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e Hamiltonian of the unper-
o turbed oscillator:
2
P 1
B(7,t)
e Equation of Motion:
d’x
%;A mo g = —mw%x (2)
2
> e Solution:
wt
x(t) = Acos(wot + @)  (3)
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e Trial and error (mostly taught in elementary courses): try
an exponential e, This gives a? = —w?, or o = Fiwy.
General solution is then

Ape’™0t 4 Age ot (4)
Ay and A, follow from initial conditions.

e For linear initial value problems: use Laplace Transform.

f@%aémwaﬂﬂw 5)

with inverse:

f6)= 5= [ dsetfis 6)
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The Damped Oscilllator
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0 The Harmonic e Equation of Motion:

Oscillator

0 Solution Methods
- d?x dx

oD

mEZ - e — ¢ (7)

0 Forces dt2

0 Langevin

O Fluctuations
0 Coupling

- bangevin e Laplace Transform:
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0 Polarization (S + SE + wO) = X+ STo + ECI;O (8)
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e Solution:

OO Dynamics
O Classical

Conclusions 1 /ZOO jjO + (S + C/m)ilf() est

Two—Level Systems Qf(t) — 2—7'('2 _ ds 82 4 SC/m + w(%
—1700
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The Damped Oscillator 2
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e Solution for ¢ > 0:

_ (330 + (31 + C/m)xo) eslt L (330 T (82 T C/m)xO) eSQt
S1 — S2

(10)

S1,2 = Wo | — C + ( C

2mwo 2mwo

)2 1 (11)

e Graphs for underdamped and overdamped motion; cf Eq. (10).

S 4
8 ¢ L>1
T < 1 2me
>
\/ wt
>
wt




Adding an External Force
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>

e Equation of Motion:

d’x 5 dx

mﬁ = —mwyx — (— + Focoswyt

dt
(12)

Amplitude

- Fluctuations e On the left: amplitude for the un-

damped, underdamped, and over-
damped oscillator for an oscillating
force.

0 Coupling

0 Langevin
0 Other uses
OTST

U Kramers

wo Wf

U Polarization
0 Solvent Effects e Solution (for times ¢ > (¢/2m)™1):
J Common Features
0 Effective x(t) o Fo /m

(wg — w?)? + dwiw? (¢/2mwo)

5 cos(wyt + @) (13)

O Reactive
0O Dynamics
O Classical With

Conclusions C 2
mwo
Two—Level Systems wg _ w]%

(14)
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Role in Planck’s Thinking
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- d°x  2e*w? dx e
(0 Solution Methods 0 2
0 Damping m dt? * 3me3 dt T MWoT = mE(t) (15)
O Langevin
0 Fluctuations e Friction term is due to ‘radiation damping’ and the external force is
0 Coupling the electric field in the cavity.
0 Langevin

O Other uses

OTST . ;

* Kramers The study of conservative damping appears to me to be of fundamental
1 Polarization importance due to the fact that through it one’s view is opened towards
0 Solvent Effects the possibility of a general explanation of irreversible processes with the
0 Common Features help of conservative forces.

0 Effective

0 Reactive M. Planck, 1896.
0O Dynamics

O Classical

Conclusi : : :

OREHSIonS Boltzmann disagreed and pointed out that Planck’s system was also
Two-Level Systems microscopically reversible. Eventually Planck abandoned this idea.
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The Langevin Equation
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O Classical

Conclusions

e Random Force:

Two-Level Systems The average of the force is zero and is uncorrelated for
Exercises and different times.
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Fluctuation—Dissipation Theorem

Harmonic Osclllators | For Jong times the system should go to equilibrium:
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0 Damping <ZC2> = — and <’U2> - —
mwo m

(18)
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'°”‘°‘ e Formal Solution (ignore initial conditions which decay

O Langevin rapid Iy anyway) :
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OTST 1 o0 F
0 Kramers Q?(t) — _/ ds R(S)/m (19)

0 Polarization 271 00 (S — S1 ) (S — 32)
O Solvent Effects
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1 Effective e Consequence: strength of the random force is
0 Reactive correlated with the friction

