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Abstract

We show how Haar and Schauder functions and more generally Fourier analysis may
be used to understand basic problems in stochastic analysis at depth. We start by a
Haar-Schauder development of the Brownian motion, revealing its regularity properties.
We prove that this development can be used for a simple and efficient proof of Schilder’s
theorem. Following [GIP15], we then show that it can be used on a pathwise level to ex-
plain Young’s integral. Combined with the concept of controlled paths, it can be extended
to provide the Stratonovich type integral of rough path analysis.

1 Ciesielski’s isomorphism

We start by explaining Ciesielski’s isomorphism between C® = C%([0,1],R?) and ¢>°(R%)
which is at the beginning of our approach. The Haar functions (Hpm,p > 0,1 < m < 2P) are
defined as Hyg = 1,

\/275 t E [nglv 2272:11> bl

Hpm(t) = _\/271)7 te [227274:117 2%) ’
0, otherwise.

The Haar functions are a complete orthonormal system of L2([0,1],dt). For convenience
of notation, we also define H,yp = 0 for p > 1. The primitives of the Haar functions are
called Schauder functions. They are given by Gpn(t) = fg Hpm(s)ds for ¢t € [0,1], p > 0,
0 < m < 2P. More explicitly, Goo(t) =t and for p > 1, 1 <m < 2P

22 (t—mpt), te [P ),

oP
Gom(t) = =22 (t= %), te[F=.5),
0, otherwise.



Since every G, satisfies Gpy,(0) = 0, we are only able to expand functions f with f(0) = 0 in
terms of this family (Gpp,). Therefore, we complete (Gpp,) once more, by defining G_19(t) := 1
for all t € [0,1]. To abbreviate notation, we define the times t;m, 1=0,1,2, as

m—1 _ 2m—1 9 . m

tO ._ tl _
pm T P ) pm T 2p+1 ) pm T 2p’

for p > 1 and 1 < m < 2P. Further, we set t(llo = 0, tlw =0, t%lo =1, and t80 =0,
thy =1, 83y := 1, as well as t;o :=0 for p > 1and i =0,1,2. The definition of #* |, and t},
for i # 1 is rather arbitrary, but the definition for ¢ = 1 simplifies for example the statement

of Lemma 1.2 below.
For f € C([0,1],R%), p € N, and 1 < m < 2P, we write

227 (tpm) = £ (t9) = f (t5)]

and (Hoo,df) := f(1) — f(0) as well as (H_19,df) := f(0). Note that we only defined G_1¢
and not H_qg.
The norm |||, is defined as

|fst|
= + su —,
IFli= I loe + S0 20

where we introduced the notation
fsp = f(t) = f(s).

Lemma 1.1 ([Cie60]). Let o € (0,1). A continuous function f : [0,1] — R is in C* if and
only if sup,, ,, 2PV |(H,,, df)| < 0. In this case

sup 27 "YD|(Hyp, df)| = | flla and (1)

p7m

17 = et = | 35 37 it 05) G| _ 5 12
p=N m=0

Proof. To estimate the development coefficients, fix p > 1,1 < m < 2P. We have
|(Hpm, df)| < 2541 f[|a270*D,

whereas, by disjointness of the supports of the Schauder functions of one dyadic generation
we have

2p
H Z Gpm”oo < 27%-
m=1

This implies the estimate for the (absolute) contribution of one generation

2P
> [(Hym, ) G| S 1 £l]02 2@+,

m=0



where x < y means x < C'y with a universal constant C. This is summable in p, and gives
the desired estimate.
To prove the equivalence of norms, note that for p > 1,1 < m < 2P we have ||Gpn||a =

252(-p-D(1-0) — gp(a=5)+a~1 while (H,,, dGpm) = (Hpm, Hym) = 1. Hence

1
1Gpmlla 2 2772 |(Hpm, dGpm) |-

Lemma 1.2. For f: [0,1] — R?, the function

k2P k 2P
fo = (H_10,df)G 10+ (Hoo,df)Goo + Y > (Hpm, df)Gpm = > Y (Hpm, df)Gpm
p=0m=1 p=—1m=0

is the linear interpolation of f between the points tl_lo,t[l)o,tzl)m, 0<p<k,1<m<2P Iff
is continuous, then (fy) converges uniformly to f as k — oc.

Proof. Let g; be the linear interpolation of f between the points tllo, t(l)o, til,m, 0<p<k1<
m < 2P, Then obviously gr € C*. Now g — fr = 0, since by Lemma 1.2 f, — gr as n — oo,
but by definition of G, the contributions of dyadic generations bigger than k have to vanish
at the points tl_m,t(l)o,tzl)m, 0<p<k1<m<2P The claimed convergence follows from
uniform continuity on [0, 1]. O

Theorem 1.3 ([Cie60]). Let 0 < v < 1. Forp> 0,1 <m < 2P let

cpm Q) = 2p(o‘*%)+a*1, o) =1, c_pp(a) =1

Define
T, : C*—=I®°RY
[ (ecao(@)(Ho10,df), coo(Hoo, df), (cpm (@) (Hpm, df))p>1,1<m<or)-
Then
T," o I®RY) -
(7=10, 100> (Mpm )p>1,1<m<2p) 77—10G—10+7700G00+Z Z clwnpm Gpm-

p=11<m<ar P™
T, is an isomorphism, and for the operator norms we have the following inequalities

2

Toll=1, |IT; Y| < :
|| OtH ) H « ||— (204_1)(21—04_1)

Proof. By definition, for p > 1,1 < m < 2P we have
1

Hypy df)| < 27 HDt 541 g1, =
(. ) il = 25

1 la- (2)

Therefore, T, is well defined, and we have

ITall < 1.



