMMA 2.5. (Conformal = angle-preserving) Let f : (M,g) —
(M',¢") be a diffeomorphism. The following are equivalent.

(1) f is a conformal transformation.
(2) f preserves angles in the sense that 0,(v,w) = 0y (fv, fiw).

EXERCISE 2.11. Prove the lemma.

It follows that f is a conformal transformation iff for any point
p and tangent vectors v and w, and for any curves v, and -, with
3,(0) = v, 4,(0) = w, the curves fo~, and f o7, intersect in the same
angle as 7, and 7,. This corresponds to the standard interpretation of
conformality.

The two dimensional case is special because of the classical fact that
orientation preserving conformal maps are holomorphic. The proof is
given for completeness.

LEMMA 2.6. (Conformal = holomorphic) Let Q and Q be open sets
in R?. An orientation preserving map f : (Q,e) — (Q,¢€) is conformal
iff it is holomorphic and bijective.

ProoOF. We use complex notation and write z = x +iy, f = u-+iv.
If f is conformal then it is bijective and f*e = ce. The last condition
means that for all z € Q and for v, w € R?,

c(z)v-w = (fv) - (fow) = Df(2)v- Df(z)w = Df(2)'Df(2)v - w.
Since Df(z) = (wr »¥), this implies

u?x + vi Ugplly + V0, (¢ O
Uy Uy + Vg Uy uj + vs - \0 ¢/’
Thus the vectors (u, v,)" and (u, v,)" are orthogonal and have the
same length. Since f is orientation preserving so det Df > 0, we must
have

Uy = Vy, Uy = —Vy.

This shows that f is holomorphic. The converse follows by running the
argument backwards. 0
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It follows from the existence of isothermal coordinates that any 2D
Riemannian manifold is locally conformal to a set in Euclidean space.
The conformal structure of manifolds with dimension n > 3 is much
more complicated. However, the model spaces are locally conformally
Euclidean.

LEMMA 2.7. (1) Let (S™,g) be the unit sphere in R™ with its
induced metric, and let N = e, 1 be the north pole. Then the
stereographic projection
f : (Sn ~ {N}ag) — (Rn7€)7 f(yvyn-‘rl) = %

— Yn+1
1s a conformal transformation.
(2) Hyperbolic space (H™,g) where H™ is the unit ball B in R"
and g;,(z) = m@'/ﬁ is conformal to (B, e).

EXERCISE 2.12. Prove the lemma.

Finally, we mention Liouville’s theorem which characterizes all con-
formal transformations in R™ for n > 3. This result shows that up to
translation, scaling, and rotation, the only conformal transformations
are the identity map and Kelvin transform (this is in contrast to the
2D case where there is a rich family of conformal transformations, the
holomorphic bijective maps). See [9] for a proof.

THEOREM. (Liouwville) If 0,0 CR” withNn > 3, then an orienta-
tion preserving diffeomorphism f : (2, e) — (2, e) is conformal iff
f(x) = aAh(x — o) + b

where o € R, A is an n X n orthogonal matriz, h(x) = x or h(z) = e
o € R" N Q, and b € R™.

2.3. Laplace-Beltrami operator

Definition. In this section we will see that on any Riemannian
manifold there is a canonical second order elliptic operator, called the
Laplace-Beltrami operator, which is an analog of the usual Laplacian
in R"™.

MOTIVATION. Let first 2 be a bounded domain in R™ with smooth
boundary, and consider the Laplace operator
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Solutions of the equation Au = 0 are called harmonic functions, and
by standard results for elliptic PDE [5, Section 6], for any f € H'(Q)
there is a unique solution u € H'(Q) of the Dirichlet problem

(2.3) { —Au =0 in Q,

u=f on 0f2.

The last line means that v — f € H}(Q).

One way to produce the solution of (2.3) is based on variational
methods and Dirichlet’s principle [5, Section 2]. We define the Dirichlet
energy

1
E(v) = 5/’V’U‘2dl’, ve HY(Q).
Q
If we define the admissible class
A ={ve H(Q); v= f on 90},

then the solution of (2.3) is the unique function v € Ay which mini-
mizes the Dirichlet energy:

E(u) < E(v) for all v e Ay.

The heuristic idea is that the solution of (2.3) represents a physical
system in equilibrium, and therefore should minimize a suitable energy
functional. The point is that one can start from the energy functional
E(-) and conclude that any minimizer u must satisfy Au = 0, which
gives another way to define the Laplace operator.

From this point on, let (M, g) be a compact Riemannian manifold
with smooth boundary. Although there is no obvious analog of the co-
ordinate definition of A in R™, there is a natural analog of the Dirichlet
energy. It is given by

1
E(v) ::§/M\dv|2dV, ve  HY(M).

Here |dv| is the Riemannian length of the 1-form dv, and dV is the
volume form.

We wish to find a differential equation which is satisfied by min-
imizers of F(-). Suppose v € H'(M) is a minimizer which satisfies
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E(u) < E(u+ty) for all t € R and all ¢ € C2°(M™). We have

E(u+typ) = % /M(d(u +tp), d(u + tp)) dV

= E(u) +t / (du, dp) dV + t*E(p).

Since I,(t) := E(u+ty) is a smooth function of ¢ for fixed ¢, and since
1,(0) < I,(t) for [¢| small, we must have I;,(0) = 0. This shows that if
u 18 a minimizer, then

/ (du,dp)dV =0
M

for any choice of ¢ € C°(M™). By the properties of the codifferential
0, this implies that

/ (0du)pdV =0

M

for all ¢ € C°(M™"). Thus any minimizer u has to satisfy the equation
d0du =0 in M.

We have arrived at the definition of the Laplace-Beltrami operator.

DEFINITION. If (M, g) is a compact Riemannian manifold (with or
without boundary), the Laplace-Beltrami operator is defined by

Agu = —odu.

The next result implies, in particular, that in Euclidean space A,
is just the usual Laplacian.

LEMMA 2.8. In local coordinates
Agu = |g[~20;(1g["*¢" Ou)
where, as before, |g| = det(g;x) is the determinant of g.

Proor. Follows from the coordinate expression for ¢. O

Weak solutions. We move on to the question of finding weak
solutions to the Dirichlet problem
{ —Aju =F in M,

(2.4) u=0 on OM.



28 2. RIEMANNIAN GEOMETRY

Here F' € H-'(M) (thus F is a bounded linear functional on H}(M)).
By definition, a weak solution is a function u € H} (M) which satisfies

/ (du,dp) dV = F(p) for all p € Hy(M).
M

We will have use of the following compactness result also later.

THEOREM. (Rellich-Kondrachov compact embedding theorem) Let
(M, g) be a compact Riemannian manifold with smooth boundary. Then
the natural inclusion i : H*(M) — L*(M) is a compact operator.

PROOF. See [5, Chapter 5] for the Euclidean case and [20] for the
Riemannian case. U

The solvability of (2.4) will be a consequence of the following in-
equality.

THEOREM. (Poincaré inequality) There is C' > 0 such that
lull 2y < Clldullreany,  w € Ho(M).

PROOF. Suppose the claim is false. Then there is a sequence (ug)?2
with uy € Hg(M) and

HukHLQ(M) > kHduk“L?(M)'

Letting vy, = ug/||ug|| 2(ar), we have ||vg|[z2(ar) = 1 and

1

||d'Uk;||L2(M) < E

Thus (vy) is a bounded sequence in Hj(M), and therefore it has a
subsequence (also denoted by (vy)) which converges weakly to some

v € H}(M). The compact embedding H'(M) < L?*(M) implies that
vy — v in L*(M).

It follows that dv, — dv in H~*(M). But also dvy, — 0 in L?*(M), and

uniqueness of limits shows that dv = 0. Now any function v € H'(M)

with dv = 0 must be constant on each connected component of M (this

follows from the corresponding result in R"), and since v € H} (M) we
get that v = 0. This contradicts the fact that ||vg||r2(a) = 1. O

It follows from the Poincaré inequality that for u € H} (M),

”du”%%M) < HuH%ﬂ(M) = HUH%%M) + HdUH%%M) < CW“H%?(M)-
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Consequently the norms || - || g1(ary and ||d - || 12(ar) are equivalent norms
on H}(M) (they induce the same topology). We can now prove the
solvability of the Dirichlet problem.

PROPOSITION 2.9. (Ezistence of weak solutions) The problem (2.4)
has a unique weak solution v € Hy(M) for any F € H Y(M). The
solution operator

G:H Y M)— Hy(M), Fwsu,
1s a bounded linear operator.

PROOF. Consider the bilinear form

Blu, v] ::/ (du, dv) dV, u,v € Hy(M).
M
This satisfies Blu, v] = Blv,ul, [Blu, u| < ||lul| g1 anl|v]l z2 ar), and

Blu,u] = /M dul? dV = [dul%2p, > CllulZ

by using the equivalent norms on H}(M). Thus H} (M) equipped with
the inner product BJ-, -] is the same Hilbert space as H3 (M) equipped
with the usual inner product (-, -) m1(v)- Since I is an element of the
dual of H}(M), the Riesz representation theorem shows that there is
a unique u € H} (M) with

Blu,¢] = F(p), v € Hy(M).
This is the required unique weak solution. Writing u = GF', the bound-

edness of G follows from the estimate ||u|| g1 (ar) < || F|| -1 (ar) also given
by the Riesz representation theorem. 0

COROLLARY 2.10. (Existence of weak solutions) The problem
—A,u =0 in M
2. g ’
(2:5) { u=f on OM.
has a unique weak solution u € HY(M) for any f € H' (M), and the

solution satisfies ||u|| g1 ary < O f || 51 an)-

PROOF. Let F =A,f € H '(M) (one defines F(p) := —(df,dp)).
Then (2.5) is equivalent with

—Agu—f)=F in M,
{ u—f =0 on OM.
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This has a unique solution uy = GF with |uo||giay < C flar
and one can take u = ug + f. U

Spectral theory. Combined with the spectral theorem for com-
pact operators, the previous results show that the spectrum of —A,
consists of a discrete set of eigenvalues and there is an orthonormal
basis of L?(M) consisting of eigenfunctions of —A,.

PROPOSITION 2.11. (Spectral theory for —A,) Let (M, g) be a com-
pact Riemannian manifold with smooth boundary. There exist numbers
0 <X\ < X\ < ...and an orthonormal basis {¢;}72, of L*(M) such
that

{ —Agr = Ny i M,
o € H&(M)
We write Spec(—A,) = {1, Ao, ...}. If X & Spec(—A,), then —A,; — A
is an isomorphism from Hg(M) onto H™(M).

Before giving the proof, we note that by standard Hilbert space
theory any function f € L?*(M) can be written as an L*-convergent
Fourier series

F=>Y (o) reane
=1

where (f,#;) is the [th Fourier coefficient. These eigenfunction (or
Fourier) expansions can sometimes be used as a substitute in M for
the Fourier transform in Euclidean space, as we will see in Chapter 4.

PROOF OF PROPOSITION 2.11. Let G : H (M) — H}(M) be
the solution operator from Proposition 2.9. By compact embedding,
we have that G : L?*(M) — L*(M) is compact. It is also self-adjoint
and positive semidefinite, since for f,h € L*(M) (with u = Gf)

(Gf, h) = (u, =AyGh) = (du, dGh) = (=Agu, Gh) = (f,Gh),
(Gf. f) = (Gf,=AyG[) = (dGf,dG[) = 0.
By the spectral theorem for compact operators, there exist g > o >
... with p; = 0 and ¢, € L*(M) with G¢; = ¢y such that {¢;}7°, is
an orthonormal basis of L?(M). Note that 0 is not in the spectrum of
G, since Gf = 0 implies f = 0. Taking \; = il gives —Ag¢; = Ny If
A # ) for all [ then for F € H (M),

(—Ay = Nu=F & u=G(F + M) & (%m _ Gy %GF.
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Since % # 1y for all [, %Id — G is invertible and we see that —A, — A\ is
bijective and bounded, therefore an isomorphism. ([l

We conclude the section with an analog of Proposition 2.11 where
the Laplace-Beltrami operator is replaced by the Schrodinger operator
—A,+ V. The proof is the same except for minor modifications and is
left as an exercise. The main point is that for A outside the discrete set
Spec(—A, + V), this result implies unique solvability for the Dirichlet
problem

(—Ay+V —=XNu=0 in M,
{ u=rf on OM

with the norm estimate ||u|| g1 ary < C| f||ar(an)-

PROPOSITION 2.12. (Spectral theory for —A,+ V') Let (M, g) be a
compact Riemannian manifold with smooth boundary, and assume that
V e L>®°(M) is real valued. There exist numbers \y < Ay < ... and an
orthonormal basis {1}, of L*(M) such that

{ (=Ay + V)b = Ny in M,
¢l c H&(M)

We write Spec(—A, + V) = {1, Aa,...}. If X & Spec(—A, + V), then
—A,+V — X is an isomorphism from H}(M) onto H™(M).

EXERCISE 2.13. Prove this result by first showing an analog of
Proposition 2.9 where —A, is replaced by —A 4V 4k for ky sufficiently
large, and then by following the proof of Proposition 2.11 where G is
replaced by the inverse operator for —A, + V' + k.

2.4. DN map

Definition. We now rigorously define the Dirichlet-to-Neumann
map, or DN map for short, discussed in the introduction. Let (M, g)
be a compact manifold with smooth boundary, and let V' € L*(M).
Proposition 2.12 shows that the Dirichlet problem

{ (=A;+V)u=0 in M,

(2:6) u=f ondM

has a unique solution v € H*(M) for any f € H'(M), provided that 0
is not a Dirichlet eigenvalue (meaning that 0 ¢ Spec(—A, + V). We
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make the standing assumption that all Schrodinger operators are such
that

0 is not a Dirichlet eigenvalue of —A, + V.