0 Dynamics

O Classical

Conclusions lim <$(t)2> — —sz;
t—00 mwo

— O =2kpT¢ (20)
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Coupled Oscillators
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Langevin Equations, Non—Markovian Behavior
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e Coupled equations

mq 2 —MiwWiT + YT2
d2$2 dZBQ
Mg = —Mowix — CE + yx1 + Fr(t) (21)

lead to non—Markovian behavior of oscillator 1.

e Formally solve the second equation (use Fourier transforms):

Y21 (w) + Fr(w)

— 22
72(w) ma(wi — w?) — iwC (22)
e And substitute in the first:
2
2 2 B v x (W) _ YFRr(w)
ma(wr — W)z (W) mo(ws — w?) — iw( - mo(ws — w?) — iw(
(23)
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e Some minor rearrangement:

My (Wi — w1 (w) — iwC W)z (w) = Fr(w)  (24)

pmf

e Potential of Mean Force (“Equilibrium Solvation”):
2 2 v’
Wpmf = Wi (1 — @> (25)
e Frequency dependent friction:
O T e (20
e Fluctuation—Dissipation Theorem:
(Fr(w)Fr(Ww")) =2kpT¢ (w)2m6(w — w') (27)

D. Han, Y.S. Kim, and M.E. Noz, lllustrative Example of Feynman’s rest ;-

of the universe, Am. J. Phys., 67, (1999), 61-66.



Other uses for Osclllators

Harmonic Osclllators | |n @almost any field of physics the harmonic oscillator plays a
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e CNp P frared spectroscopy.
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Crystal Vibrations
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Beyond Transition State Theory
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5 A

& e The reactant well is harmonic.

g Transition

: State e One of the normal modes of the

¥ | . . .
| reactive complex is a harmonic

Sp _
barrier.

e The rate is the (average) current
over the barrier:

Reactants >
k:/ dt (7i(Sr)joSp,t))
0
_ (28)

Reaction Coordinate

The rate is determined by the dynamics in the barrier region: how many
particles enter it through the reactant surface Sr, and how many of those
leave through the product surface Sp some time later.

Trivial TST Dynamics: Every particle that reaches the top is reactive.

J TST _ kBTTe—AGi/kBT (29)

Discussion of the Faraday Society on Reaction Kinetics: Trans. Faraday 1647

Soc., 1938, 11556.



Kramers Rate Equation
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e The barrier is an inverted parabola:

1
Vi) = imngQ (30)

[J Reaction coordinate: =, position near the barrier top.

[] Barrier frequency: wy, curvature of the barrier top.

[1 Reduced mass: m, mass of the normal, reactive, mode.

e Reactive motion is Brownian motion over the barrier.

d* dx
m—s = —mwiT — = + Fr(t) (31)

Note: Kramers used the Fokker—Planck equation, but for this
problem (and for most others) the Langevin approach is completely
equivalent.

H.A. Kramers, Brownian motion in a field of force and the diffusion

model of chemical reactions, Physica, 7, (1941), 284-304.
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Kramers’ Result
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Eigenvalues: (note the change of sign!)

2
¢ + S + 1
2mwy 2mwy

The positive eigenvalue (pole), the reactive frequency w,., indicates
exponential motion away from the barrier top: a reaction.

S1.2 — —Wh (32)

Y

A
J;TST e Reaction rate

L — kTST&
Wp

(33)

e The rate goes to zero for
high friction.

>

¢
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Kramers’ Problem
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The Polarization Field
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e Polarization is a fluctuating quan-
tity.

dfi = P{F)dF

e Free energy functional

e . 1 S L
, QH:§/MH6P®+
1 = D(ANT! . D(=!
—/df' df'v P<7;)V_) P(r")
2 17— 7|
(34)

e Electric field at the origin:

- 3€ 1 -
dE = d 1 —3rr| - P(r)dr 35
2¢, + 1 4mege,r3 | P - Pr)dr (35)
e Fields:
- I kT 2(e. — 1)
@:Omm<EE%: 36
< Aregera’ 2¢, + 1 (36)

B.U. Felderhof Fluctuations of polarization and magnetization in

dielectric and magnetic media, J. Chem.Phys., 67, (1977), 493-500.



Polarization Dynamics
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e Debye polarization dynamics:

dP(7,t) _ xE(7,t) — P(#1) (37)
dt D

7p. Debye relaxation time, related to solvent molecule
reorientiation time.