The equation ||T,|| = 1 follows from the proof of Lemma 1.1. This Lemma also shows that
T, is one-to-one and that T;! is its inverse.

We next prove the inequality for the operator norm of T, .
Let 1 = (1-10, 100, (Mpm)p>1,1<m<2r) € 1°°(R?) be given, choose 0 < s < t < 1, and write
f=T57%(n). Then we have

oo 2P 1

(&) = £ < Mnllocllt = s+ > aomla) |Gpm (1) = Gpm(s)]]- 3)

Now choose pg > 1 such that
2P0l <t — 5| < 270,

Then for 1 < p < py due to the fact that the supports of Gpy,,p > 1,1 < m < 2P are disjoint

2p

1
Gom(t) — Gpm(s 4
32 @ G0 = Gone) ()
1
= su ———— |G (t) — G (s
S cpm(a)| pm(t) = Gpm(s)]
< gplemg)metlof |p )
< 2p(1—a)—a+1—p0(1—a) |7f - S|a _ (21—a)(1+p—p0) ’t o S‘a7
while for p > pg
2p 1
Gom(t) — Gpm(s 5
3 oGm0 = Gone) 6

2—p(a—%)—a+1 2—%—1

IN N

g-pa—at(potla g glo — (9)(Po=P) |¢ — |

Combining (3), (4) and (5), we obtain the estimate

f(t)— f(s 2
LIOES 1G] —T
|t — s (2 1)(2 1)
and therefore )
T, | <

@ - DEe 1)
O

We can extend the isomorphism of Theorem 1.3 to subspaces of Holder continuous func-
tions which will arise later in the study of the LDP for Brownian motion. For 0 < a <1 let
C§ be the subspace of C(]0, 1]) composed of all functions f for which f(0) = 0 and

(O RC)]

00 0<sct<l t—s|<s |t — S|

=0.

The isomorphism of Theorem 1.3 will then be restricted to the subspace Cy of all sequences
N = (Mpm)p>1,1<m<zv in C which converge to 0 as p — oo as a target space. The following
Theorem holds, with a slightly, not essentially different proof.



Theorem 1.4. Let 0 < o < 1. Let c_10, oo, cpm(c),p > 1,1 < m < 2P, be defined as in
Theorem 1.3. Define

Ta70 : Cg — Co,
[ = (co10()(H 10,df), coo{Hoo,df), (cpm () (Hpm, df)) p>1,1<m<2r).

Then

Ta_é : Co—)Cg,

)

1

oo
(=10, 100, (Mpm)p=11<m<2r) > N-10G—10 + M00Goo + >, > @) Gpm-
p=11<m<2r P™

Tw,0 is an isomorphism, and for the operator norms we have the following inequalities

2

Taoll =1, |T54] < :
H CVDH ; H Oc,OH— (204_1)(21—04_1)

2 The Schauder representation of Brownian motion

We shall now present an approach of the study of one-dimensional Brownian motion which
is close to Wiener’s representation of Brownian motion by Fourier series with trigonometric
functions as a basis. So in this section we set d = 1. Our basis will be given by the Haar-
Schauder system of the preceding section. In fact, the trajectories of Brownian motion will be
described just as in the preceding section continuous functions were isomorphically described
by sequences. Given a Brownian motion X indexed by the unit interval, with the same
notation as in the preceding section we write it sample by sample as a series with coefficients
(Hoo,dX), (Hpm,dX),p > 1,1 < m < 2P. Due to the scaling properties and the structure of
Haar functions, these random coefficients are i.i.d standard normal random variables. This,
in turn, allows us to construct Brownian motion indexed by the unit interval by taking any
sequence of i.i.d. standard normal variables (Zoo, (Zpm)p>1,1<m<2r) On a probability space
(Q, F,P), and defining the stochastic process

Wi = ZooGoot) + > Y. ZymGpm(t), t€[0,1]. (6)
p=11<m<2pP

To get information about the quality of convergence of this Fourier series, we need to control
the size of the random sequence (Zpm)p>1,1<m<2v in the following Lemma.

Lemma 2.1. There exists a real valued random variable C' such that for p > 1,1 < m < 2P

Zpm| < C/pIn2. (7)

Proof. For x > 1,p>1,1 <m < 2P we have

2 [0 _u2 2 [ u? 2 _a?
P(|Zpm| > ) =1/ — e 2du<y[— ue” zdu=/—e 2.
P T Jy T Jo T

Hence for 5 > 1

we have

2 2
P(| Zym| > 1/261n2p) < \fe—ﬁmp = \[2—517.
T T

S



Therefore, the lemma of Borel-Cantelli yields that |Z,,,| < v/46pIn2 for almost all p > 1,1 <
m < 2P with probability 1. Hence the random variable C' = sup,>; 1<m<or Zpml 5 almost

vpln2
surely finite, and yields the desired inequality. O

The preceding Lemma enables us to state that the convergence in (6) is absolute and
therefore the process continuous. Its law has the characteristics of the law of a Brownian
motion, as the following Theorem shows.

Theorem 2.2. The series in (6) converges absolutely in the uniform norm to a continuous
process W which is a Brownian motion on [0, 1].

Proof. Let us first prove the absolute convergence of the series in the uniform norm. This
will evidently imply that W is continuous. Let p,q > 1 be such that ¢ > p. Then for ¢t € [0, 1]
we have with the random variable C' of the preceding Lemma

zq: > | ZumlGam(t) < ozq: > Vnln2 Gun(t)

n=p 1<m<2n n=p1<m<2n

CY. Y. VnGum()

n=p 1<m<2p

(o]
CY Vno
n=p

IN

IN

which converges to 0 as p tends to oo, independently of ¢ € [0, 1].