As mentioned in the introduction, it would be easy to remove this
assumption by using so called Cauchy data sets instead of the DN
map.

If 0 is not a Dirichlet eigenvalue, then (2.6) is uniquely solvable
for any f € HY(M). If f € H}(M) then u = 0 is a solution (since
then u — f € H}(M)), which means that the solution with boundary
value f coincides with the solution with boundary value f + ¢ where
¢ € H}(M). Motivated by this, we define the quotient space

HY2(OM) := HY(M)/HL(M).

This is a Hilbert space which can be identified with a space of functions
on OM which have 1/2 derivatives in L?*(9M), but the abstract setup
will be enough for us. We also define H~/2(9M) as the dual space of
HY2(OM).

By the above discussion, the Dirichlet problem (2.6) is well posed
for boundary values f € HY2(M). Denoting the solution by uy, the
DN map is formally defined as the map

Agy : f — 8VUf‘@M.
Here, for sufficiently smooth u, the normal derivative is defined by
Ovulons == (Vu,v)|onr-

To find a rigorous definition of A, we will use an integration by parts
formula.

THEOREM. (Green’s formula) If u,v € C*(M) then

/a Oujvds = /M (AguyvdV + / (du, dv) dV.

M

EXERCISE 2.14. Prove this formula by using Stokes’ theorem.
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Let now f,h € HY2(OM), let u; be the solution of (2.6), and let
en, be any function in H'(M) with ey,|sps = h (with natural interpreta-
tions). Then, again purely formally,

(gt = [ @upends = [ Syupenav + [ dug.dayav

M

= / [<de,d€h> + Vufeh] dV.
M
We have finally arrived at the precise definition of Ay .

DEFINITION. A,y is the linear map from HY/2(02) to H=1/2(09Q)
defined via the bilinear form

mmﬁm%i/umﬁ@w+vwmdw J.h e H'2(0M),
M

where uy and e, are as above.

EXERCISE 2.15. Prove that the bilinear form indeed gives a well
defined map H'Y2(02) — H~1/2(0Q).

The DN map is also self-adjoint:
LEMMA 2.13. If V s real valued, then

(Ngv foh) = (f,Agvh), f,he H/*OM).
EXERCISE 2.16. Prove the lemma.

Integral identity. The main point in this section is an integral
identity which relates the difference of two DN maps to an integral
over M involving the difference of two potentials. This identity is the
starting point for recovering interior information (the potentials in M)
from boundary measurements (the DN maps on 9M).

PROPOSITION 2.14. (Integral identity) Let (M, g) be a compact Rie-
mannian manifold with smooth boundary, and let Vy,Vy € L>®°(M) be
real valued. Then

<(A97V1 - Ag,V2)f17 f2> = / (Vl - VQ)UIUQ dV, f1, f2 S HI/Q((?M),
M
where u; € HY (M) are the solutions of (—A, + Vj)u; = 0 in M with

ujlons = [
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PROOF. By definition and by self-adjointness of Ay y,,

Ay fis fo) = / [(dur, dus) + Vitwyug] dV,

M

Ags fis fo) = (o Mg fo) = / ((duy, dus) + Vauyus) dV.

M

The result follows by substracting the two identities. 0

In this text we are interested in uniqueness results, where one would
like to show that Ay, = Ay, implies Vi = V5. For this purpose,
the following corollary is appropriate. It shows that if two DN maps
coincide, then the integral of the difference of potentials against the
product of any two solutions (with no requirements for their boundary
values) vanishes.

COROLLARY 2.15. (Integral identity) Let (M, g) be a compact Rie-
mannian manifold with smooth boundary, and let V1, Vy € L*®(M) be
real valued. If Agv, = Ay yv,, then

M

for any u; € H'(M) which satisfy (—A, + Vj)u; =0 in M.

2.5. Geodesics and covariant derivative

In this section we let (M, g) be a connected Riemannian manifold
without boundary (for our purposes, geodesics and the Levi-Civita con-
nection on manifolds with boundary can be defined by embedding into
a compact manifold without boundary).

Lengths of curves. For the analysis of the Calderén problem on
manifolds we will need to introduce some basic properties of geodesics.
These are locally length minimizing curves on (M, g), so we begin by
discussing lengths of curves.

DEFINITION. A smooth map 7 : [a,b] — M whose tangent vector

4(t) is always nonzero is called a regular curve. The length of ~ is
defined by

L) = [ Titoldr
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The length of a piecewise regular curve is defined as the sum of lengths

of the regular parts. The Riemannian distance between two points
p,q € M is defined by

d(p,q) == inf{L(y); v : [a,b] — M is a piecewise regular curve with
v(a) = p and y(b) = ¢}
EXERCISE 2.17. Show that L() is independent of the way the curve

v is parametrized, and that we may always parametrize v by arc length
so that |[¥(t)] =1 for all t.

EXERCISE 2.18. Show that d is a metric distance function on M,
and that (M,d) is a metric space whose topology is the same as the
original topology on M.

Geodesic equation. We now wish to show that any length mini-
mizing curve satisfies a certain ordinary differential equation. Suppose
that 7 : [a,b] — M is a length minimizing curve between two points p
and ¢ parametrized by arc length, and let 75 : [a,b] — M be a family of
curves from p to ¢ such that yo(t) = v(t) and I'(s,t) := 75(t) depends
smoothly on s € (—¢,¢) and on t € [a,b]. We assume for simplicity
that each ~, is regular and contained in a coordinate neighborhood of
M, and write z,(t) = (xl(t),...,2%(t)) and x(t) = zo(t) instead of

S rYs

vs(t) and (t) in local coordinates.

LEMMA 2.16. The length minimizing curve x(t) satisfies the so
called geodesic equation

B(t) + T (x(t)d’ (H)d"(t) =0, 1<1<mn,
where T, is the Christoffel symbol

1
Fé‘k = §glm(8jgkm + akgjm - amgjk)'

PROOF. Since v minimizes length from p to ¢, we have
L) < L(7s), s € (—¢,¢).
Define )
1)i= L) = [ (gm(an(0)i2(0)33(0) 7 .

Since I is smooth and I(0) < I(s) for |s| < e, we must have I'(0) = 0.
To prepare for computing the derivative, define two vector fields

T(t) := Owws(t)]s=0, V(t) := Oss(t)]s=0-
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Using that |§o(t)| = 1 and (gj) is symmetric, we have

1

b
I'o) =3 / (1 gpq(w XDV (£) TP (£)T(t) + 2959 (x(1) VP (1) T (1)) dt.

Integrating by parts in the last term, this shows that
b
1 :
I'0) = / {Eargpq(x)Tqu — O Grg()TTT — gpo(x)T7| V" dt.

The last expression vanishes for all possible vector fields V' (¢) obtained
as 052 4(t)|s=o- It can be seen that any vector field with V' (a) = V(b) =0
arises as V() for some family of curves 74(¢). This implies that

1

§argP11(x)Tqu - amgrq(x)TmTq - grq(x)Tq = O, t e [CL, b], 1 S r S n.

Multiplying this by ¢'" and summing over r, and using that
m 1 m
OnGrq(x) T T = §<amgrq(x) + OgGrm (x))T™T,
gives the geodesic equation upon relabeling indices. 0

Covariant derivative. It would be possible to develop the theory
of geodesics based on the ODE derived in Lemma 2.16. However, it will
be very useful to be able to do computations such as those in Lemma
2.16 in an invariant way, without resorting to local coordinates. For
this purpose we want to be able to take derivatives of vector fields in
a way which is compatible with the Riemannian inner product (-, ).

We first recall the commutator of vector fields. Any vector field
X € C®°(M,TM) gives rise to a first order differential operator X :
C>®(M) — C*(M) by

Xfp) = X(D)f.
If X and Y are vector fields, their commutator [X, Y] is the differential
operator acting on smooth functions by

(X, Y= XY ) =Y (X])

The commutator of two vector fields is itself a vector field.
The next result is sometimes called the fundamental lemma of Rie-
mannian geometry.

THEOREM. (Levi-Ciwita connection) On any Riemannian manifold
(M, g) there is a unique R-bilinear map

D : C®(M,TM) x C®(M,TM) — C®(M,TM), (X,Y)— DyY,
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which satisfies

(1) DyxY = fDxY (linearity)
(2) Dx(fY)=fDxY + (X[f)Y (Leibniz rule)
(3) DxY — Dy X =[X,Y] (symmetry)

(4) X(Y,Z)=(DxY,Z)+ (Y,DxZ) (metric connection,).
Here XY, Z are vector fields and f is a smooth function on M.
PROOF. See [12]. O

The map D is called the Levi-Civita connection of (M,g). The
expression DxY is called the covariant derivative of the vector field Y
in direction X.

ExXAMPLE. In (R", e) the Levi-Civita connection is given by
DxY = X9(0;Y*)0.
This is just the natural derivative of Y in direction X.

EXAMPLE. On a general manifold (M, g), one has
DxY = X7(8;Y*)0), + X7Y"T,.0,

where Fé-k are the Christoffel symbols from Lemma 2.16, and they also
satisfy
Do, 8 = T%,.01.

Covariant derivative of tensors. At this point we will define the
connection and covariant derivatives also for other tensor fields. Let X
be a vector field on M. The covariant derivative of 0-tensor fields is
given by

D Xf =X f

For k-tensor fields u, the covariant derivative is defined by

Dxu(Yi,....Ys) = X(u(Y1,....Y) = Y _u(,...,DxYj, ..., Ya).

Jj=1

EXERCISE 2.19. Show that these formulas give a well defined co-
variant derivative

Dx : C®°(M,T*M) — C°°(M, T*M).



38 2. RIEMANNIAN GEOMETRY

ExAMPLE. The main example of the above construction is the co-
variant derivative of 1-forms, which is uniquely specified by the identity

Dy, da* = =T dx',

By using Dx on tensors, it is possible to define the total covariant
derivative as the map

D :C®(M, T*M) — C°°(M, T*™* M),
DU(X, Yl, “en ,Yk) = DXu(Yl, RN ,Yk)

ExAMPLE. On 0-forms D f = df.

ExAMPLE. The most important use for the total covariant deriva-
tive in these notes is the covariant Hessian. If f is a smooth function,
then the covariant Hessian of f is

Hess(f) := D*f.
In local coordinates it is given by
D*f = (0;0hf — T, 00f) da? @ da”.

Finally, we mention that the total covariant derivative can be used

to define higher order Sobolev spaces invariantly on a Riemannian man-
ifold.

DEFINITION. If k > 0, consider the inner product on C*°(M) given
by
k
(u, 'U)Hk(M) = Z(Dju, D‘]’U)LZ(M).
=0
Here the L? norm is the natural one using the inner product on tensors.
The Sobolev space H*(M) is defined to be the completion of C*°(M)
with respect to this inner product.

Geodesics. Let us return to length minimizing curves. If v :
la,b] — M is a curve and X : [a,b] — TM is a smooth vector field
along v (meaning that X (t) € T, M), we define the derivative of X
along v by

D;X == D;X
where X is any vector field defined in a neighborhood of ~([a, b]) such
that Xv(t) = X, ). It is easy to see that this does not depend on the
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choice of X. The relation to geodesics now comes from the fact that
in local coordinates, if 7(t) corresponds to z(t),

Dy = Dyig, (i)
= (@ + Ty (2)d’ "))

Thus the geodesic equation is satisfied iff Dsy = 0. We now give the
precise definition of a geodesic.

DEFINITION. A regular curve v is called a geodesic if D;y = 0.

The arguments above give evidence to the following result, which
is proved for instance in [12].

THEOREM. (Geodesics minimize length) If v is a piecewise reqular
length minimizing curve from p to q, then v is regular and Dy = 0.
Conversely, if v is a regular curve and Dsy = 0, then v minimizes
length at least locally.

We next list some basic properties of geodesics.

THEOREM. (Properties of geodesics) Let (M, g) be a Riemannian
manifold without boundary. Then

(1) for any p € M and v € T,M, there is an open interval I
containing 0 and a geodesic v, : I — M with v,(0) = p and
(0) = v,

(2) any two geodesics with v1(0) = v2(0) and 41(0) = 42(0) agree
i their common domain,

(3) any geodesic satisfies |(t)| = const,

(4) if M is compact then any geodesic vy can be uniquely extended
as a geodesic defined on all of R.

EXERCISE 2.20. Prove this theorem by using the existence and
uniqueness of solutions to ordinary differential equations.

By (3) in the theorem, we may (and will) always assume that
geodesics are parametrized by arc length and satisfy |§| = 1. Part
(4) says that the maximal domain of any geodesic on a closed manifold
is R, where the maximal domain is the largest interval to which the
geodesic can be extended. We will always assume that the geodesics
are defined on their maximal domain.
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Normal coordinates. The following important concept enables
us to parametrize a manifold locally by its tangent space.

DEFINITION. If p € M let €, := {v € T,M ; ~, is defined on [0, 1]},
and define the exponential map

exp, : & — M, exp,(v) = 7,(1).

This is a smooth map and satisfies exp,(tv) = 7,(t). Thus, the
exponential map is obtained by following radial geodesics starting from
the point p. This parametrization also gives rise to a very important
system of coordinates on Riemannian manifolds.

THEOREM. (Normal coordinates) For any p € M, exp, is a diffeo-
morphism from some neighborhood V' of 0 in T, M onto a neighborhood
ofpin M. If{e,... ,e,} is an orthonormal basis of T,M and we iden-

tify T,M with R™ via vie; +» (v',...,v"), then there is a coordinate
chart (U, ) such that p = exp,' : U — R" and
(1) ¢(p) =0,
(2) if v € T,M then o(7,(t)) = (tv', ... to"),
(3) one has
9j(0) = &k, Aug(0) =0, T (0) = 0.
PROOF. See [12]. O

The local coordinates in the theorem are called normal coordinates
at p. In these coordinates geodesics through p correspond to rays
through the origin. Further, by (3) the metric and its first derivatives
have a simple form at 0. This fact is often exploited when proving an
identity where both sides are invariantly defined, and thus it is enough
to verify the identity in some suitable coordinate system. The proper-
ties given in (3) sometimes simplify these local coordinate computations
dramatically.