Y. Dielectric susceptibility.
e Frequency dependent dielectric constant

e (w) = €r — IWTD (38)

1—inD

e In all calculations electronic polarization is neglected,
only orientational polarization is taken into account.

H. Frohlich, Theory of Dielectrics, Clarendon Press. 1986. AU




How does the solvent couple to the reaction?
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e This leads to both static and dynamic effects.
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0 Reactive

gzlynaf_nicls e See QM/MM and implementations of polarization in
assica .
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Solvent Effects on Reaction Rates
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(a) P\
A
\

TN

€ (w)

(b)

~—

t

REACTION COORDINATE

FIG, 1, Model for charge transfer reaction. (a) Infinite
cylindrical cavity of radius py and dielectric constant €, con-
taining the charge 4 at position 2,. The cavity is surrounded
by a dielectric continuum with frequency dependent dielectric
¢onstant €(w). The high frequency limit of €(w) is €,. (b}
Schematic free energy diagram for the charge transfer,

I
| |

(a) (b)

Fig 1 Reaction and solvent model in the (a) transition state
and (b) reactant neighborhoods

Isomerization Reactions.

€o(w) I € (w) I

Tautomerization reactions.
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Common Features
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Polarization dynamics (“Solvent coordinate™):

dP(7t)  xE(Ft) — P(7,t)
dt ™

(or more complicated dynamics: Polarization diffusion,
presence of ions, short time inertial behavior)

coupled to Barrier Motion:

dd:zgt) — mwiz(t) + F[P(7, )]

m

always leads to a Generalized Langevin Equation

d*x(t) 5 ¢ dz(T)
m o —mweﬂc—/o dr (p(t — 1) e




Effective frequency and Polarization Caging.
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OTST
[ Kramers FIG. 4. Schematic illustration of the effective solvent well in

0 Polarization the strong solvent force regime.
O Solvent Effects

O Common Features

O Effective
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s Watf

1 Dynamics The solvent frequency wy is the frequency at the bottom of the
0 Classical (non—equilibrium free energy) well the charge distribution dug for
Conclusions . . . . ,

itself in the dielectric (see also Marcus’ theory).

Two—Level Systems

Exerci d — —
e ws = (ot =0)




Reactive Trajectories
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0 The Harmonic

. 865 ¢ (a) . . . .
Oscillator i - e Initially motion is trapped in
gf)‘:r:t;?:g'\/'emds a the solvent well, but after re-
O Forces . laxation the reaction can pro-
O Langevin ceed.

H Fluctuations ) : - e The reaction involves both nu-
Sf::;g\:?\ clear motion (in the reacting
0 Other uses system) as well as solvent
OTST motion.

U Kramers

e Repeated crossings do not

O Polarizati -
olarization contribute to the rate.

O Solvent Effects
O Common Features

e Kramers (sometimes dramati-

O Effective cally) overestimates the effect
Fig 8 (a) An average trajectory in the polarization caging e
. regime, illustrating the trapping and ultimate approach to the Of the frlCtlon .
[J Dynamics reaction coordinate ¢,
O Classical
Conclusions

Two—Level Systems
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TST, Kramers, Dynamical Solvent
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U Forces
O Langevin
O Fluctuations

Dashed lines are Kramers re-
sult.

Top: Strong solvent force
regime. For strong solvent

Sfjﬁ;’!v”,?, ” “b Te forces and high friction the
0 Other uses Rﬁ?_ rate goes to zero.
JrsT 5 T~ Bottom: weak solvent force
- Framers = o5 regime. In this case the rate
[ Polarization = e . .. . .
0 Solvent Effects (h) remains finite, even if the fric-
0 Common Features l | tion goes to infinity.
O Effective Q z 4
00 Reactive “b¥r
0 Classical . . . . ]
Conclusions e General expression for the rate for a generalized Langevin equation:
Two—Level Systems 2

TST Wr . Wy
Exercises and k=Fk — with w, = (39)
Problems Wh wr + (D (wr)
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Classical Conclusions
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0 The Harmonic e Even though ultimately we may not understand

Oscillator . o epe . ..