To prove that W is a Gaussian process with E(W;) = 0 and cov(W;, W5) = s A t, for
0 < s,t <1, we first note that the series also converges in square norm. In fact, we have for
t € [0,1], p,qg > 1 such that ¢ > p by the law properties of Z,,,,p > 1,1 <m < 2P,

q

E([Z Z anGnm(t)]2):Z Z Gnm(t)2§22_n_2a

n=p1<m<2n n=p 1<m<2n
which converges to 0 as p — 0o. Next, let d e N, 0 <t; < --- <tg<1,and 0 = (01,--- ,04) €
R be given. We compute the Fourier transform ¢(6) of the vector (Wy,,---,W;,) at 0. We



have by dominated convergence and the law properties of Zp,,,p > 1,1 < m < 2P, again

d
p(0) = E(exp(iy  0;Wy))

p=00<m<2p j=1
) 1 d

= H H exp(_i(zngpm(tj))Q)
p=00<m<2p j=1

00 d
= el Y (O 0Gmn)?)

p=00<m<2r j=1

d 00
= by 300 D S Gonlt) Gy (1))

4, k=1 p=0 0<m<2P

Now observe that Parseval’s equation implies for 1 < j,k < d

tiAt=og low) = >, Y. (Lo Hom) Qoge)s Hom) = > D Gom(ty)Gpm(tr)-

p=0 0<m<2p p=0 0<m<2p

Therefore we finally obtain

d
1
p(0) = exp(—5 D 0;0k tj Aty).
Jk=1

But this means that (W ,---,W,) is Gaussian with expectation vector 0 and covariance
matrix C' with entries ¢, = t; Atg, 1 < j, k < d. It is easy to see that these properties imply
that the process W possesses independent increments which are Gaussian with mean 0 and
variance corresponding to the length of the increment intervals. This, however, characterizes
a Brownian motion. 0

We now use the Schauder representation of Brownian motion to show its Holder continuity
properties.

Theorem 2.3. The Brownian motion W = (Wy)o<i<1 is Holder continuous of order o < 1/2.
Its trajectories are a.s. nowhere Hélder continuous of order o > 1/2. Moreover we have
(Lévy’s modulus of continuity)

‘Wt_Ws,
P sup sl o) =1, 8
(0<s<It)<1 h(lt — s]) ) (®)

where h(u) = y/ulog(1/u),u > 0. In particular, for a < %, the trajectories of W are P-a.s.
contained in the space C*.



Proof. Let first o €]0, 1], (¢pm)p>1,1<m<2r be a sequence of real numbers for which there exists
¢ € R such that for p > 0,1 < m < 2P we have

’Cpm| < cy/p.

Let
o0
:Z Z CpmGPm(t)v te [07 1]
p=11<m<2pP
We shall prove that supg<s.i<; % < 00. Due to Lemma 2.1, this will imply the claimed
formula. In fact, due to the continuity properties of Ggp, we may assume that cgg = 0. Then
for0<s<t<l1

oo 2P
Lf(t) = f(s)] < Z Z |[com | |Gpm (t) — Gpm(s)]- (9)

p=1m=1

Now choose pg > 1 such that
2P0l < |t — 5| < 270,

Then for 1 < p < pg

Z [Cpm| |Gpm (t) — Gpm(s)] (10)

= sup ’Cpm’ ‘Gpm@) - Gpm(s)‘

1<m<2r
< cyp2t It—Sl
< ¢ p2 2 |t—s|2
<

& P P—Po 1
P g —
Vinz \ o \/' =

while for p > pg

Z [Cpm| |Gpm (t) — Gpm(s)] (11)

§cp22

C p _potl-p 1
—— /=2 2 t—s|ln .
vIn2 \ po \/| | |t — s

It is easy to see, for instance by estimating f Vx2 %dx, and fl Va2tdx for a > 1 using
integration by parts that the sum in p of the two estimates can be taken and yields a finite
upper bound which does not depend on py. Hence (9), (10) and (11) imply

[f(t) = f()]

[t — s lnﬁ

/
<c,

for some constant ¢’ independent of s and ¢. This implies the desired inequality, and all claims
about Holder continuity for a < %



Letusnextﬁxoz>%. For ¢ > 0,e > 0 let
D(a,ce) ={we: Ise€[0,1]Vte|0,1],|s—t] <e: |[W(w)— Ws(w)| <c|ls—t|*}.

We will show that P(I'(c, ¢,€)) = 0 for all ¢,e > 0, and thus that W is a. s. nowhere Holder
continuous of order a.. To this end, for all m;n € Nym < n, and 0 < k < n let

KX e =max{|W; — Wyi|: k< j<m+k}.

Let w € I'(a, ¢,€). Choose n € N so that ™* < e. Let s € [0,1] be given such that for all
t € [0,1] satisfying |s — t| < e we have |Wi(w) — Ws(w)| < ¢|s — t|*. Choose 0 < k <n—m
such that % <s< k“'Tm Then for k< j < k+m

Wi (w) =Win(w)] < [Wi(w) = Ws(w)|+ [Ws(w) — Wit (w)]
. .
< oL — gl — Lo < oMy
n n n
This proves that

m
r in X, < 267 12
(0,6,0) € {,_uin X < 26} (12)

Let us now estimate the probability of the latter set. Indeed, we have using independence
and stationarity of the laws of the increments of W, and its scaling properties

m m

: oMy~ § .
P(,_min  Xnp <2e()%) < nP(Xm < 26(5))

< nP(|W.| szc(%)a)m

= nP(|W1] < 2ev/n(=)*)"

< n[\/fzcmf)a]m - n1+<%-a>m[\/fzcmﬂm.