Finally, we will need the fact that when switching to polar coordi-
nates in a normal coordinate system, the metric has special form in a
full neighborhood of 0 instead of just at the origin.

THEOREM. (Polar normal coordinates) Let (U, ) be normal co-
ordinates at p. If (r,0) are the corresponding polar coordinates (thus
r(q) = |p(q)] > 0 and 6(q) is the corresponding direction in S™~1), then
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the metric has the form

1 0
(952(r.0)) = ( 0 gagp(r,0) ) '
This means that |0/0r| =1, (0/0r,0/00) = 0, and r(q) = d(p, q).
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CHAPTER 3

Limiting Carleman weights

In this chapter we will establish a starting point for solving some
of the problems mentioned in the introduction. The approach taken
here is to construct special solutions to the Schrédinger equation (or
special harmonic functions if there is no potential) in (M, g), in such a
way that the products of these special solutions are dense in L'(M).

The exact form of the special solutions is motivated by develop-
ments in R™ where harmonic exponential functions e”* with p € C"
and p - p = 0 have been successful in the solution of inverse problems.
On a Riemannian manifold there is no immediate analog for the linear
phase function p -z (one can always find such a function in local coor-
dinates, but not globally in general). We will instead look for general
phase functions ¢ which are expected to have desirable properties for
the purposes of constructing special solutions. Such phase functions
will be called limiting Carleman weights (LCWs).

The main result is a geometric characterization of those manifolds
which admit LCWs. It makes use of the crucial fact that the existence
of LCWs only depends on the conformal class of the manifold. The
result is stated in terms of the existence of a parallel vector field in
some conformal manifold.

THEOREM 3.1. (Manifolds which admit LCWs) Let (M,g) be a
simply connected open Riemannian manifold. Then (M, g) admits an

LCW iff some conformal multiple of g admits a parallel unit vector

field.

Intuitively, the geometric condition means that up to a conformal
factor there has to be a Fuclidean direction on the manifold.

At this point we also mention a few open questions related to the
theorem. The notation will be explained below. The first question asks
to show that in dimensions n > 3 most metrics do not admit LCWs
even locally (in fact, it would be interesting to prove the existence of
even one metric which does not admit LCWs).

43
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QUESTION 3.1. (Counterexamples) If M is a smooth manifold of
dimenston n > 3 and if p € M, show that a generic metric near p does
not admit an LCW. !

We will show later that if ¢ is an LCW, then one has a suitable
Carleman estimate for the conjugated Laplace-Beltrami operators Py,.
The next question is asking for a converse.

QUESTION 3.2. (Carleman estimates imply LCW) If (M, g) is an
open manifold and ¢ is such that for any My CC M there are Cy, hy >
0 for which

hlull 2y < CllPepullzeany,  u € CP(M{™), 0 < h < hq,
then ¢ is an LCW. ?

The last question asks to find an analog in dimensions n > 3 of the
Carleman weights with critical points which have recently been very
successful in 2D inverse problems.

QUESTION 3.3. Find an analog in dimensions n > 3 of Bukhgeim-
type weights @ in 2D manifolds which satisfy a Carleman estimate of
the type h*/%|Ju|| < C||Peyul| for w € CX(M™) and 0 < h < hy.

In this chapter we will mostly follow [4, Section 2].

3.1. Motivation and definition

Let (M, g) be a compact Riemannian manifold with boundary, and
let V1, Vo € C°(M). As always, we assume that the Dirichlet problems
for —A, + Vj in M are uniquely solvable, so that the DN maps Ay,
are well defined. Assume that A,y, = Ay, that is, the two potentials
V1 and V5 result in identical boundary measurements. Then we know
that

M
for any solutions u; € H'(M) which satisfy (—A, + V;)u; = 0 in M.

To solve the inverse problem of proving that V; = V5, it is therefore
enough to show that the set of products of solutions

{ugug; u; € H' (M) and (=A, + V;)u; = 0in M}

LA positive answer to this question was recently given in [14].
2A positive answer was outlined in lectures of Dos Santos Ferreira [3].
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is dense in L'(M).

In Euclidean space in dimensions n > 3, the density of solutions
can be proved based on harmonic complex exponentials. The following
argument is from [19] and is explained in detail in [17, Chapter 3].

MOTIVATION. Let (M, g) = (9, e) where  is a bounded open sub-
set of R™ with C"*° boundary. In this setting we have special harmonic
functions

(3.1) up(x) =€, peC" p-p=0.

Clearly Aug = (p- p)ug = 0. By [19], if |p| is large there exist solutions
to Schrodinger equations which look like these harmonic exponentials
and have the form

uy = e’ (ay + 1),

uy = e "*(ag + 1),

where a; are certain explicit functions and r; are correction terms which
are small when |p| is large, in the sense that 7|2y < C/|p|. We
have chosen one solution with e”* and the other solution with e™”%
so that the exponential factors will cancel in the product wjus, thus
making it possible to take the limit as |p| — oo which will get rid of
the correction terms r;.

The density of products of solutions in this case can be proved as
follows. We fix £ € R™ and choose a; = €€, ay = 1. If n > 3 then there
exists a family of complex vectors p with p-p = 0 and |p| — oo such
that solutions with the above properties can be constructed. To show
density of the set {ujus} for solutions of this type, we take V' € L>(2)

and assume that
/ Vujusdr =0
Q

for all u; and us as above. Then
/ V(em'5 4+ ey + riry) dz = 0.
Q

By the L? estimates for r; we may take the limit as |p| — oo, which
will imply that [, Ve dr = 0. Since this is true for any fixed £ € R",
it follows from the uniqueness of the Fourier transform that V = 0 as
required.
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After having discussed the proof in the Euclidean case, we move on
to the setting on Riemannian manifolds and try to see if a similar argu-
ment could be achieved. If (M, g) is a compact Riemannian manifold
with boundary, we first seek approximate solutions satisfying Agjug ~ 0
(in some sense) having the form

ug = e ?"m.
Here ¢ is assumed to be a smooth real valued function on M, h > 0
will be a small parameter, and m € C*°(M) is some complex function.
In the Euclidean case this corresponds to (3.1) by taking h = 1/|p|,
p(x) = —Re(p/|p]) - , and m(z) = ™7,

Loosely speaking, ¢ will be a limiting Carleman weight if such ap-
proximate solutions with weight +¢ can always be converted into exact
solutions of A u = 0 (we can forget the potential V" at this point). More
precisely, we would like that

for any function ug = eT#/"m € C>°(M) there is a
(3.2) solution u = eT#/"*(m +r) of Aju =0 in M such that
7|l z2ary < Chl|e®/"Aguol| r2(ary for h small.

To find conditions on ¢ which would guarantee that this is possible,
we introduce the conjugated Laplace-Beltrami operator

P, = e?/M(—h*A,)e ¢/,
Note that if u = e¥¢/"(m + r), then

Agu=0 & eEM—h2A)eT"(m+r)=0

-~ Piapr = —Pﬁpm.
Thus (3.2) would follow if for any f € L?*(M) there is a function v
satisfying for A small

Pi,v=f in M,

hlvllczany < Clflle2an-

One approach for proving existence of solutions to the last equation,
or more generally an inhomogeneous equation Tv = f, is to prove
uniqueness of solutions to the homogeneous adjoint equation T*v = 0.
This follows the general principle

{ T* injective

range of T™ closed surjective
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EXERCISE 3.1. Find out why this principle holds for m xn matrices,
for operators T' = Id + K where K is a compact operator on a Hilbert
space, or for bounded operators T between two Hilbert spaces.

Since P, = Px,, injectivity and closed range for the adjoint oper-
ator would be a consequence of the a priori estimate

(33)  llullzan < Ol Pegullizny,  we C2(M™), h small

This is called a Carleman estimate (that is, a norm estimate with
exponential weights depending on a parameter). Estimates of this type
have turned out to be very useful in unique continuation for solutions
of partial differential equations, control theory, and inverse problems.

We will look for conditions on ¢ which would imply the Carleman
estimate (3.3). The following decomposition of P, into its self-adjoint
part A and skew-adjoint part ¢B will be useful.

LEMMA 3.2. P, = A+ B where A and B are the formally self-
adjoint operators (in the L?(M) inner product)

A= —h*A, — |dy]?,

h
B == (2(dp.d-) + Agp).

PrRoOOF. The quickest way to see this is a computation in local
coordinates. We write D; = —id,,, and note that
e?"hDje?" = hD; + i,

Then
Pou = e?/"(—h2A,)e™?/ My

— ‘g|71/2€so/hhpj(efso/h’g’1/2gjkeso/thk(€fso/hu))

= |g|7 2 (hD; + iga; )92 g™ (R Dy + o, u)

= —h?Agu+ hg™ o, g, + hlg| 7 20i(19] g ou ) — ¢ pu, puiu

= —h*Agu+ h[2(dp, du) + (Agp)u] — |dp|*u.

The result follows immediately upon checking that A and B are for-
mally self-adjoint. 0

EXERCISE 3.2. Check that A and B are formally self-adjoint.

Next we give a basic computation in the proof of a Carleman esti-
mate such as (3.3), evaluating the square of the right hand side.
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LEMMA 3.3. If u € C(M™) then
1Ppull* = [[Aull* + | Bul|* + (il A, Blu, u).
Proor. Since P, = A + 1B,
1Pull* = (Pyu, Pyu) = (A +iB)u, (A +iB)u)
= (Au, Au) + i(Bu, Au) — i(Au, Bu) + (Bu, Bu)
= [[Aull* + | Bul|* + (i[A, Blu, u).
We used that A and B are formally self-adjoint. 0
Thus || P,ul|* can be written as the sum of two nonnegative terms
|Aul|* and ||Bul||* and a third term which involves the commutator
[A, B] := AB — BA. The only negative contribution may come from
the commutator term. Therefore, a positivity condition for i[A, B]

would be helpful for proving the Carleman estimate (3.3) for P,. We
will state such a positivity condition on the level of principal symbols.

LEMMA 3.4. The principal symbols of A and B are

a(z,€) = ¢ — |dp|,
bz, &) := 2(dyp, §).
The principal symbol of i[A, B] is the Poisson bracket h{a,b}.

PROOF. The principal symbol of A is obtained by writing A in some
local coordinates and by looking at the symbol of the corresponding
operator in R™. But in local coordinates

A= g"hD;hDy, — g0 00 + 1 [|917 2Dy (19167 ) Dy]
The last term is lower order, hence does not affect the principal symbol.
The symbol of ¢""hD;hDy— g7 @y, 0a,, is ¢77E&k— 67700, Pay, SO We may
take the invariantly defined function a(z, &) := |]* — |dp|* on T*M as

the principal symbol. A similar argument works for B, and the claim
for i[A, B] is a general fact. O

Given this information, the positivity condition that we will require
of i[A, B] is the following condition for the principal symbol:
{a,b} >0 when a =0b=0.

More precisely, we ask that {a,b}(z,£) > 0 for any (x,£) € T*M for
which a(z,€) = b(x,£) = 0. The idea is that in Lemma 3.3 one has
the nonnegative terms ||Au||* and || Bu|?, and if either of these is large
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then it may cancel a negative contribution from the commutator term.
On the level of symbols, one therefore only needs positivity of {a, b}
when the principal symbols of A and B vanish.

Recall that one wants the estimate (3.3) also for P_,. Changing ¢
to —¢ in Lemma 3.2, we see that P_, = A —iB. As in Lemma 3.3
one then asks a positivity condition for i[A, —B], which has principal
symbol —{a, b}. Thus, we also require that

{a,b} <0 when a=0=0.

Combining the above conditions for {a,b}, we have finally arrived
at the definition of limiting Carleman weights. The definition is most
naturally stated on open manifolds, and it includes the useful additional
condition that ¢ should have nonvanishing gradient.

DEFINITION. Let (M, g) be an open Riemannian manifold. We say

that a smooth real valued function ¢ in M is a limiting Carleman
weight (LCW) if dp # 0 in M and
{a,b} =0 when a =0=0.
EXAMPLE. Let (M, g) = (2,e) where € is an open set in R". We
will verify that the linear function ¢(z) = a - x, where a € R” is a

nonzero vector, is an LCW. Indeed, one has Vi = a and the principal
symbols are

a(z, &) =[] — |af,
b(x,&) =2a- €.
Since a and b are independent of x, the Poisson bracket is
{a,b} =V¢ea-V,b—V,a- Veb=0.
Thus ¢ is an LCW.
EXERCISE 3.3. If (M,g) = (Q,¢) and 0 ¢ Q, verify that ¢(x) =

log|z| and p(z) = &% are LCWs. Here aw € R™ is a fixed vector.

e
3.2. Characterization

In the previous section, after a long motivation we ended up with a
definition of LCWs involving a rather abstract vanishing condition for a
certain Poisson bracket. Here we give a geometric meaning to this con-
dition, and also prove Theorem 3.1 which characterizes all Riemannian
manifolds which admit LCWs. We recall the statement.
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THEOREM 3.1. (Manifolds which admit LCWs) Let (M,g) be a
simply connected open Riemannian manifold. Then (M, g) admits an
LCW iff some conformal multiple of g admits a parallel unit vector

field.

Recall that a vector field X is parallel if Dy X = 0 for any vector
field V. Also recall that a manifold is simply connected if it is connected
and if every closed curve is homotopic to a point. An explanation of
the geometric condition, including examples of manifolds which satisfy
it, is given in the next section.