7 Solution Methods irreversibility, we do have a set of equations giving a

0 Damping satisfactory description of many if not all of its features.
U Forces

Si"cgtj:t?ons e Coupling of a mechanical to a dissipative system can be
0 Coupling done self—consistently.

0 Langevin

0 Other uses e Rates can be measured, dielectric friction can be

OTST . .

 Kramers measured, experimental evidence (also from Molecular
0 Polarization Dynamics) confirms the model.

0 Solvent Effects

- common Features o Basically all aspects displayed in the figure on slide 3

0 Effective ; .

0 Reactive can be accounted for, both statically and dynamically.

OO Dynamics

O Classical i

e How About Quantum Mechanics?

Two—Level Systems

Exercises and
Problems
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Two—level systems

Harmonic Oscillators

Two—Level Systems

00 Two—level systems

0QcC

[l Onsager
0QcC

O Final Remarks
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Basis States: |0) and |1).

OUl lesfl

e Hamiltonian: Hg = €|1) (1]

!

e Dipole Operator:

go= fol0) (O] 4+ 1) (1] +
p[0) (1] + 1) O[]

e Dynamics: Schrodinger Equa-
tion.

—’
ﬁo :€0E0+ﬁo :EOGEO n

Two—Level System in a static external electric field:
H=Ho—[i- B H) =) (40)

with

1) = ¢|0) + se'? 1) 4+ s =1 (41)




Quantum Chemistry in polarizable media.

Harmonic Oscillators BaSiC Assumptions:

Two—Level Systems

(0 Two—level systems

e Quantum system ‘feels’ classical (reaction) field:
[l Onsager . .
naqc H=Ho— i -FEgr (42)
O Final Remarks
[ d - [1 7 .
rablems o Classical system ‘feels’ the expectation value of the

dipole operator:
Frn=A <ﬁ> (43)

e A s a proportionality factor depending on the shape and
size of the cavity: for instance Onsager:

1 2e—1)
- Amegad 2e+1

31/47
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Sidebar: Onsager Reaction Field
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(0 Two—level systems
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[l Onsager

0QcC
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. E, Maxwell equations:

D, 3
5 . — . 5 —

(0] €0 €0

6 ° l—jo — O
Boundary conditions
it- Do =1 - E
5o:€OEo+ﬁo:€0€Eo n ﬁXEOZﬁX _>i

. ] A A 1 1 2(e—1) » _ 12 —
Solution: E; = Evac + Er = Evac + Treca? 2 T B = Eoac + Afi

Energy: Free energy:

1

2 D dipole, cavity radius 0.5 nm: U ~ 200 cm™ ",
NB: kT =~ 200 cm~' at room temperature.




Quantum Chemistry in polarizable media. 2

Harmonic Oscillators

e Solve for the ground state of the molecule. This gives a

Two—Level Systems

0 Two—level systems Chal’ge denSity.
UQcC
0 Onsager e Construct a surface around the molecule, and calculate,

using the charge density, the polarization in the medium.

O Final Remarks

Exercises and
Problems

e Calculate the reaction field inside the cavity, and solve
for the ground state in equilibrium with that reaction field.

e lIterate until a stable solution is found.

M. Cossi, V. Barone, R. Cammi, and J. Tomasi, Ab initio study of solvated molecules:

a new implementation of the polarizable continuum model, Chem. Phys. Lett., 255, (1996), 327.



Final Remarks

Harmonic Oscillators

e The gquantum—classical equilibrium methods appear to

Two—Level Systems

0 Two—level systems be well developed, and lead to few immediate questions.
UQcC

0 Onsager e For the dynamics it is a different matter. The non-linear
UQcC v q-

Schrodinger approach does not seem to be helpful:
Exercises and —_ —

Problems [0 You cannot put friction in it.

0 There is no thermodynamic equilibrium state to go
to.

e A new formalism is needed: the density operator. This
will be developed in the next set of notes.

e We'll get to coupled 2LS systems (and entanglement)
after that.
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O Problems
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O Problems 3

O Literature

O List of papers on
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[ 2LS Onsager

Exercises and Problems




Exercises

Harmonic Oscillators

1. Use Laplace transform to derive Eq. (8).
Two—Level Systems

2. Derive Eqg. (10) from Eqg. (9). You need complex integration for this,

Sxereises and and use Cauchy’s theorem. Prove first that the poles s 2 are in the
negative half of the complex plane.