Now choose m so that 1+ (3 — a)m < 0. Then let n — oo to obtain that
P(I'(«,c,€)) =0,

as desired. ]

3 Large deviations for Brownian motion

In this section, we shall apply the Haar-Schauder expansion of Brownian motion derived in
the preceding section to show that it gives easy access to the LDP for Brownian motion,
usually comprised in Schilder’s theorem. In fact we will establish how the expansion allows to
reduce the calculation of the rate functions to the ones for simple one-dimensional Gaussian
variables.



3.1 Large deviations for one-dimensional Gaussian random variables

The large deviation rate for a one-dimensional Gaussian unit random variable can be directly
calculated. Consider a random variable Z with standard normal law, and let p. be the law
of \/eZ. Then the following statement holds.

Theorem 3.1. Let
I(x)=—, z€eR.
Then for any open set G C R and any closed set FF C R we have

— inf < liminfel
inf I(z) < lim inf elog pie(G),
— inf I(z) > limsup elog pe(F').
zeF e—0

Proof. We argue for a closed set F' C R. Let a = inf{|z| : # € F'}. Note that the case a = 0
is trivial. We may therefore assume that a > 0. By symmetry we may further assume that
there exists b > a such that F' C] — oo, —b] U [a, 0o[. Hence for ¢ > 0

2 0 72
pe(F) < prefa, 00]) + pae(] — 00, —0]) < / exp(——-)da.
V21 = 2
For u > 1 we have
) ) 00 9 .
/ exp(—%)dl‘ S/ :cexp(—%)d;c:exp(_§u2).

Hence for € < a2
2 a?

eln pe(F) < elln(—=) ],

V2T B 276
and therefore )
a
li 1 F)Y< —— = —inf I(x).
imsup ¢ 0g He(F) < =5 inf I(z)

For open sets we need a different inequality. In fact, integration by parts gives for u > 1

o0 2 1 1 © 1 2
/u exp(—g)dx:uexp(—2u2)—/u ?exp(—%)dx,

hence
and

Now let G C R be open, y € G. By symmetry, we may assume that y > 0. Let, moreover,
a,b > 0 such that y €|a,b[C G. Then, for € small enough we have

#e(G) > pella,oo]) = pellb oo]) > =[5 exp(—3-) — exp(~3)]

10



Therefore

| ],

liminfeln p (G) > —

e—0

This implies the lower bound.
O

3.2 Large deviations for one-dimensional Brownian motion in Holder space

In this section we use the Fourier series decomposition of one-dimensional Brownian motion
in Holder space C§ of order o < %, and Ciesielski’s isomorphism mapping this space to a
sequence space, to calculate the rate function arising in LDP for Brownian motion, as for
instance specified in Schilder’s theorem. This remarkable approach was presented in Baldi
and Roynette [BR92]. Again we have d = 1. Let W be a one-dimensional Brownian motion

indexed by [0, 1], described by

W = ZooGoo(t) + Z Z Zpm Gpm

p=11<m<2p

with a sequence (Zoo, (Zpm)p>1,1<m<2r) of i.i.d standard normal variables, and the Schauder
functions (Gpm)p>0,0<m<2r, as described in the previous section. Recall the Haar functions
(Hpm )p>0,0<m<2r and the sequences (c_10, coo, (¢pm())p>1,1<m<2r) appearing in Ciesielski’s
isomorphism in Theorem 1.3 for 0 < a < 1, given by

cpm(a) = 2p(o‘_%)+°‘_1, coo(a) =1, c_1p(a) =1, (13)

ifp>1,1 <m < 2P, We investigate the asymptotic behavior of the family of probability
measures (fie)es0, where p. is the law of \/eW, € > 0. We remark that according to Theorem
2.3 forany € > 0,0 < a < % we have

ME(C(?) =1 (14)

The large deviation rates for Brownian motion will crucially depend on the following
function space, the Cameron-Martin space of absolutely continuous functions.

Definition 3.2. Let

Hi = {f: [0,1] = R, f(0) =0, f abs. cont. with density f € L*([0, 1])}

_ {/Otf(s)ds, f'eL2([o,1])}. (15)

By means of (15) we can define the rate function for Brownian motion.

Definition 3.3. Let L
I(f) = { 3 Jo (2 (u)du, i f €y, (16)

oo, otherwise.

In the following Theorem the rate function for an LDP for Brownian motion is calculated
for basic sets of a topology that is finer than the supremum norm topology usually employed
on Wiener space. Using standard arguments, it can be enhanced to an LDP in Schilder’s
Theorem. We consider the following basic sets of the Hélder topology. For > 0,% € C§

denote B§' () = {f €Cy : ||f — ¥||la < I}

11



Theorem 3.4. Let 0 < a < 1/2,§ > 0 and ¢ € (C§, || - |la). Then with the rate function I
defined by (16)

lim eln ue(B5 (¢)) = _feié?gf(w) 1(f), (17)
lim eln pue (B§'(v)) = — inf  I(f). (18)
0 EBE )

Proof. We give the arguments for (17). The proof of (18) is almost identical.
1. We use the Schauder representation of Brownian motion W and the function 1 given
by

W = ZyGoo + Z ZpmGpm and ¢ = §ooGoo + Z §pq(n ) Gpm-  (19)
p>1,1<m<2r p>1,1<m<ar P

We recall the inverse of (the restriction of) Ciesielski’s isomorphism

o0
T, 5 1°(R) = CF, (100, (Mpm)p=0,1<m<2e) = M00Goo + > Y

1
)npm Gpm7
p=11<m<2p

Cpm (v

and remark that the sequence (§oo, (§pm)p>1,1<m<2r) in the representation of ¢ just satisfies