We now begin the proof of Theorem 3.1. Let (M, g) be an open
manifold. Recall that ¢ € C*°(M ; R) is an LCW if dp # 0 in M and

{a,b} =0 when a =0b=0.

Here a(z,€) = |£|* — |V¢|? and b(z, &) = 2(dp, £) are smooth functions
in T*M. The first step is to find an expression for the Poisson bracket
{a, b}, defined in local coordinates by {a,b} := Vea - Vb — V,a - Veb.
MoTivATION. We first compute the Poisson bracket in R™. Then
a(z,€) = [£]* — |[Ve|* and b(z,£) = 2Vp - £, and writing " for the
Hessian matrix (g, )}, We have
{a,b} =Vea-V,b—V,a-Veb
=2£-2¢"6 — (—2¢"Vy) - 2V
=4¢"¢ - £+ 49"V - V.
A computation in normal coordinates will show that a similar ex-

pression, now involving the covariant Hessian, holds on a Riemannian
manifold.

LEMMA 3.5. (Ezpression for Poisson bracket) The Poisson bracket

s given by
{a,0}(z,€) = 4D (&, ) + 4D*p(Vp, Vo).

PROOF. Both sides are invariantly defined functions on T*M, so
it is enough to check the identity in some local coordinates at a given
point. Fix p € M, let x be normal coordinates centered at p, and let
(x,€) be the associated local coordinates in T*M near p. Then

a(z,€) = ¢ &k — 6" 00, Py
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Using that ¢7*|, = 6 and 9,97"|, = T'},|, = 0, we have

{a’ b}(l’, é)lp = Z [a&aaﬂ?lb - azzaaﬁz b] ’

=1 p

= Z [(29jl£l)(29jk90xjxl§k) - (_2gjk90xjx190xk)<2gjl(7050j)} ‘p
=1

- Z [4<ijxl§j§l _'_490333-@@0%9011} ‘p

ji=1
= (4D%p(€%, &) +4D*p(V, Vo))l
since D?p|, = @g,4,dx? @ da'],. O

This immediately implies a condition for LCWs which is easier to
work with than the original one.

COROLLARY 3.6. ¢ is an LCW iff dp # 0 in M and
D*p(X, X) + D*p(V, V) =0 when | X| = |[V¢| and (X, V) = 0.
We can now give a full characterization of LCWs in two dimensions.

To do this, recall that the trace of a 2-tensor S on an n-dimensional
manifold (N, g) is (analogously to the trace of an n x n matrix) defined

by
Tr(S)|, = ZS(% ej)
j=1

where {ey,...,e,} is any orthonormal basis of T,N. The trace of the
Hessian is just the Laplace-Beltrami operator, as may be seen by a
computation in normal coordinates at p:

Tr(DZ(P)’p = Z ngp(aj? aj)’p = Z Soijjlp = AQQP‘P'
7j=1 7j=1

ProposITION 3.7. (LCWs in 2D) The LCWs in a 2D manifold
(M, g) are exactly the harmonic functions with nonvanishing differen-
tial.

Proor. If | X| = |Vy| and (X, V) =0, then {X/|Vp|,Vo/|Ve|}

is an orthonormal basis of the tangent space. Then
D*p(X, X) + D*p(Vep, Vi) = [V Te(D*p) = |Vo[*Age.
By Corollary 3.6, ¢ is an LCW iff Agp = 0 and dy # 0. U
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After having characterized the situation in two dimensions, we move
on to the case n > 3. The crucial fact here is that the existence of
LCWs is a conformally invariant condition.

PROPOSITION 3.8. (Existence of LCWs only depends on conformal
class) If ¢ is an LCW in (M, g), then ¢ is an LCW in (M, cg) for any
smooth positive function c.

PROOF. Suppose ¢ is an LCW in (M, g), and let § = cg. Then the
symbols a and b for the metric g are

a =" — 7 0u, 00 = ¢ HGTEE — ¢ pup0,) = ¢ a,

b= 27" 0y, & =2 g 00, & = 7D
Since ¢! does not depend on &, it follows that
{a,b} = {cta,c7 b} = ¢ 'Vea - Vo(c710) — ¢ 'V,u(cta) - Veb
=c a,b} +c 'b{a,c '} +cta{ch b
Suppose that @ = b= 0. Then a = b = 0, and using that ¢ is an~LCW

it follows that {a,b} = 0. Consequently {d,l;} =0 whena=10=0,
showing that ¢ is an LCW in (M, g). O

At this point we record a lemma which expresses relations between
the Hessian and the covariant derivative.

LEMMA 3.9. If p € C°(M) then
D290<X7Y> = <DXV907Y>7

1
D*p(X, V) = (Dx Ve, Vi) = 2 X (IVel),
2 d?
Dp(3(1),4(0)) = z0r(1)
for any X,Y and for any geodesic ~.

ProOF. The first identity follows from a computation in normal
coordinates. The second identity follows from the first one and the
metric property of D. The third identity holds since

d? d ) .
(1) = = {Ve(r(2)), (1)) = (Ds Ve (2)), 7(1))

= D*p(§(t), 4(t))
by the first identity. Here we used that D;u¥(t) = 0 since 7 is a
geodesic. 0
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Using the second identity in the previous lemma, we now observe
that if ¢ is an LCW and additionally |V¢| = 1, then the second term
in Corollary 3.6 vanishes:

1
D*p(Vp, V) = §V90(|V90|2) =

A smooth function which satisfies |V¢| = 1 is called a distance function
(since any such function is locally given by the Riemannian distance to
a point or submanifold, but we will not need this fact). If one is given
an LCW ¢ in (M, g), one can always reduce to the case where the LCW
is a distance function by using the following conformal transformation.

LEMMA 3.10. (Conformal normalization) If ¢ is a smooth function
n (M,g) and if g = |V|*g, then |Vipl; =1

PROOF. |Vp|3 = 5 s, 00, = [Veo| 20" s, 00, = 1. O

We have an important characterization of LCWs which are also

distance functions.

LEMMA 3.11. (LCWs which are distance functions) Let ¢ € C*(M)
and |V| = 1. The following conditions are equivalent:

(1) ¢ z's an LCW.
(2) D
(3) ch is pamllel
(4) If p € M and if v is in the domain of exp,, then
p(exp,(v)) = ¢(p) + (Ve(p), v).
PROOF. Since |Vp| = 1 we have D*p(Vy,Vy) = 0. Thus by
Corollary 3.6, ¢ is an LCW iff
D?*p(X, X) =0 when | X| =1 and (X, V) = 0.

Since D?p is bilinear we may drop the condition |X| = 1, and the
condition for LCW becomes

D?*p(X, X) =0 when (X, V) = 0.

(1) = (2): Suppose ¢ is an LCW. Fix p € M and choose an
orthonormal basis {ey,...,e,} of T,M such that e; = V. Then, by
the above discussion,

D2gp(el, 61) = O,
ngo(ej,ek) =0 for2<j,k<n.
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By Lemma 3.9 we also have D*p(X, V) = 1 X (|V¢|*) = 0 for any X,
therefore
D?*p(ej,e1) =0 for2<j<n.
Since D2y is bilinear and symmetric, we obtain D?p = 0.
(2) = (1): This is immediate.
(2) < (3): Follows from D?p(X,Y) = (DxVe,Y).
(2) <= (4): Let y,(t) = exp,(tv). Then
(1)) = (T (1)), (1),
d? 2 . .
@Qp(’yv(t)) =D ‘10(%1(15)7%)(15))'
If D*p = 0 then the second derivative of (~,(t)) vanishes, therefore
©(7u(t)) = ap + bot for some real constants ag, by. Evaluating ¢(7,(t))
and its derivative at ¢ = 0 gives

p(exp,(tv)) = w(p) + (Vp(p), v)t.

Conversely, if the last identity is valid then the second derivative of
©(7,(t)) vanishes, which implies D?p = 0. O

REMARKS. 1. The condition (4) indicates that LCWs which
are also distance functions (normalized so that ¢(p) = 0) are
the analog on Riemannian manifolds of the linear Carleman
weights in Euclidean space.

2. If ¢ is an LCW and a distance function, the above lemma
shows that the Poisson bracket {a,b} vanishes on all of T*M
instead of just on the submanifold where a = b = 0.

We have now established all the statements needed for the proof
of Theorem 3.1, except for the fact that any parallel vector field in a
simply connected manifold is a gradient field. Leaving this fact to the
next section, we give the proof of the main theorem.

PROOF OF THEOREM 3.1. Let (M,g) be simply connected and
open.

7 = 7: Suppose p is an LCW in (M, g). By conformal invariance
(Lemma 3.8) we know that ¢ is an LCW in (M, §) where § = [V|?g.
Lemma 3.10 shows that ¢ is also a distance function in (M, g). Then
Lemma 3.11 applies, and we see that V ;¢ is a unit parallel vector field
in (M, g).
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7

<= ": Assume that X is a unit parallel vector field in (M, cg)
where ¢ > 0. Since M is simply connected, the fact mentioned just
before this proof shows that X = V¢ for some smooth function ¢.
Since V¢ is parallel and |V 4¢|.; = 1, Lemma 3.11 implies that ¢ is
an LCW in (M, cg). By conformal invariance ¢ is then an LCW also
in (M,g). O

3.3. Geometric interpretation

The geometric meaning of having a parallel unit vector field is given
in the following result.

LEMMA 3.12. (Parallel field < product structure) Let X be a unit
parallel vector field in (M,g). Near any point of M there exist local
coordinates © = (x1,x") such that X = 0y and

, 1 0
g(xl,x) = ( 0 go(l’/)

Conwversely, if g is of this form then 0y is a unit parallel vector field.

) , for some metric gy in the ¥’ variables.

This says that the existence of a unit parallel vector field X implies
that M is locally isometric to a subset of (R,e) x (M, go) for some
(n — 1)-dimensional manifold (M, gg). One can think of the direction
of X as being a Euclidean direction on the manifold.

Note that any parallel vector field X has constant length on each
component of M, since V(| X|?) = 2(Dy X, X) = 0 for any vector field
V. Thus the existence of any nontrivial parallel vector field implies a
product structure.

Theorem 3.1 now says that (M, g) admits an LCW iff up to a con-
formal factor there is a Euclidean direction on the manifold. More
precisely:

LEMMA 3.13. (LCWs in local coordinates) Let ¢ be an LCW in
(M, g). Near any point of M there are local coordinates x = (xq1,2)
such that in these coordinates p(x) = x1 and

1 0
, JR—
g(xbx) - C(x) < 0 go(x') )
where ¢ is a positive function and gy is some metric in the x’ variables.
Conversely, any metric of this form has the LCW p(z) = x1.

EXERCISE 3.4. Prove this lemma.
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ExAMPLE. Manifolds which admit LCWs include the following:

1. Euclidean space R™ since any constant vector field is parallel,

2. all open subsets of the model spaces R™, S™ \ {po}, and H™ since
these are conformal to Euclidean space,

3. more general manifolds locally conformal to R", such as symmetric
spaces in 3D, admit LCWs locally,

4. all 2D manifolds admit LCWs at least locally by Proposition 3.7,

5. (€2,¢) admits an LCW if Q C R™ and if in some coordinates x =
(z1,2") the metric g has the form

o(m, @) = cla) ( (1) go(ow’) )

for some positive function ¢ and some (n — 1)-dimensional metric gq.

The rest of this section is devoted to the proofs of Lemma 3.12 and
the fact which was used in the proof of Theorem 3.1. We start with
the latter.

LEMMA 3.14. If M is a manifold with Hiz (M) = {0}, then any
parallel unit vector field on M is a gradient field.

ProOF. Let X be a parallel unit vector field on M. We choose
w = X’ to be the 1-form corresponding to X. It is enough to prove
that dw = 0, since then the condition on the first de Rham coho-
mology group implies that w = dp for some smooth function ¢ and
consequently X = (dy)* = V.

The fact that dw = 0 follows from the general identity

d(X°)Y,Z) = (DyX,Z) — (DzX,Y)
since Dy X = 0 for any V. O
EXERCISE 3.5. Show the identity used in the proof.

To prove Lemma 3.12 we need a version of the Frobenius theorem.
For this purpose we introduce some terminology, see [11, Section 14]
for more details. A k-plane field on a manifold M is a rule I' which
associates to each point p in M a k-dimensional subspace I', of T, M,
such that I'), varies smoothly with p. A vector field X on M is called a
section of I' if X (p) € T, for any p. A k-plane field I' is called involutive
if for any V, W which are sections of ', also the Lie bracket [V, W] is a
section of T'.
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THEOREM. (Frobenius) If T' is an involutive k-plane field, then
through any point p in M there is an integral manifold S of T (that
is, S is a k-dimensional submanifold of M with I'|g = TS).

The other tool that is needed is a special local coordinate system
called semigeodesic coordinates. The usual geodesic normal coordinates
are obtained by following geodesic rays starting at a given point. Semi-
geodesic coordinates are instead obtained by following geodesics which
are normal to a given hypersurface S. On manifolds with boundary,
semigeodesic coordinates where S is part of the boundary are called
boundary normal coordinates.

LEMMA 3.15. (Semigeodesic coordinates) Let p € M and let S be a
hypersurface through p. There is a chart (U,z) at p such that SNU =
{z1 = 0}, the curves x1 — (x1,2’) correspond to normal geodesics
starting from S, and the metric has the form

g(z1,2') = ( (1J go(a:?,w’) ) '

The inverse of the map (x1,2") + expyn(T1N(q(2'))) gives such a
chart, where ' — q(z') is a parametrization of S near p and N is a
unit normal vector field of S.

EXERCISE 3.6. Prove this lemma.