Darmoes esilator. 3. Install R on your computer if you haven't already done so, and run

0 Problems the program on the next slide. Vary the parameters and rationalize
O Problems 2 what you see. Also check that the imaginary part of the solution is

1 Problems 3 zero for all times. Investigate also the behavior of the poles as a

O Literature
O List of papers on
coupled oscillators. 4

[ 2LS Onsager

function of the friction.

. Use the Laplace transform to derive the solution of the forced
oscillator Eg. (13). Ignore all terms related to the initial conditions or
turning on the force.

5. Prove the fluctuation dissipation theorem, Eq. (20). Actually this
involves quite a bit of work, and you may want to consult literature.
Also about the relevance of this type of theorems.

6. Prove Eq. (39). This is easier than you might think.
7. What does the other, negative, root of Eq. (32) signify?



Exercises 2

Harmonic Oscillators

8. Find the eigenvalues and eigenvectors of the Hamiltonian in Eq. (40)

Two-Level Systems for the case the state dipole moments are zero. Sketch the energy

Exercises and difference as a function of E. Calculate the state dipole moments,

Problems the transition moment and the polarizability for finite electric field

7 R Program for the strength. The (static) polarizability @ of a system is defined as:

Damped Oscillator L

0 Problems ,L_[g =a-F (45)

0 Problems 2

0 Problems 3 where [i, is the expectation value of the dipole operator in the

0 Literature ground state.

O List of papers on

coupled oscillators. 9. Solution of Egs. (9) and (10) is much harder. Sometimes this is

H2LS Onsager refered to as a non—linear Schrédinger equation since the equation
depends on the expectation value of the eigenfunction it is supposed
to give. Nevertheless | leave it as an exercise. Again ignore state
dipole moments: jip = i1 = 0.

10. Show that for strong enough interaction (2A44% > ¢€) the quantum
system can spontaneously develop a ground state dipole moment.

For some help on the last two problems, see the four blue sheets at
the end of this lecture.
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R Program for the Damped Oscillator

Harmonic Oscillators

I/l the poles
Two—Level Systems
Exercises and sl <- function(alpha){-alpha+sqgrt(as.complex(alpha™2- 1))}
Problems . ~
7 Exercises s2 <- function(alpha){-alpha-sqrt(as.complex(alpha”2- 1))}
Damped Oscillator /l[parameters and initial conditions
O Problems
0 Problems 2
0 Problems 3 alpha = 1.2
O Literature dotx0 = O
O List of papers on X0 = 1
coupled oscillators.
U 2LS Onsager .

HO <- function(t){

Re(( (dotxO+(sl(alpha)+2 *alpha) *x0) *exp(sl(alpha) *t)-
(dotxO+(s2(alpha)+2 *alpha) *x0) *exp(s2(alpha) *t))/

(s1(alpha)-s2(alpha)))

}
t <- seq(0,20, by = 0.01)
plot(t, HO(t), type = "I", lwd = 2)



Problems

Harmonic Oscillators Here is a problem from Chandler’s Introduction to Modern Physics which

Two—Level Systems deals some of the issues in this lecture.

Exercises and In this problem you consider the behavior of solvated mixed valence
Problems compounds, a depiction of which is given in the figure:

U Exercises

0 R Program for the

Damped Oscillator

O Problems \ \

0 Problems 2 @ 3+ - @ 2+
—_—

O Problems 3 2+ @ 3+ @

O Literature
O List of papers on |A) B)
coupled oscillators.

U 2LS Onsager
The compound, consisting of two Fe atoms in a given oxidized state can
exist in two states |A) and |B) which differ in the position of the electron. In
the absence of the environment the Hamiltonian of the compound is given
by Ho with matrix elements

(A|Ho |A) = (B|Ho |B) =0 and (A|Ho|B) = —A (46)



Problems 2

The dipole moment for each of the states is given by
Harmonic Oscillators

Two—-Level Systems n = <A‘ ,ll |A> = — <B| ,ll ‘B> (47)
Soviiedale The overlap (A| B) and the transition dipole moment (A| /1| B) are both

0 Exercises Zero.

Damros silator. The surrounding medium (crystal, protein, the reddish stuff), has a crystal
0 Problems field £ which couples to the dipole moment. The Hamiltonian of the
complete systemis H = Ho — o FE.