To,0(¥) = (£00; (§pm)p>1,1<m<2r), while Ty o(VeW) = (VeZoo, vecpm () Zpm)p>1,1<m<2r. We
therefore have, denoting for notational simplicity, Z,0 = 0,&p0 = 0,cp0 = 1,p > 1,

VeEW € B§(¢) <= sup  |Vecpm () Zpm — Epm| < 0.
p=0,0<m<2p

Hence

(\/5W)_1[B§“(?/))] = ﬂ {\@Cpm(a)zpm E]fpm —0,&pm + 6[}

p>0,0<m<2»

Since (Zpm)p>0,0<m<zr is a family of independent random variables, we obtain for € > 0

ne BN =TI P(Veeum(@)Zpm €lom = 66m+31) = [ Bome). (20)

p=0,0<m<2P p20,0<m<2P

We split the sequence of probabilities (P, (€))p>0,0<m<2r into four different parts to be treated
separately:

sz(nm%szOSms%zo¢@m—&gm+ﬂ}

=
w
I
=
g
<
v
=
[a)
A
3
A
[\]
\."G
&
e
|
g
&
e
_l_
&
|

éé}}
272 ’

Let us recall that ({m)p>0,0<m<2r € [*°(R), so A3 contains almost all (p,m),p > 0,0 <m <
2P and hence Ay U Ao U Ay = (A3)° is finite.

12



2. Let us first discuss the contribution of As. Since (Zyo, me)p21,1§m§2p are standard
normal variables, we have

H Pom(e) 2 H ]P<me < {_ 2cpmfa)\@’ QCpmfa)ﬁD

(pm)€As (p,m)€A3,p>1

= 1 - \/>/ @) 7“2/2du).

(p,m 6A37p>1

Now according to (13) and our choice of o, ¢pm(a) < 1,1imy, 00 cpm () = 0. Therefore, for
€ > 0 such that € < 62 and all p > 1,1 < m < 2P we may estimate (see proof of Theorem 3.1)

s () < exp(———)
exp(——)dr < exp(————).
8/(2cpm (a)V/E) 2 8cpm () %€

In order to prove that || Py (€) converges to 1 as € — 0, by the elementary inequality

(p,m)eNs

—z < In(1 — z) for z €]0, 1] it suffices to prove that }_ -1, <op exp(—gc‘si(za)zg) converges
Z L, 1T pm

to 0 as € — 0. This is in fact the case due to (13). We deduce

im  [[ Pom(e) =1 (21)

3. Next, we estimate the contribution of A4. Indeed, |A4] < oo and by definition [£,,, —
d,&pm + 6] contains a small neighborhood of the origin for any (p,m) € As. We obtain

) TGt (22)
(p,m)EA4

4. Since |A2| < o0, its definition immediately gives

Ll Poa(e) = 27121, (23)
( b,m )€A2

5. Let us finally estimate the contribution of A;. We define

£ - Epm — 0, if &pm > 6,
pm _(é-pm + 5), lf gpm < _5

Since for (p,m) € A1 Z,, has a standard normal law, Theorem 3.1 implies

1g%elanm( g) = —20557();)2.
Since |A1]| < oo, we therefore have
-2
lgneln H Py (e) = — Z 266107(';)2. (24)
[p,m)e (pym)er; P
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6. Using (21), (22), (23) and (24), we can deduce (17) if we are able to compare

52
Yoo PR with  inf I(f).

oA, 2¢pm (a)? fEB2(Y)

By Theorem 1.4 any function f € C§ N1 has the Schauder representation

n .
f=m0Go+ Y c pT(na) Gpm,  with (n00, (Mpm)p=0,1<m<2r) € I™(R).
p>1,1<m<2r P

The derivative satisfies f = ngoHoo + Zp>1 1<m<ap % Hp,,, and since
ZL1l>m> pm

(Hoo, (Hpm)p>1,1<m<2»), is an orthonormal system in L?([0,1]), we obtain

1 [t o
2/0 f(5)2 ds = Z Qcpni(a)Q'

p=0,1<m<2p

So the statement of the Theorem is an immediate consequence of the equality

L Tpm
inf / f52d5 = 11’1f pij Wlth méfm_5,£m+(5
FEBF @It 2 Jo ;. {p>0,oz<;w<2p 2¢pm(@)? Tom. €16 P {}

=2

gpm
5. /2"
(pvm) EAl 2cpm (a)

4 Paradifferential calculus and Young integration

In this section we develop the basic tools that will be required for our rough path integral in
terms of Schauder functions. We shall formally decompose the integral into three components.
In these terms, we shall derive Young’s integral.

Before we continue, let us slightly change notation. We want to get rid of the factor 27/
in (1), and therefore we define for p > 0 and 0 < m < 2P the rescaled functions

Xpm 1= Qngm and Ppm = 2§Gpm,
as well as ¢p_19 := G_190 = 1. Then we have for p € N and 1 <m < 2P

tom p 2m —1 2m — 2 1
L e — op _ S
/t 2rds =2 < 2pt1 2p+1 )_27

0
pm

(M)

lopm ®)lloo = pm(tpm) = 2

ZI;ZO Z?::o fpm@pm, where f_19 := f(1), and foo := f(1) — f(0) and for p € N and m > 1

Fom =27 (xpm, Af) = 2f (tpm) — [ (tom) = f (o) = fro, 12— fir

2 .
pmipm pmtpm

so that ||¢pm|lec < 1 for all p,m. The expansion of f in terms of (¢pm) is given by fi, =

We write (xpm,df) := 2P fpm, for all values of (p,m), despite not having defined x_1¢.