ProOF OF LEMMA 3.12. 7 = 7 Let X be unit parallel, and let
[' be the (n — 1)-plane field consisting of vectors orthogonal to X. If
V, W are vector fields orthogonal to X then

(V,W], X) = (DyW — DyV, X) = V(W, X) = W(V, X) =0

using the symmetry and metric property of the Levi-Civita connection
and the fact that X is parallel. This shows that I'" is an involutive
(n — 1)-plane field.

Fix p € M, and use the Frobenius theorem to find a hypersurface S
through p such that X is normal to S. If 2’ — ¢(2’) parametrizes S near
p, then (71,2') — exp,,(v1X(q(2"))) gives semigeodesic coordinates
near p such that 0 is the tangent vector of a normal geodesic to S and

glx1,2') = < é gg(w?,if/) ) '
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Now the integral curves of X are geodesics (if 4(t) = X (y(¢)) then
Dsy¥(t) = Dy X (y(t)) = 0), which shows that X = 0;. It remains
to prove that go(z1,’) is independent of x;. But for j, k > 2 we have

8lgjk = 81<8j7 ak> = <D618j7 ak> + <aj7 D318k>
— <D8j81,ak> + <8j, D8k01> — 0
since Dy, 0, — Dy,0y = [01, 0] = 0 and since 0, = X is parallel.
7 <" Exercise. O

EXERCISE 3.7. Prove the converse direction in Lemma 3.12.



CHAPTER 4

Carleman estimates

In the previous chapter we introduced limiting Carleman weights
(LCWSs), motivated by the possibility of constructing special solutions
to the Schrédinger equation (—A, 4+ V)u = 0 in M having the form

u=e*Ma+r)

where ¢ is an LCW, A > 0 is a small parameter, and the correction
term 7 converges to zero as h — 0. The arguments involved solving
inhomogeneous equations of the type

(4.1) (A, + V)T = f in M
with the norm estimate
|7 le2ary < Ch| flle2ary, 0 < h < he.

We then gave a definition of LCWs based on an abstract condition
on the vanishing of a Poisson bracket and proved that on a simply
connected open manifold (M, g), by Theorem 3.1 and Lemma 3.13,

¢ is an LCW in (M, g)
<= Vg, is unit parallel in (M, ég) for some & > 0

= locally in some coordinates ¢(z) = x; and g = c(e & go).

On the last line, the notation means that ¢ !¢ is the product of the
Euclidean metric e on R and some (n — 1)-dimensional metric go.

In this chapter we will show that the existence of an LCW indeed
implies the solvability of the inhomogeneous equation (4.1) with the
right norm estimates. We will prove this under the extra assumption
that the metric has the product structure g = c(e® go) globally instead
of just locally. Following [10], this assumption makes it possible to
use Fourier analysis to write down the solutions in a rather explicit
way. See [4, Section 4] for a different (though less explicit) proof based
on integration by parts arguments as in Section 3.1, which does not
require the extra assumption on global structure of g.

59
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4.1. Motivation and main theorem

As usual, we will first consider solvability of the inhomogeneous
equation in the Euclidean case. Here and below we will consider a
large parameter 7 = 1/h instead of a small parameter. This is just a
matter of notation, and this choice will be slightly more transparent
(also the Fourier analysis proof will allow us to avoid semiclassical
symbol calculus for which a small parameter would be more natural).

MoTIVATION. Consider the analog of the equation (4.1) in R with
the LCW ¢(x) = 21 and with V' =0,
e (=A)e ™y = f inR"™
Noting that e™ De™ ™ = D 4 i7e; where D = —iV, we compute
e (—A)e ™ = (D+ite;)* = —A+279; — 2. The equation becomes
(—A+270, —T)u=f inR"

The operator on the left has constant coefficients, and one can try to
find a solution by taking the Fourier transform of both sides. Since
(Dju) (&) = &u(€), this gives the equation

(1€)? + 2i7€, — 72)a(€) = f(¢) in R™

Thus, one formally obtains the solution

u-s{sfe]

where p(€) := [£|> — 7% + 2i7&;. The problem is that the symbol p(€)
has zeros, and it is not immediately obvious if one can divide by p(€).
In fact the zero set of the symbol is a codimension 2 manifold,

p~(0)={¢ eR™; [¢] = |7|, & =0},

It was shown in [19] after a careful analysis that one can indeed justify
the division by p(&) if the functions are in certain weighted L? spaces.
Define for 6 € R the space

L3(R") := {f € Lic(R"); (1 + [a*)2f € L*(R™)}.

loc

The result of [19] states that if —1 < § < 0, then for any f € L3, (R")
this argument gives a unique solution u € L3(R™) with the right norm
estimates.
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It turns out that a similar Fourier analysis argument will also work
in the Riemannian case if the metric is related to the product metric
on R x Mj. One can then use the ordinary Fourier transform on R, but
on the transversal manifold M, the Fourier transform is replaced by
eigenfunction expansions. Also, since the spectrum in the transversal
directions is discrete, it turns out we can easily avoid the problem of
dividing by zero just by imposing a harmless extra condition on the
large parameter 7.

In this chapter we will be working in a cylinder 7" := R x M, with
metric g := c¢(e @ go), where (M, go) is a compact (n — 1)-dimensional
manifold with boundary and ¢ > 0 is a smooth positive function. We
will write points of T" as (x1,2’) where z; is the Euclidean coordinate
on R and ' are local coordinates on My. Thus g has the form

N 1 0
g(xl,ac) - C(QZ) < 0 g0<x/) :
Note that these coordinates and the representation of the metric are
valid globally in x; and locally in Mj.

We denote by L*(T) = L*(T,dV,) the natural L? space on (T, g).
The local L? space is

Ly (T) :={f; f € L*(|-R, R] x M,) for all R > 0}.
Writing (z) = (1 + |z|?)'/2, we define for any § € R the polynomially
weighted (in the x; variable) spaces
LH(T) = {f € Line(T): {x1)°f € L*(T)},
Hy(T) = {f € L{(T); df € L}(T)},
Hso(T) = {f € H;(T); flrxas, = 0}.

These have natural norms

12y = @)’ Fll 2y,
1 ey == 1z Fllzery + 1(@0) df |2y

More precisely, L3(T) and Hj(T) are the completions in the respective
norms of the space {f € C>®(T); f(x1,2") = 0 for |z;| large}, and
H;jo(T) is the completion of CZ°(T™) in the Hy(T') norm.

If ¢ has the special form given above, p(z) = x; is a natural LCW.
We denote by A, and Ay the Laplace-Beltrami operators in (7', g) and
(Mo, go), respectively. The main result is as follows.
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THEOREM 4.1. (Solvability and norm estimates) Let 6 > 1/2, as-
sume that c(xqy,2") = 1 for |x1| large, and let V' be a complex function
in T with (x,)?°V € L>(T). There exist Cy, 7o > 0 such that whenever

7| > 7 and 7% ¢ Spec(—A,,),

then for any f € L3(T) there is a unique solution u € H!;(T) of the
equation

e (A, +V)eTTu=f inT.
This solution satisfies
Co
7l

lullze oy < Coll fll L2y

HU|’L35(T) < HfHLg(T);

Here Spec(—A,,) is the discrete set of Dirichlet eigenvalues of —A,
in (My, go). The extra restriction 72 ¢ Spec(—A,,) allows us to avoid
the problem of dividing by zero. One can always find a sequence of
7’s converging to plus or minus infinity which satisfies this restriction,
which is all that we will need for the applications to inverse problems.
Typically, if we consider an inverse problem in a compact manifold
(M, g) with boundary, Theorem 4.1 will be used by embedding (M, g) in
a cylinder (T, g) of the above type and then solving the inhomogeneous
equations in the larger manifold (7', g).

Let us formulate some open questions related to the above theorem
(some of these questions should be quite doable).

QUESTION 4.1. Prove an analog of Theorem /4.1 without the restric-
tion 72 ¢ Spec(—Ay,) by using slightly different function spaces.

QUESTION 4.2. (Exzistence of LCW implies global product structure)
Find conditions on a manifold (M, g) such that the existence of an LCW
on (M, g) would imply that (M, g) CC (T, g) for a cylinder as above.

QUESTION 4.3. (Operators with first order terms) Prove an analog
of Theorem 4.1 when the operator —Ay,+V is replaced by —Ay+2X +V
where X is a vector field on T with suitable reqularity and decay.

4.2. Proof of the estimates

We begin the proof of Theorem 4.1. The first step is to observe
that it is enough to prove the result for ¢ = 1. Note that the metric in
T is of the form cg where g = e @ gp is a product metric.
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LEMMA 4.2. (Schréidinger equation under conformal scaling) If ¢ is
a positive function in (M, g) and V' is a function in M then
(=D + V) T0) = (A5 + [V = T AL ().
EXERCISE 4.1. Prove the lemma.

Suppose now that Theorem 4.1 has been proved for the metric g =
e ® go. For the general case g = ¢g, we need to produce a solution of

e (=Agz+V)eT™u=f inT.

We try u = ¢~ "7 v for some v. By Lemma 4.2, it is enough to solve

n+2

e (=Ag + [V — chHAg(c_nTﬁ)])e_mlv =c+ f inT.

—2

But since ¢ = 1 for |z| large, the potential V := ¢V — chﬁAg(c’nT)
has the same decay properties as V (that is, V € (21)2L>°(T)). The
right hand side f := chHf is also in LZ(T) like f, so Theorem 4.1
for g implies the existence of a unique solution v. Since u = T
the solution u belongs to the same function spaces and satisfies similar
estimates as v, and Theorem 4.1 follows in full generality.

From now on we will assume that ¢ = 1 and that we are working

in (T, g) where g = e @ gy, or in local coordinates

=48

Since |g| only depends on z’, the Laplace-Beltrami operator splits as
A, =07 + Ay
Similarly, using that e™*Dye™ "' = D; + i1, the conjugated Laplace-
Beltrami operator has the expression
e (=Ag)e” ™ = (D1 + iT)Q — Ay,
=07 +270, — 72 — A,

Assuming that V' = 0 for the moment, the equation that we need to
solve has now the form

(4.2) (=07 +270, — > = Ay)u=f inT.

As mentioned above, we will employ eigenfunction expansions in
the manifold M, to solve the equation. Let 0 < A\; < Ay < ... be
the Dirichlet eigenvalues of the Laplace-Beltrami operator —Ay in
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(Mo, go), and let ¢; be the corresponding Dirichlet eigenfunctions so
that

—ANgor = N¢y in M, ¢ € Hy(My).
We assume that {¢;}7°, is an orthonormal basis of L?(My). Then, if
[ is a function on T such f(zy, -) € L*(M) for almost every x;, we
define the partial Fourier coefficients

(4.3) [, 1) = y f@y, 2 ) (a) dVi, (2').

One has the eigenfunction expansion
fla,a') =" flan, D)
=1

with convergence in L?(M,) for almost every ;.

MoTIVATION. Formally, the proof of Theorem 4.1 now proceeds as
follows. We consider eigenfunction expansions

u(zy,2') = Zﬂ(iﬁla Do), flar,a’) = Z JE(IL D).

Inserting these expansions in (4.2) and using that —Ay ¢, = A\, results
in the following ODEs for the partial Fourier coefficients:

(4.4) (=0% 4 270, — 72+ N)a(-, 1) = f(-,1) forall L.

The easiest way to prove uniqueness of solutions is to take Fourier
transforms in the x; variable. If the ODEs (4.4) are satisfied with zero
right hand side, then with obvious notations

(&2 4+ 2it& — T34+ N)a(€,1) =0 for all .

Now if the symbol p(&;,1) := &2 +2i7&; — 72+ \; would be zero, looking
at real and imaginary parts would imply & = 0 and 72 = );. But
the condition 72 ¢ Spec(—A,,
p(&1,1) is nonvanishing, and we obtain u(&;,l) = 0 and consequently
u = 0. This proves uniqueness.

) shows that this is not possible. Thus

To show existence with the right norm estimates we observe that
—0? + 270, — 72 = —(0; — 7)?, and we factor (4.4) as

(01 — 7 — VAN (O — T+ VNl -, 1) = —f(-,1) forall L.
The Fourier coefficients of the solution u are then obtained from the
Fourier coefficients of f by solving two ODEs of first order.
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After this formal discussion, we will give the rigorous arguments
which lie behind these ideas. Let us begin with uniqueness.

PROPOSITION 4.3. (Uniqueness for V.= 0) Let u € Hjo(T) for
some 0 € R, let 72 ¢ Spec(—A,,), and assume that u satisfies

(=07 +270, — 7> = Ay)u=0 inT.
Then u = 0.

PrROOF. The condition that u is a solution implies that
/ u(—07 — 210 — 7% — Ay )b dV, =0
T

for any ¢ € C(T™). We make the choice ¢(x1,2") = x(@1)di;(2)
where x € C2(R) and ¢y; € C(MIM™) with ¢; — ¢ in H' (M) as
j — o0o. The last fact is possible since ¢; € H}(My). Now g = e & go,
so we have for any w

/deg:/ / w(zy, 2") dVy, (2') day.
T —oo J My

Thus, with this choice of ¥ we obtain that

as [(f (e, ) 1) (=83 ~ 201 = () do

OO i /Z (/]\/IOU(:Eh ')(_Ago@j)dvgo) x(21) dzy = 0.

Note that u(zy, -) € HY(My) for almost every x;, because of the
assumption u € Hj(T') and the facts

| o) e, sy dor = lullsger < oo,

o0

[ee}
/ )PV g u(zr, B 21 = [Vootll 2y < 00.

oo

Since —A,, is an isomorphism Hj(Mo) — H*(M,), we have

/ u(xh ' )¢l] d‘/go — a(xlal>7
My

[t =) d, = Nt
My
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as j — oo for any 1 such that u(xy, -) € Hj(Mp). Dominated conver-
gence shows that we may take the limit in (4.5) and obtain

/ iz, 1) (=07 — 2701 — 72+ \)x (1) dry =0 for all [.

o0

The condition u € L2(T) ensures that a(-,l) € (-)°L%*(R), and the
last identity implies

(—312‘1‘27'31—72—1-/\;)@(-,1):0 for all [.