U Problems 3

O Literature 1. Show that when E = 0 the eigenstates of the Hamiltonian are

O List of papers on
coupled oscillators.

[ 2LS Onsager

—= [14) £ |B) 48)

|i>=\f

and the energy levels are £A.

2. Compute the canonical partition function for the system of mixed
valence compounds when E = 0 by (i) performing the Boltzmann
weighted sum with energy eigenvalues, and (ii) performing the
matrix trace of e~ #*°  using the configurational states |A) and | B).
The latter states diagonalize /i but not Hy. Nevertheless the two
calculations yield the same result. Why?
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Harmonic Oscillators

Two—Level Systems

Exercises and
Problems

[0 Exercises

0 R Program for the
Damped Oscillator
O Problems

O Problems 2

O Problems 3

O Literature

O List of papers on
coupled oscillators.

[ 2LS Onsager

3. When E = 0 determine the average dipole moment, the average of
of the absolute value of the dipole moment, and the deviation from
the average dipole moment.

4. When E # 0 the surroundings couple to the compound and there is
a free energy of solvation A(F) — A(0). Compute this free energy by
(i) determining the energy as a function of £ and then performing the
Boltzmann weighted sum; or (ii) performing the trace with e ~°%.
These two calculations should again give the same answer.

5. Calculate (1) for E # 0. Why does this quantity increase with
increasing E?
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Harmonic Oscillators

visited |

Two—Level Systems

Exercises and 2LS in a spherical cavity in polarizable medium.
Problems

[ Exercises Expectation value of the dipole operator In the ground state causes polarization in the
0 R Program for the medium, and a reaction field.

Damped Oscillator Reaction field changes the state of the system
O Problems

[ Problems 2 Hamiltonian:

O Problems 3 H
O Literature

O List of papers on Reaction field:

coupled oscillators. 1. Mep —1) -

[ 2LS Onsager Exr Ameau® 2. + 1

Remember: a rotation ovar ¢ with:

el0N (0] — @~ Eg

¢ —Aji-Ep— I.ha"-:r — Aji - Eg)? + 4(ji

F=tanlf=
T

diagonalizes the Hamiltonlan, and

| - o
— (g + 24T+ 15y )

o= 1p
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Two—Level Systems

Exercises and This leads to a fourth order equation in ¢
Problems
0 Exercises A gt + 0 [2Ap® + Apd — e + AT - At 14 Ay - A — 2Ap® —¢] —
0 R Program for the
Damped Oscillator

0 Problems Simple case: iy = jis - o .
0 Problems 2 24" —e| — 4 [24p" +¢] =0
O Problems 3 Solution:

'j.-hl: S
2

O Literature
O List of papers on
coupled oscillators.

[ 2LS Onsager

and - = i 24u° >«

Aps —¢

rl}! £q .FI!] =

10), 0, iy = 0




Harmonic Oscillators

nergy and polarization fluctuations

Two—Level Systems

Exetr)fises and Free energy related to electric field fluctuations at the origin of the cavity (see also sheet 27):
Problems

00 Exercises o E= th A . 2Heg—1)
O R Program for the el B LSS e e e

Damped Oscillator
0 Problems
O Problems 2

O Problems 3 .
G, =

Free energy of guantum system In fluctuating field:

() H ey — Gl e
O Literature | Ha f) — (9] )

O List of papers on
coupled oscillators.

[ 2LS Onsager

Minimize (7 with respect to the state, and to the fields:

56
50

- 1) gives [H.. = i;:] [y = el

(¢ is an undetermined Lagrange multiplier put in to keep [¥) normalized), and

18 . -
- =) vas = A {dliglw
SE 0 AR
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O Exercises

0 R Program for the
Damped Oscillator

O Problems
O Problems 2
O Problems 3

O Literature

O List of papers on Cluantum equivalent of potential of mean force (*average Hamiltonian™):
coupled oscillators.

0 2LS Onsager / ..n'.'f;:. g

[ 25 i = O, y

also called: reduced density iy
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