14



Definition 4.1. For a > 0 and f: [0,1] — R¢ the norm ||-||,, is defined as

[fllev == sup 2% fpml,
pm

and we write
e = c(RY) == { f € C10,1],RY) 1 || flla < o0}

According to Theorem 1.3, we may indeed use the same name for the sequence space norm
as before for the function space norm. And the old space C% is identical with the one just
defined. For a € (0,1), we have C* = C*([0, 1], RY).

Littlewood-Paley notation. We will employ notation inspired from Littlewood-Paley the-
ory. For p > —1 and f € C([0,1]) we define

2P
Apf = fomepm  and  Spfi=> A.f.
m=0

q<p

We will occasionally refer to (A, f) as the Schauder blocks of f. Note that

C* = {f € C([0, 1], RY) = [[(2**]| Apflloc)plle=e < 00}

4.1 The paraproduct in terms of Schauder functions

Here we introduce a “paradifferential calculus” in terms of Schauder functions. Paradifferen-
tial calculus is usually formulated in terms of Littlewood-Paley blocks and was initiated by
Bony [Bon81]. For a gentle introduction see [BCD11].

We will need to study the regularity of vam UpmPpm, Where uy, are functions and not
constant coefficients. For this purpose we define the following space of sequences of functions.

Definition 4.2. If (upmy, 1 p > —1,0 < m < 2P) is a family of affine functions of the form

Upm & [t Tom] — RY, we set for a > 0

[(upm) || 4 = sup 2P| upm | oo,
p?m

where it is understood that [[upmlec := maxiepo 2 1|upm(t)]. The space A% := A%(RY) is
then defined as

A% = {(Upm)pZ—l,OngZP P Upm € C([tgm,t?,m],Rd) is affine and ||(upm)||Aa < OO} .

Before proving a regularity estimate for affine expansions, let us establish an auxiliary
result.

Lemma 4.3. Let s <t and let f : [s,t] = L(RY,R™) and g : [s,t] — R? be affine functions.
Then for all r € (s,t) and for all h > 0 with r — h € [s,t] and r + h € [s,t] we have

(D) r—ni = (FDrrsnl < 8lt = 5720 fllsslglloo- (25)
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Proof. For f(r) =a1 + (r — s)by and g(r) = az + (r — s)be we have
(f9)r—tr = (f@)rrenl = 12 (r)g(r) — f(r = R)g(r — k) = f(r +h)g(r + h)| = | — 2h*byba.
Now fs: = b1(t — s) so that |b1| < 2|t — s|7!||f|lcc, and similarly for bs. O
We now prove a regularity estimate for affine expansions.

Lemma 4.4. Let o € (0,2) and let (upm) € A*. Then 3, . Upmppm € C¥, and
|32 womom|| 5 1l upm)l e
p?m @

Proof. We need to examine the coefficients 279(xgn, d(3_,,, upmPpm)). The cases (¢,n) =
(—=1,0) and (¢g,n) = (0,0) are easy. Solet ¢ >0 and 1 <n < 29. If p > ¢, then Lppm(t n) =0
for : = 0,1,2 and for all m, and therefore

<qu (Z “pm@pm)> =271 Z Z(qu d(tpmPpm))-

p<g m

If p < ¢, there is at most one mgy with (xgn, d(Upme@pme)) # 0. The support of x4, is then

contained in [t9, .t T or in [t} .2 | and Upm, and @pm, are affine on these intervals.

So (25) yields, with |t —s| =27P, h =279

Z‘Z (Xgn> d(upmeppm))| = Z ‘(upmSppm)tgn th, (UpmPpm )i, 12, |

qnoqn
m

S 22727 g [l os | 0pmlloo S 2737724 (2 )[4

For p = q we have @gn(t0,) = @qn(t2,) = 0 and ¢ (t,) = 1/2, and thus

gni’qn qnrqn

D127 Xgns A(ugmepqm))| = ‘(uqann)to i, — (Ugn®an)ay, 12, | = lultgn)] € 27 (upm) | a0
m

Combining these estimate and using that o < 2, we obtain
27| (s (Zupmsopm)>\ S D22 ()t 2 270 ) e
p<q

which completes the proof. O

The following paraproducts will be essential in the decomposition of the integrals we
investigate.

Lemma 4.5. Let 8 € (0,2), let v € C([0,1], L(RE,R™)), and w € C*(R?). Then

m< (v, w) ZSP wApw € CPR") and |r<(v,0)l S [v]locllwlls- (26)
p=0
Proof. We have mo(v,w) = >, Upm@pm With upm = (Sp- 1v)|[tpm 12,.]Wpm- For every

(p,m), the function (S,— 1v)|[to 12,,] 1s the linear interpolation of v between tgm and tf,m

As [[(Sp-1v)[po, 2 1Wpmlleo < 2_p6||vHoon||5, setting upm = Sp-10|[s0, 42 1Wpm, we obtain

pm> pm

[(upm) [l 4 < [[v]lcol|w]ls-

Hence the statement follows from Lemma 4.4. O
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4.2 A decomposition of Young’s integral

In this section we construct Young’s integral using Schauder expansions. If v € C% and
w € CP, we formally define

[ ) == 30 S v [ o) = X [ Aps)aagus),

O p’m q7n O

We show that this definition makes sense provided o+ > 1. We identify three components of
the integral that behave quite differently. This will be our starting point towards an extension
of the integral beyond the Young regime.

In a first step, we have to estimate the Schauder coefficients of the iterated integrals of
Schauder functions arising in our double sum.

Lemma 4.6. Let p > q > 0. Then

(Ppms Xan) = 277 *Xgn(tpm), and |{@pm, Xgn)| = 20HI72PVO 72 (27)

for all m,n. If p = q, then (Qpm, Xpn) = 0, except if p = q = 0, in which case the integral is
bounded by 1. If 0 < p < q, then for all (m,n) we have

{©pm> Xgn) = _2_q_2Xpm (tgn) » and |[{@pm; Xqn)| = opta—2pVe)=2, (28)
If p = —1, then the integral is bounded by 1.