It only remains to take the Fourier transform in z; (which can be done
in the sense of tempered distributions on R), which gives

(€2 +2ir¢, — 2+ N)a(-,1) =0 for all I.

The symbol &§ +2i7&; — 7%+ )\, is never zero because 72 ¢ Spec(—A4,, ).
Thus a(-,1) = 0 for all [, showing that u(xy, -) = 0 for almost every
21 and consequently u = 0. U

As discussed above, the existence of solutions will be established via
certain first order ODEs. The next result gives the required solvability
results and norm estimates. Here LZ(R) is the space defined via the
norm | f{|rzm) = 1{(z)° f|| z2(r), and .#’(R) is the space of tempered
distributions in R.

PROPOSITION 4.4. (Solvability and norm estimates for an ODE)
Let a be a nonzero real number, and consider the equation

v —au=f R

For any f € '(R) there is a unique solution u € %' (R). Writing
S.f = u, we have the mapping properties

S, :L3(R) — Li(R) for all 6 € R,

S, :L'(R) — L*(R),
and the norm estimates

Cs
Soflle < —
|| f“L(S = ’CL‘

1Safllze, < Csllfllz ifas#0andd>1/2,
[Safllzoe < [Ifllzr-

Ifllzz i la| =1 and 6 € R,
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PROOF. Step 1. Let us first consider solvability in .”(R). Taking
Fourier transforms, we have

~

v —au=f<= (i€—a)i=f
= u=F {m()f ()}

with m(&) := (i€ — a)™'. Since a # 0 the function m is smooth and its
derivatives are given by m® (&) = (—4)*k!(i€ — a)~*~!. Therefore

(4.6) |m® || e < Kla|*7Y, k=0,1,2,....

Thus m has bounded derivatives and v — muv is continuous on . (R).

It follows that S, f := .Z {m(€)f(€)} produces for any f € .#/(R) a
unique solution in ./(R) to the given ODE.

Step 2. Let f € L3(R) where 6 € R. We will use the following
Sobolev space facts on R: if ||m]|yyee = Z?ZOHm(j)HLw then

(4.7) ollas = [1€-)70llz2 = N1oll.z,

(4.8) lmu|| s < Csllm||wree||v]| s when & > |d].
Then for k& > |9

150tz = 17~ {Saf Hlns = @m) 7 (mf) (=)o
< C5(2m)~ mllwnee | (=)l s
= Gsllmllwree [ Fl3-
This proves that S, maps L? to itself. If additionally |a| > 1, the
estimates (4.6) imply
Cs

lal

[Safllrz < —I1f 2.

Step 3. Let f € L'(R), and let a > 0 (the case a < 0 is analogous).
To prove the L' — L*> bounds we will work on the spatial side and
solve the ODE by using the standard method of integrating factors. In
the sense of distributions

W —au=f<+<=ve ™ —aue ™ = fe ™

> (ue™ ™) = fe .
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Integrating both sides from z to oo (here we use that a > 0 so e~ is

decreasing as t — 00), we define

u(z) = — /OO f(t)e =2 qt.

Since |e=**=?)| < 1 for t > w, uniformly over a > 0, we see that
llul|pee < || f]lz1. Since u clearly solves the ODE we have u = S, f by
uniqueness of solutions. This shows the mapping property and norm
estimates of S, on L'.

Step 4. Finally, let f € L2(R) with 6 > 1/2. It remains to convert
the L' — L estimate to a weighted L? estimate. Using that

([0

for 6 > 1/2, we have

Isofliz, = (- 1ssor ) i

[e.9]

< sl Safllze
< sl fllzs

6 / Ty eI de

o

< sl fllee.

The last inequality follows by Cauchy-Schwarz. U
EXERCISE 4.2. Verify the Sobolev space facts (4.7), (4.8).

REMARK 4.5. We will employ the L} — L? estimate when |a| > 1.
The proof shows that when a is small then the constant in this estimate
blows up. This is why we need the L? — L?; estimate for § > 1/2,
with constant independent of a. The method for converting an L' —
L™ estimate to a weighted L? estimate arises in Agmon’s scattering
theory for short range potentials. The weighted L? estimate is more
convenient for our purposes than the stronger L' — L estimate since
the weighted L? spaces will make it possible to use orthogonality.

We can now show the existence of solutions to the inhomogeneous
equation with no potential.
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PROPOSITION 4.6. (Existence for V.=10) Let f € L3(T) where 6 >
1/2. There is Cy > 0 such that whenever |7| > 1 and 72 ¢ Spec(—A,),
then the equation

(4.9) (=07 +270, —° = Ay)u=f inT

has a solution u € Hla,o(T> satisfying

lellz2 ey ST |”f||L2
[ullz ) < Coll fllez ey

PRrOOF. Step 1. We begin with a remark on orthogonality. Since
[ € L3(T), we know that f(z1, -) € L*(My) for almost every ;. Then
for such x; the Parseval identity implies

fay,a) |2 dVgy( f(z1,0)
o [ Vi Z| :

Here f(z1,1) are the Fourier coefficients (4.3). It follows that

22 — > 20 7 ! QdVQO /) d
3y = |~ ([ 1P vy (@) ) oy

—00

[ <Z|f<x1,m2> dr,

= Z:: ||L2

In the last equality, we used Fubini’s theorem which is valid since
the integrand is nonnegative. In particular, this argument shows that
f(-,1) € LZR) for all [, and that the last sum converges.

Step 2. From now on we assume that 7 > 0 (the case 7 < 0 is
analogous). Motivated by the discussion before (4.4), we will show
that for any [ there is a solution a(-,l) € L*4(R) of the ODE

(4.10) (=02 + 270, — T2+ \)a(- 1) = f(-,1)

satisfying the norm estimate

_ Co 7
(4.11) @, Dllzz @) < T_'_\/x”f('»l)HLg(R)
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In fact, using the factorization to first order equations given after (4.4),
the ODE for a(-,1) becomes

(0 =7 = V)0 =7+ VAl 1) = —F(-, ).

Since f(-,1) € L3(R), Proposition 4.4 shows there is a unique solution
given by

(412> ﬁ(?“ = _ST—\/)\TST—&-\//\TL]F('?Z)'

Since 7 — /A, # 0 and 7 + /A, > 1 by the assumptions on 7, the
estimates in Proposition 4.4 yield (4.11).

Step 3. With a(-,[) as above, define

,’L’l, E x17

=1

Our objective is to show that as N — oo, uy converges in L% 4(T') to a
function u which is a weak solution of the equation (4.9) and satisfies

0
el zz oy < N llzeny

If N' > N, the orthogonality argument in Step 1 and the estimate
(4.11) show that

N’'—1 2 N'—1
w1y = 310Dl ()an DliZsy

Since f € L3(T) the last expression converges to zero as N, N’ — oc.
This shows that (uy) is a Cauchy sequence in L? 4(T'), hence converges
to a function u € L?4(T).

Using that —Aj ¢, = \i¢y, we have by (4.10)

N
(=07 + 270, — 7% — Ay )uy = Z(—E)Q + 270, — 72+ )iz, Dy ()

=1

N
E xla

The right hand side converges to f in L3(T) as N — oco. Integrating
against a test function in C°(T™) we see that u is indeed a weak
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solution of (4.9). The norm estimate follows from orthogonality and
(4.11):

fulls ) = §]w Dl < (2 )}]u Dl

0 2
s(7)um%m-

Step 4. It remains to show that v € H!;,(T) and
lull a1,y < Coll fll L2y

This can be done by looking at the first order derivatives in x; and z’
separately. By the definition (4.12) of a(-,l) (where of course S,
and S, 5 can be interchanged) and the definition of S,, we have

Al -, 1) = (1 + VNl ST_\/ylf(-,l).
Then (4.11) and Proposition 4.4 imply

[ova(-, Dlrz @ < 00||f('7l)||L§(R)

Orthogonality shows that [|0vul|rz (1) < Coll fll2(r)
For the 2’ derivatives we use the exterior derivative d,, in (Mg, go).
Since uy vanishes on R x dM,, we have

ldzrunlZ2 r) _/ (1) (dprun, dortin) a, dy

—0o0

:/ (1) (= Agoun), Un) agy dy

,OO N
/ le VRN, )| day

=1

N
Z jad HL2 (R)

Orthogonality and (4.11) give the estimate Hdm/UNH%g&(T) < C’OHfHQLg(T).
An argument using Cauchy sequences shows that d,uy converges in
L?5(T), hence also dyu € L2 §(T) and ||dyull 2 7y < Collfllz2n)

We have proved that u € H';(T') with the right norm estimate. It
is now enough to note that uy € HE&O(T), and the same is true for
the limit u since this space is closed in H'4(T). O
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We have now completed the proof of Theorem 4.1 in the case where
c =1and V = 0. In fact, the combination of Propositions 4.3 and
4.6 immediately shows the existence of a solution operator G, for the
conjugated Laplace-Beltrami equation with metric ¢ = e @ gp.

PROPOSITION 4.7. (Solution operator for V.= 0) Let 6 > 1/2. If
7| > 1 and 7% ¢ Spec(—A,,), there is a bounded operator

Gr: Lj(T) — Hls4(T)
such that u = G- f is the unique solution in H! ;(T) of the equation
e (=Aye ™Mu=f inT.

This operator satisfies

G fllz2 () | ‘Hf”LQ
|Gl ) < Coll fllzzeny

It is now an easy matter to prove Theorem 4.1 also with a nonzero
potential V' by using a perturbation argument.

PrROOF OF THEOREM 4.1. We assume, as we may, that ¢ = 1. Let
us first consider uniqueness. Assume that u € H';,(T') satisfies

e (=Ay+V)eT™u=0 inT.
This can be written as
e (=Ay)e ™u=—-Vu inT.

By the assumption (z;)?V € L>(T), the right hand side is in L(T).
The uniqueness part of Proposition 4.7 implies

u=—G.(Vu).
The norm estimates for G, give

Col[(z1)®V || oo 1)

[ullz2 () < lullz2 , (1)-
7]
Thus, if we choose
(4.13) 7 := max(2C, || (x1)* V|| zoo 1), 1),
then the condition |7| > 7o will imply [|ul|z2 () < llull 2 4(7)» showing

that u = 0.
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As for existence, we seek a solution of the equation
e (=Ay+V)eT™u=f inT
in the form u = G, f for some f € L2(T). Inserting this expression

in the equation and using that G, is the inverse of the conjugated
Laplace-Beltrami operator, we see that f should satisfy

(Id+VG.)f=f inT.
Now if |7] > 75 with 79 as in (4.13), we have

Coll{@1)*° V|| oo (r
VGl 2y 2y < )

1

< —.

7l ~ 2
Thus Id + VG, is invertible on LZ(T), with norm of the inverse < 2.
It follows that u := G, (Id + VG,)~'f is a solution with the required

properties. O

EXERCISE 4.3. Prove that the solution construction in Theorem 4.1
is in fact in H25(T') and satisfies |Jul| g2, (1) < Col7|[| fllL2(r)-

EXERCISE 4.4. Prove Theorem 4.1 in the more general case where
the Schrodinger operator —A, + V with (21)*V € L*°(T) is replaced
by a Helmholtz operator —A, + V — k? where k > 0 is fixed.






CHAPTER 5

Uniqueness result

In this chapter we will prove a uniqueness result for the inverse
problem considered in the introduction. The result will be proved for
the case of the Schrédinger equation in a compact manifold (M, g).
The method, as discussed in Chapter 3, is to show that the set of
products {ujus} of solutions to two Schrédinger equations is dense in
LY(M). The special solutions which will be used to prove the density
statement have the form

u= e (m 4 1y).

The starting point for constructing such solutions is an LCW ¢.
For this reason we will need to work in manifolds which admit LCWs.
Thus we will assume that (M, g) is contained in a cylinder (7', g) where
T =Rx My and g = c(e®go), which is roughly equivalent to M having
an LCW by the results in Chapter 3.

However, the existence of an LCW is only a starting point for the
solution of the inverse problem. One also needs construct the term m so
that e™™¥m is an approximate solution, which can be corrected into an
exact solution by the term ry obtained from solving an inhomogeneous
equation as in Chapter 4. Finally, one needs to do this construction
so that the density of the products {ujus} can be proved by using the
special solutions. In Euclidean space one typically employs the Fourier
transform, which is not immediately available in (M, g).

We will use a hybrid method which involves the Fourier transform
in the z; variable where it is available, and integrals over geodesics in
the 2’ variables. In fact, we will choose the functions m to concentrate
near fixed geodesics in (My, go). The uniqueness theorem will then rely
on the result that a function in M, can be determined from its integrals
over geodesics. At present, such a result is only known under strong
restrictions on the geodesic flow of (My, go). One such restriction is
that (Mo, go) is simple, meaning roughly that any two points can be
connected by a unique length minimizing geodesic.

75
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Leaving the precise definition of simple manifolds to Section 5.2,
we now define the class of admissible manifolds for which we can prove
uniqueness results for inverse problems. There are three conditions:
the first one requiring the dimension to be at least three (the case
of 2D manifolds requires quite different methods), the second stating
that the manifold should admit an LCW, and the third stating that
the transversal manifold (M, go) satisfies a restriction ensuring that
functions are determined by their integrals over geodesics.

DEFINITION. A compact manifold (M, ¢g) with smooth boundary is
called admissible if

(a) dim(M) > 3,

(b) (M,g) cC (T,g) where T = R x My and g = c¢(e & go) with
¢ > 0 a smooth positive function and e the Euclidean metric
on R, and

(¢) (Mo, go) is a simple (n — 1)-dimensional manifold.