Proof. The cases p = g and p = —1 are easy, so let p > ¢ > 0. Since x4, = an(tgm) on the
support of ¢p,, we have

1 1
/0 o (5)d0gn(5) = Xgn(t000) / pm(5)ds = xgn(t0,)2772.

If 0 < p < g, then integration by parts and (27) imply (28). O
Next we estimate the coefficients of iterated integrals in the Schauder basis.

Lemma 4.7. Leti,p>—1,¢>0,0<j<2,0<m<2,0<n<2¢. Then

<Xij7d</' SpmeqndS>>’ < 9~ 2iVpVa)+pta (29)
0

except if p < q = 1. In this case we only have the worse estimate

<Xijvd</0. Spmeqnd3>>‘ <L (30)

Proof. We have (x_10,d( [, pmXqnds)) = 0 for all (p,m) and (g,n). Solet i > 0. If i < pVgq,
then x;; is constant on the support of @pmXgn, and therefore Lemma 4.6 gives

2—i

271'

27 (Xij> LomXan)] < [(@pm, Xqn)| < 2PTI72PVD) = 9= 2VPVO)+pa,

Now let ¢ > ¢. Then x4, is constant on the support of x;;, and therefore another applica-
tion of Lemma 4.6 implies that

27" |<Xij: Somean = 2q_i|<90pmvxij>’ < 24~ igpti=2(pVi) = 9= 2(VPVa)trte,
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The only remaining case is ¢ = ¢ > p, in which

2.
. ) ij
2 g pmxn] <2 [ (o3 < limloo < 1

ij
O

Corollary 4.8. Leti,p > —1 and ¢ > 0. Let v € C([0,1], L(R?, R™)) and w € C([0,1],RY).
Then

HA@(/ Apv(s)quw(s))H < 2= VPVA) =44 A || || A gt oo (31)
0 00
except if i = q > p. In this case we only have the worse estimate

i [ aw@asw)] S 1amlxagl (32

Proof. The case i = —1 is easy, so let ¢ > 0. We have

AZ(/O Ap’l)(S)quw(s)> = Z vpqun<2_ixija@meqn><Pij-

j7m7n

For fixed j, there are at most 20VPV9)~% non-vanishing terms in the double sum. Hence, we
obtain from Lemma 4.7 that
S 2OVPYDT A oo || Aguw]|oo (2 HVPVOTIHE 4 1, )

~
o

’ Z Upqun<27iXij7 (Pmeqn>S0ij

m,n
= (2 VD 1A | Ag]|eo.
O

Corollary 4.9. Leti,p,q > —1. Let v € C([0,1], L(R®, R™)) and w € C([0,1],R?). Then for
pV q <1t we have

14 (ApvAgw) ||, S 27 CPVD=HPHYA o]l og | A gl oo, (33)
except if i =q > p ori=p > q, in which case we only have the worse estimate
[1Ai(AprAgw) o S A0l Aqwlloc- (34)

If p>i orq>1i, then Aj(ApvAyw) = 0.

Proof. The case p = —1 or ¢ = —1 is easy. Otherwise we apply integration by parts and
note that the estimates (31) and (32) are symmetric in p and ¢. If for example p > 4, then
Ap(v)(tfj) = 0 for all £, j, which implies that A;(A,vAw) = 0. O

We now come to a natural formal decomposition of our integral [;v(s)dw(s) into three
terms. They all have individual regularity properties to be derived from the estimates (31)
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and (32). More precisely, (32) indicates that the series > _  [j Apv(s)dAgw(s) is rougher
than the remainder > -, Jo Apv(s)dAqw(s). Integration by parts gives

> [ Ap(s)agu(s) = melsw) = 3 3 vt | pn(s)doms).

p<q p<qg m,n

This motivates us to decompose the integral into three components, namely
Z/ Apv(s)dAgw(s) = L(v,w) + S(v,w) + 7 (v, w).

Here L is defined as the antisymmetric Lévy area. It can be shown that L is closely related
to the Lévy area of certain dyadic martingales. We set:

- Z Z(Upqun - anwpm)/o @pmdgoqn

p>q mmn
= Z </ ApvdSy_jw —/ d(Sp_lv)pr> .
> \Jo 0

The symmetric part S is defined as

S(va) = Z UOmwOn/ @OmdQOOn‘i‘ZZUpmwpm/ Ppmdepm

m,n<1 p>1 m
= E VomWon / QOOmdQOOn + = g ApUpr
m,n<1 p>1

and 7. is the paraproduct defined in (26). As we observed in Lemma 4.5, 7« (v, w) is always
well defined, and it inherits the regularity of w. Let us study S and L.

Lemma 4.10. Let o, 5 € (0,1) be such that a+ > 1. Then L is a bounded bilinear operator
from C® x CP to COHP.