The main uniqueness result is as follows. Recall that we implicitly
assume that all DN maps are well defined.

THEOREM b5.1. (Global uniqueness) Let (M,g) be an admissible
manifold, and assume that Vi and Vy are continuous functions on M.
If Ngvi = Agyv,y, then Vi = Vs,

In fact, it is enough to prove the theorem for admissible manifolds
where the conformal factor is constant and V; and V; are in C,(M™).
In the proofs below, we will work under these assumptions. We now
give a sketch how to make this reduction.

Suppose (M, g) is admissible and g = ¢g with § = e®gy, and assume
that Agyv, = Ay ;. Note that we are free to assume that ¢ = 1 outside
a small neighborhood of M in T'. A boundary determination result [4,
Theorem 8.4] shows that V;|sn = Va|ons. Extending V4, V5 to a slightly
larger admissible manifold (M, g) so that ¢ = 1 and V; = V, = 0 near
OM, it is not hard to see that A,y, = A,y, for the DN maps in (M, g).
Now by the conformal scaling law for A, it holds that

Ac.ga‘/j = Ag7c(‘/j_q0)

where ¢. = chﬁAcg(c_nTﬁ). Thus Az, = Agy, for the DN maps in
(M, g), which completes the reduction.
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5.1. Complex geometrical optics solutions

Here we will construct the special solutions, also called complex
geometrical optics solutions, to the Schrodinger equation. The first
step is to construct approximate solutions

uy = e "%a

where 7 > 0 is a large parameter, € C°(M) is a complex function
(the complex phase), and a is smooth complex function on M (the
complex amplitude). Note that we have replaced the real function ¢
with a complex function ®. In fact the real part of ® is later taken to
be an LCW .

We extend the inner product (-, -) as a C-bilinear form to complex
tangent and cotangent vectors. This means that for §,n,¢',n' € Ty M,

(E+in, & +in) = (&) — ) +il{&n) + (0.€)).

Note that (-, -) is not a Hermitian inner product, since there are
nonzero complex vectors whose inner product with itself is zero.

With this notation, we have the following analog of the computation
in Lemma 3.2 (just replace ¢ by ®).

LEMMA 5.2. (Expression for conjugated Schridinger operator)

e (—A, +V)e Ty = —73{d®, dP)v
+ 7 [2(dD, dv) + (A,P)v] + (A, + V)v.

Note that this result gives an expansion of the conjugated operator
e™®(—A,+V)e ™ in terms of powers of 7. We will look for approximate
solutions 1y = e "®a such that the terms with highest powers of 7
go away. This leads to equations for ® and a, and also an equation
for the correction term ry when one looks for the exact solution w

corresponding to ug. The next result follows from Lemma 5.2.

PROPOSITION 5.3. (Equations) Let (M, g) be a compact manifold
with boundary and let V € L®(M). The function u = e "®(a + ry) is
a solution of (—Ay+ V)u =0 in M, provided that in M
(5.1) (d®,dd) =0,

(5.2) 2(d®, da) + (AyP)a =0,
(5.3) (A, +V)e g = (A, — V)a.
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The last result is analogous the (real) geometrical optics method,
or the WKB method, for constructing solutions to various equations.
The main difference to the standard setting is that we need to consider
complex quantities. Here (5.1) is called a complex eikonal equation,
that is, a certain nonlinear first order equation for the complex phase
®. The equation (5.2) is a complex transport equation, which is a linear
first order equation for the amplitude a. The last equation (5.3) is an
inhomogeneous equation for the correction term ry.

Writing & = ¢ + i1 where ¢ and ¢ are real, the equation (5.3)
becomes

(=D, + V)e ™ (e ) = e V(A — V)a.

This equation can be solved by Theorem 4.1 if ¢ is an LCW and the
manifold has an underlying product structure. Using that 1) is real we
have [[e=v||L2(ar) = [|v]|z2(an), SO the terms e will not change the
resulting L? estimates.

We now assume that (M, g) is admissible, and further that ¢ = 1
which is possible by the reduction above. Thus (M, g) is embedded
in the cylinder (T, g) where T'=R x My and g = e @ go, and further
(My, go) CC (U, go) with (U, go) simple. In the coordinates z = (1, '),

an=(4 h)

We also assume that Re(®) = ¢ where ¢(z1,2) := ;1 is the natural
LCW in the cylinder.

Eikonal equation. Writing ® = ¢ + ) where ¢ and 9 are real
valued, the complex eikonal equation (5.1) becomes the pair of equa-
tions

(5.4) |dy|* = |del?,  (dip, di) = 0.

Using that ¢(x) = x; and the special form of the metric, these equa-
tions become

|d]* =1, 0y =0.

The second equation just means that v should be independent of z1,
that is, ¢ = ¢(2’). Thus we have reduced matters to solving a (real)
eikonal equation in Mj:

[dyl> =1 in M.
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Such an equation does not have global smooth solutions on a general
manifold (My, go). However, in our case where (My, go) is assumed to
be simple (see Section 5.2), there are many global smooth solutions. It
is enough to choose some point w € U . M and to take

¢($1,7”, 0) = ww('xhra 9) =r

where (r, 0) are polar normal coordinates in (U, go) with center w. Since
|dr|4, = 1 on the maximal domain where polar normal coordinates are
defined (excluding the center), this gives a smooth solution in M.

In fact, if = (21,7, 60) are coordinates in 7" where (r,6) are polar
normal coordinates in (U, go) with center w, then the form of the metric
go in polar normal coordinates shows that

(5.5) g(xy,r,0) =

S O =
S = O

g1 (7“, 0)

for some (n — 2) x (n — 2) positive definite matrix g;. This gives the
coordinate representation

O(xq,7,0) = P (x1,7,0) := 21 + 01

REMARK 5.4. For n = 2 the complex eikonal equation, which is
equivalent to the pair (5.4), just says that ¢ and 1 should be (anti)-
conjugate harmonic functions, so that ® should be (anti)holomorphic.
In dimensions n > 3 solutions of the complex eikonal equation can be
considered as analogs in a certain sense of (anti)holomorphic functions.
In our setting, using the given coordinates, ® is just x; 4 ir which can
be considered as a complex variable z and hence also as a holomorphic
function.

Transport equation. Having obtained the complex phase & =
@ + 1) = x1 + or, it is not difficult to solve the complex transport
equation. Using the coordinates (z1,7,6) and the special form (5.5) for
the metric, we see that

(d®, da) = ¢’%0;®0,a = (01 +1i0,)a
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and
A, = |g|720;(19)"2 g™ Op (1 + ir))
= |g|"?0,(|g|"/*4)

1 .
= 501 +i0,)(log |g]).
The transport equation (5.2) now has the form
(01 4 10,)a + (01 + 10,)(log |g|"*)a = 0.

Multiplying by the integrating factor |g|'/*, we obtain the equivalent
equation

(04 i0,)(|g|"*a) = 0.
Thus the complex amplitudes satisfying (5.2) have the form

‘71/4

a(xy,r,0) =g ao(wy,1,0)

where ag is a smooth function in M satisfying (0; + i9,.)ag = 0.

Inhomogeneous equation. Given ® and a, the final equation
(5.3) in the present setting becomes

e (=Ay+V)e T e ry) = f in M

where f := e (A, — V)a. We extend V and f by zero to T, and
consider the equation

e (=Ay+V)e ™o =f inT.

If |7] is large and 72 ¢ Spec(—A,,), this equation has a unique solution
v € H5(T) by Theorem 4.1. It satisfies for any ¢ > 1/2

Co
[oll2 (1) < HHfHL%(T)-

Define ry := €™ v|p;. Then ro € H'(M) and
Co
I7oll z2(an) < WHGHH%M)-

Also, rq satisfies (5.3) by construction.
We collect the results of the preceding arguments in the next propo-
sition.
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PROPOSITION 5.5. (Complex geometrical optics solutions) Assume
(M, g) is an admissible manifold embedded in (T, g), where T = R x My
and g = e ® go and where (My, go) CC (U, go) are simple manifolds.
Let also V€ L>*(M). There are Cy, 79 > 0 such that whenever

7| > 70 and 72 ¢ Spec(—Ay,),

then for any w € U ~ My and for any smooth function ag in M with
(01 4+ 10,)ag = 0, where (x1,r,0) are coordinates in M such that (r, )
are polar normal coordinates in (U, go) with center w, there is a solution

—T(x1+i7“)< ’—1/4

Qo + ’I"())

u=e lg

of the equation (—A, + V)u =0 in M, such that
Co

I7ollz2(ary < HHGOHH%M)-
We can now complete the proof of Theorem 5.1, modulo the follow-
ing statement on the attenuated geodesic ray transform which will be

discussed in the next section.

THEOREM. (Injectivity for the attenuated geodesic ray transform)
Let (Mo, go) be a simple manifold. There ezists € > 0 such that for any
A € (—¢,¢), if a function f € C(My) satisfies

/ e F(4(t)) dt

~

for any mazimal geodesic v going from OMy into My, then f = 0.

PrROOF OF THEOREM 5.1. We make the reduction described after
Theorem 5.1 to the case where ¢ = 1 and Vi,Vy € C.(M™). The
assumption that Agy, = A, v, implies that

M

for any u; € H' (M) with (—A, + V;)u; =0 in M.

We use Proposition 5.5 and choose u; to be solutions of the following
form. Let w be a fixed point in U \ My, let (x1,7,6) be coordinates
near M such (r,0) are polar normal coordinates in (U, go) with center
w, and let X\ be a fixed real number and b = b(f) € C°°(S"?) a fixed

function. Then, for 7 > 0 large enough and outside a discrete set, we
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can choose u; of the form
U = 677-(:1:1+ir)(|g|71/4ei)\(ml+ir)b(6) + rl)’

Uy = eT(x1+ir)( ’—1/4

g +ra).

Note that the functions e*(*1+7)p() and 1 are holomorphic in the
(x1,r) variables, so we indeed have solutions of this form. Further,
Il 2y < €.

Inserting the solutions in the integral identity and letting 7 — oo
outside a discrete set, we obtain

/ (vl _ ‘/2)|g|71/2€i)\(x1+ir)b(9) dvg = 0.
M

Since V; and V5 are compactly supported, the integral can be taken
over the cylinder T'. Using the (x1,r,6) coordinates in T" and the fact
that dV, = |g(z1,7,0)|"/? dxy dr df, this implies that

/ { / / (Vi — Va)(z1,7,0)e ™) day dr | b(6) df = 0.
Sn—2 —00 J0

The last statement is valid for any fixed b € C°°(S"~2). We can choose b
to resemble a delta function at a fixed direction 6, in S"~2, and varying
b will then imply that the quantity in brackets vanishes for all 6. This
is the point where we have chosen the solution u; to approximately
concentrate near a fixed geodesic, corresponding to a fixed direction in
S™=2in the transversal manifold (M, go)-

We have proved that

/ e {/ (Vi = Va) (a1, 7,0)e dy | dr =0, for all 6.
o _

Denote the quantity in brackets by fi(r,#). Then fy is a smooth func-
tion in (My, go) compactly supported in M{™, and the curve ~,¢ : r —
(r,0) is a geodesic in (U, go) issued from the point w in direction 6.
This shows that

/OO e’”f,\(’yw,g(r)) dr =0
0

for all w € U ~ My and for all directions 6. Letting w approach the
boundary of My and varying 6, the last result implies that

/e_”f,\(v(t)) dt =0

v
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for all geodesics v starting from points of dM, which are maximal in
the sense that v is defined for the maximal time until it exits Mj.

The injectivity result for the attenuated geodesic ray transform,
stated just before this proof, shows that there is ¢ > 0 such that for
any A € (—¢,¢), the function fy is identically zero on My. Thus for
Al <e,

/ (Vi — Vo) (a1, 7,0)e?* dxy = 0, for any fixed r, 6.
If (r,0) is fixed then the function z; — (V} — V5)(x1, 7, 60) is compactly
supported on the real line, and the last result says that its Fourier trans-
form vanishes for |A\| < e. But by the Paley-Wiener theorem the Fourier
transform is analytic, which is only possible if (V4 —V5)(-,7,6) =0 on
the real line. This is true for any fixed (r,#), showing that V3 =V as
required. O

5.2. Geodesic ray transform

In this section we will give some arguments related to the injectivity
result for the attenuated geodesic ray transform, which was used in the
proof of the global uniqueness theorem. The treatment will be very
sketchy and not self-contained, but hopefully it will give an idea about
why such a result would be true.

Explicit inversion methods. To set the stage and to obtain some
intuition to the problem, we first consider the classical question of
inverting the Radon transform in R2?. This is the transform which
integrates a function f € C°°(R?) over all lines, and can be expressed
as follows:

Rf(s,w) ::/ f(swh +tw)dt, seR,weS

Here w™ is the vector in S' obtained by rotating w counterclockwise
by 90°.

There is a well-known relation between Rf and the Fourier trans-
form f. We denote by I/%} (-,w) the Fourier transform of Rf with
respect to s.

PROPOSITION 5.6. (Fourier slice theorem)

Rf(o,w) = f(ow").
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PROOF. Parametrizing R? by y = sw' + tw, we have
R (0.w) = / / Flsw + o) di ds — / et f(y) dy
oo —oo R2
= flow").
O

This result gives the first proof of injectivity of Radon transform:
if f € C*(R?) is such that Rf = 0, then f = 0 and consequently
f =0. To obtain a different inversion formula, and for later purposes,
we will consider the adjoint of R. This is obtained by computing for
f € CX(R?) and h € C=(R x S') that

(Rf, h)rxst = /_00 . Rf(s,w)h(s,w) dwds

:/_Z/S1 /_Zf(swL%—tw)h(s,w)dtdwds

- [ ([ - tioras) ay

Thus the adjoint of R is the operator
R*: C*(R x S*) = C*(R?), R*h(y) :/ h(y - wh,w)dw.
S1
PROPOSITION 5.7. (Fourier transform of R*) Letting £ = é—l,
27
€

PrROOF. We will make a formal computation (which is not difficult
to justify). Using again the parametrization y = sw’ + tw,

Fr© = [ [ e hlwt o) dody

:/ / / e~ e (g w) dw ds dt
—o0 J —oc0 J ST
:/ hwh - €, w) (/ e it dt) dw.

St —00

~

The quantity in the parentheses is just %(50 (w-&) where 0y is the Dirac

delta function at the origin. Since w - £ is zero exactly when w = :I:fl,
the result follows. U

(Rh) () = =7 (Rlel, —€5) + h(-I¢l, &)
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The Radon transform in R? satisfies the symmetry Rf(—s, —w) =
Rf(s,w), and the Fourier slice theorem implies

4 —~ A 4 4
= = Rf(E], =1 = = [(©).
€] fUel=¢7) q 9

This shows that the normal operator R*R is a classical pseudodifferen-
tial operator of order —1 in R?, and also gives an inversion formula.

(R"Rf) ()

PROPOSITION 5.8. (Normal operator) One has
R*R = 4n(—A)~Y2
and f can be recovered from Rf by the formula
1
= —(=A)?R*Rf.
f= (=N R R}

The last result is an example of an explicit inversion method for
the Radon transform in the Euclidean plane, based on the Fourier
transform. Similar methods are available for the Radon transform on
manifolds with many symmetries where variants of the Fourier trans-
form exist (see [8] and other books of Helgason for results of this type).
However, for manifolds which do not have symmetries, such as small
perturbations of the Euclidean metric, explicit transforms are usually
not available and other inversion methods are required.

Pseudodifferential methods. Let (M, g) be a compact manifold
with smooth boundary, assumed to be embedded in a compact manifold
(N, g) without boundary. We parametrize geodesics by points in the
unit sphere bundle, defined by

SM = \/ S;M, S,M:={{cT,M;|¢|=1}.

zeM

If (x,£) € SM we denote by ~(t,x,€) the geodesic in N which starts
at the point x in direction &, that is,

D.Y’YZO, 7(071'76) =, /Y(Oaxvg) :S
Let 7(x, &) be the first time when (¢, z, ) exits M,
T(x,&) :=inf {t > 0; y(t,x,&) € N N\ M}.

We assume that (M, g) is nontrapping, meaning that 7(z,&) is finite
for any (z,£) € SM.
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The geodesic ray transform of a function f € C*°(M) is defined by

7(x,8)
If(x,€) = / fO/(t &) dt, (x,€) € ASM).

Thus, If gives the integral of f over any maximal geodesic in M
starting from OM, such geodesics being parametrized by points of
O(SM) ={(z,) € SM; x € OM}.

So far, we have not imposed any restrictions on the behavior of
geodesics in (M, g) other than the nontrapping condition. However,
injectivity and inversion results for I f are only known under strong geo-
metric restrictions. One class of manifolds where such results have been
proved is the following. From now on the treatment will be sketchy,
and we refer to [4], [2], [18] for more details.

DEFINITION. A compact manifold (M, g) with boundary is called
simple if

(a) for any point p € M, the exponential map exp, is a diffeomor-
phism from its maximal domain in 7,,M onto M, and
(b) the boundary OM is strictly convex.

Several remarks are in order. A diffeomorphism is, as earlier, a
homeomorphism which together with its inverse is smooth up to the
boundary. The maximal domain of exp,, is starshaped, and the fact that
exp, is a diffeomorphism onto M thus implies that M is diffeomorphic
to a closed ball. The last fact uses that 7 is smooth in S(M™). This is
a consequence of strict convexity, which is precisely defined as follows:

DEFINITION. Let (M, g) be a compact manifold with boundary. We
say that OM is stricly conver if the second fundamental form lgy, is
positive definite. Here gy, is the 2-tensor on OM defined by

loy(X,Y) = —(Dxv,Y), X,Y € C*(0M,T(0M)),
where v is the outer unit normal to 9M.

Alternatively, the boundary is strictly convex iff any geodesic in
N starting from a point z € dM in a direction tangent to M stays
outside M for small positive and negative times. This implies that any
maximal geodesic going from M into M stays inside M except for its
endpoints, which corresponds to the usual notion of strict convexity.
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If (M, g) is simple, one can always find an open manifold (U, g)
such that (M,g) cC (U,g) where (U,g) is simple. We will always
understand that (M, g) and (U, g) are related in this way.

Intuitively, a manifold is simple if the boundary is strictly convex
and if the whole manifold can be parametrized by geodesic rays starting
from any fixed point. The last property can be thought of as an analog
for the parametrization y = sw® + tw of R? used in the discussion of
the Radon transform in the plane. These parametrizations can be used
to prove the analog of the first part of Proposition 5.8 on a simple
manifold.

PROPOSITION 5.9. (Normal operator) If (M, g) is a simple mani-
fold, then I*I s an elliptic pseudodifferential operator of order —1 in
U where I is the geodesic ray transform in (U, g).

It is well known that elliptic pseudodifferential operators can be
inverted up to smoothing (and thus compact) operators. This implies
an inversion formula as in Proposition 5.8 which however contains a
compact error term (resulting in a Fredholm problem). If g is real-
analytic in addition to being simple then this error term can be removed
by the methods of analytic microlocal analysis, thus proving injectivity
of I in this case.

For general simple metrics one does not obtain injectivity in this
way, but invertibility up to a compact operator implies considerable
stability properties for this problem. In particular, if I is known to
be injective in (M, g), then suitable small perturbations of I are also
injective: it follows from the results of [7] that injectivity of I implies
the injectivity of the attenuated transform in Section 5.1 for sufficiently
small A\. Thus, it remains to prove in some way the injectivity of the
unattenuated transform I on simple manifolds.

Energy estimates. The most general known method for proving
injectivity of the geodesic ray transform, in the absence of symmetries
or real-analyticity, is based on energy estimates. Typically these esti-
mates allow to bound some norm of a function v by some norm of Pu
where P is a differential operator, or to prove the uniqueness result
that ©« = 0 whenever Pu = 0. Such estimates are often proved by
integration by parts.
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MOTIVATION. Let us consider a very simple energy estimate for the
Laplace operator in a bounded open set 0 C R? with smooth boundary.
Suppose that u € C?(Q2) and —Au = 0 in Q, ulsg = 0. We wish to
show that v = 0. To do this, we integrate the equation —Au = 0
against the test function u and use the Gauss-Green formula:

O:/(—Au)udx: —udS—l—/|Vu|2dx

Q a0 OV

Since ulpg = 0 it follows that [,|Vu|*dz = 0, showing that u is con-
stant on each component and consequently u = 0.

We will now proceed to prove an energy estimate for the geodesic
ray transform in the case (M, g) = (Q,e) where Q C R? is a bounded
open set with strictly convex boundary and e is the Euclidean metric.
This will give an alternative proof of the injectivity result for the Radon
transform in R2, the point being that this proof only uses integration
by parts and can be generalized to other geometries.

Suppose f € C®(M™) and If = 0. The first step is to relate
the integral operator I to a differential operator. This is the standard
reduction of the integral geometry problem to a transport equation.
We identify SM with M x S and vectors wy = (cos 6, sin ) € S with
the angle 6 € [0,27). Consider the function u defined as the integral
of f over lines,

(z,0)
u(z,0) = / flz +twy)dt, x€ M, 0ecl0,2m).
0

The geodesic vector field is the differential operator on SM defined for
v e C®(SM) by
0
0 —
Hv(x,0) = 55

Since u is the integral of f over lines and 7 differentiates along lines,

v(z + swy, 0)

= wy - V,o(z,0).

s=0
it is not surprising that
) 7(x,0)—s

Hu(x,0) = 75 J, flz+ (s+t)wp) dt

s=0
(x70)
:/0 5 (x + twy) dt = —f(x).

Here we used the rule for differentiating under the integral sign.
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Thus, if f € C®(M™) and If = 0, then u as defined above is
a smooth function in SM and satisfies the following boundary value
problem for the transport equation involving ¢
Hu=—f inSM,
u=0 on (SM).
Further, since f does not depend on 6, we can take the derivative in 6
and obtain

(5.6)

(57) { 89%”u =0 m SM,

u=0 ond(SM).

We will prove an energy estimate which shows that any smooth solution
u of this problem must be identically zero. By (5.6) this will imply
that f = 0, proving that I is injective (at least on smooth compactly
supported functions, which we assume for simplicity).

To establish the energy estimate, we use 0yp.77u as a test function
and integrate (5.7) against this function, and then apply integration
by parts to identify some positive terms and to show that some terms
are zero. This will make use of the following special identity.

PROPOSITION 5.10. (Pestov identity in R?) For smooth u = u(x, ),
one has the identity
|0p Hu|* = |5 0pul? + divy, (V) + div,(W)
where for smooth X = (X(x,0), X*(x,0)), the horizontal and vertical

divergence are defined by

diva(X) := V, - X(z.0),
v, (X) 1= V- (X, 5 = - 00X (.0

and the vector fields V and W are given by
V= [(wy - Vou)wy — (wp - Vou)wy | Opu,

W = (wy - Vou)V,u.

Once the identity is known, the proof is in fact a direct computation
and is left as an exercise. Let us now show how the Pestov identity can
be used to prove that the only solution to (5.7) is the zero function.
Note how the divergence terms are converted to boundary terms by in-
tegration by parts, and how one term vanishes because of the boundary
condition and the other term is nonnegative.
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PROPOSITION 5.11. If u € C*°(SM) solves (5.7), then u = 0.

PROOF. As promised, we integrate (5.7) against the test function
097w and use the Pestov identity:

O:/ |0p 5 u|? db dx
M S5

:// (17 89ul> + divi (V) + div, (W) db de.
M JS?t
Here

/Mdivh(V)dx:/MVQC-V(x,Q)dx:/aMy-V(x,Q)dS(x):0

since V(z,0) = [ |0pu(x,0) = 0 for z € M by the boundary condition
for u. Also, integrating by parts on S?,

/divU(W)dH:/ wy - OgWdh = — | Og(—sinb, cosh) - W db
St St S1

:/ wg-Wdez/ |w - Vul? db.
st st

This shows that

/ / (|7 0pul* + |wo - Voul?) df dz = 0.
M Js

Since the integrand is nonnegative, we see that wg - V,u = 0 on SM.
Thus u( -, 0) is constant along lines with direction wy, and the boundary
condition implies that © = 0 as required. 0

This concludes the energy estimate proof of the injectivity of the ray
transform in bounded domains in R?. A similar elementary argument
can be used to show that the geodesic ray transform is injective on
simple domains in R?, see [1] or [18].

Let us finish by sketching the proof of the injectivity result for the
geodesic ray transform on simple manifolds of any dimension n > 2.
For details see [18] and [4, Section 7] in particular.

PROPOSITION 5.12. (Injectivity of the geodesic ray transform) Let
(M, g) be a simple n-manifold, let f € C*(M™), and suppose that
If=0. Then f =0.
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PRrOOF. (Sketch) If (M, g) and f are as in the statement, then as
in the R? case we define a function u € C*°(SM) by

7(x,£)
ula, &) = / fO/(t 2. ©)dt, (x,€) € SM.

The geodesic vector field acting on smooth functions v € C*°(SM) is
given by

0
%U(xvf) = EU(’}/(t,ZL’, 5)7/.)/(15’ I’g)) t=0

Since [ f = 0, we obtain as above that u solves the transport equation

{%u:—f in SM,

(58) u=20 on (SM).

At this point we would like to differentiate the equation in the an-
gular variable ¢ to remove the f term. To do this, we need to introduce
the horizontal and vertical gradients V and 0, which are invariantly de-
fined differential operators on so called semibasic tensors on SM. For
smooth functions v € C*°(SM), they are defined by

Vu(, €) = a%W ¢/1ED) - Tt au(e, €),
Oy, €) = a%wm/m)).

The geodesic vector field can be defined on semibasic tensor fields via
H = &IV ;. We also define [0v|? := ¢*0;v0,v, etc. One then has the
following general Pestov identity whose proof is again a direct compu-
tation (which uses basic properties of V and d). A major difference to
the Euclidean case is the appearance of a curvature term.

PROPOSITION 5.13. (Pestov identity) If (M,g) is an n-manifold
and u € C*°(SM), one has the identity

0#u* = | 0u|* + divy, (V) + div, (W) — R(Ou, &, €, Ou)
where the horizontal and vertical divergence are defined by
div,(X) == V; X7, div,(X) == 9, X7,
and V' and W are given by
Vii= (0u, Vu)& — (Hu)du, W = (Hu)Viu.

Also, R 1is the Riemann curvature tensor.
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We now take the vertical gradient in (5.8) and obtain

{ 075u =0 in SM,

(59) u=0 ond(SM).

Similarly as in the R? case, we pair this equation against 0.7/ u, inte-
grate over SM and use the Pestov identity to obtain that

/SM [ 0ul® + divy,(V) + div, (W) — R(0u, &, &, 0u)| d(SM) = 0.

Integrating by parts, the divy, (V') term vanishes and the div, (W) term
gives a positive contribution as in the Euclidean case. One eventually
gets that

/S [0 = R(Ow,.6,00) S+ (1) / U d(SM) = 0.

SM
The first term is related to the index form for a geodesic v = (-, x, &)
in (M, g), which is given by

7(%,€)
0

for vector fields X on v with X(0) = X(7(x,&)) = 0. If (M,g) is
simple, or more generally if no geodesic in (M, g) has conjugate points,
then the index form is known to be always nonnegative. This implies
that the first term above is nonnegative, showing that JZu = 0 and
u = 0 as required. From (5.8) one obtains that f = 0. O
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