Proof. We only argue for - [0 AyvdS,—qw The term — [; d(Sp-1v)Apw can be treated with
the same arguments. Corollary 4.8 (more precisely (31)) implies that for i > 0

HA%'@ | Ayl = | %:Ai( | A
< ZZ HAz(/ Apvquw>H +ZZ HAl(/ Apvquw)H
p<i g<p 0 o p>i q<p 0 o
< (2222i+p+quauvua2qﬂuwug T Zzz”qzmuvuazqﬁuwns)

p<i q<p p>i g<p

Sats 27 ullafwlls,

where we used 1 —a > 0 and 1 — 3 > 0. For the second series we also used that a+ 5 > 1. O

Unlike the Lévy area L, the symmetric part S is always well defined. It is also smooth.
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Lemma 4.11. Let o, 8 € (0,1). Then S is a bounded bilinear operator from C* x CP to CoHP.
Proof. This is shown using the same arguments as in the proof of Lemma 4.10. O

In conclusion, the integral consists of three components. The Lévy area L(v,w) is only
defined if o+ 5 > 1, but then it is smooth. The symmetric part S(v,w) is always defined and
smooth. And the paraproduct 7 (v,w) is always defined, but it is rougher than the other
components. To summarize:

Theorem 4.12 (Young’s integral). Let o, 3 € (0,1) be such that o+ § > 1, and let v € C*
and w € CB. Then the integral

I(v,dw) := Z/ ApvdAgw = L(v,w) + S(v,w) + < (v,w) € c?
0

satisfies ||I(v, dw)|[s < [lvllallwl]ls and

(v, dw) = 7< (v, w)[larp S [[V]lallw]p- (35)

5 Paracontrolled paths, pathwise integration beyond Young

In this section we construct a rough path integral in terms of Schauder functions. Let us
first motivate by an example (see [IP15]) what might be missing for two functions that serve
as integrand and integrator in a rough integral, in case for the Holder coefficients we have
the inequality a4+ 8 < 1. Since we use trigonometric functions instead of Haar and Schauder
functions we shall briefly switch the domain from [0, 1] to [—1, 1].

Example 5.1. Let us consider for m € N the functions (f™,¢™): [~1,1] — R? with compo-
nents given by

m m
= Zak sin(2F7t) and gyt = Zak cos(2fnt), te[-1,1],

where a; := 2~ and a € [0,1]. Set f :=limy,—o0 f™, 9 := limy, 00 g These functions are
a-Holder continuous uniformly in m. Indeed, let s,¢ € [—1,1] and choose k € N such that
27k=1 < |s —t| < 27%, Then we can estimate as follows

m
lfm— fm = Z a2 cos(2 (s + 1)) sin(2 (s — t))’
=1
< 22|al|]sm 2l (s — 1)) + 2 Z lay| < 22|al|2l Lr|s —t| +2 Z |y
I=k+1 I=k+1
k
1 o(k+1)(1=a) _ 4 1-a
l l —a(k+1)+1
Z Ml il 2T g < Tl — o gl
(k+1)(1-a) _q -«
< ﬁﬂ'Q k(1 a)‘S—t’a‘i‘ 2_a‘8—t’a < C’S—t‘a

for some constant C' > 0 independent of m € N. Analogously, we can get the a-Holder
continuity of ¢g". Furthermore, it can be seen with the same estimate that (f™) converges
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uniformly to f, (¢") to g and thus also in a-Hoélder topology. The limit functions f and g are
not S-Hoélder continuous for every 8 > «. In order to see this, choose s=0and t =¢, =27"
for n € N and observe that

—1
’ftn f0| S —ak+pBn k—n (B—a)n+a
60 22 sin(2"7"m) > 2 ,

which obviously tends to infinity with n.
Let us now show that (f,g) possesses no Lévy area. For this purpose, fix « € [0, 1] and
m € N. Then Lévy’s area for (f™,¢™) is given by

1 1
/ gl - / grdsm

m
Z axa / (sin(2%7s) sin(2'ms)2'm + cos(2'7s) cos(2¥ms)2¥ ) ds

k=1
Z aray (2 / 5(008((2]C — 2Yms) — cos((2F + 2)ms))ds
k=1 1

1
+ 2Fx / (cos((2F — 2)7s) + cos((2" + 2")ms))ds)
-1

m m
=-2) ap2br=—2) 20 72ky
k=1 k=1

This quantity diverges as m tends to infinity for a < % Since (f™, ") converges to (f,g) in
the a-Holder topology, we can use this result to choose partition sequences of [—1,1] along
which Riemann sums approximating the Lévy area of (f, g) diverge as well. This shows that
(f,g) possesses no Lévy area.

We will now see that f possesses no fractional Taylor expansion up to first order with
respect to g and vice versa. We will name this expansion a control relationship between f
and g. So the example will show that neither f is controlled by ¢ nor vice versa. For this
purpose, note that for -1 <s<t<1,and 0# f € R

o0
|fst— flgst| = Zak[(sin@kmﬁ) — sin(2%7s)) — f9(cos(2knt) — cos(2k7rs))]‘
k=1

= ’2 Z ar[sin(2" 1 7r(s — 1)) cos(28m(s + 1)) + fOsin(2F (s + 1)) sin(2F T w(s — ¢))] ’
k=1

= ‘QZak sin(2F (s — )y/1 + (f9)2sin(2¥ (s + 1) + arctan((fsg)_l))‘.
Let us now investigate Holder regularity at s = 0. First, assume f§ > 0, and take ¢ = 27" to

obtain

|fb2" "fbgOZ | 25n
2-bn N

Z apsin(28717 ) /1 + (f§)? sin(2F 1" 4 arctan((fg)_l))‘

> 2(B=Ingjp (g + arctan((f3) 1))
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For f§ < 0 the same estimates work for ¢, = —27" instead. Therefore, the Holder regularity
at 0 cannot be better than o and in particular f cannot be controlled by g for % > a.

Switching the roles of f and g with similar arguments leads to the same conclusion.

5.1 Paracontrolled paths

For going beyond the Young limit in the theory of integration of rough paths, according to
the example just given the concept of control will play the essential role. In fact, we will
assume that integrand and integrator are controlled by a joint rough function for which we
know that the three terms obtained in the decomposition given in Section 4.2 make sense.
The notion of control of rough functions generalizes the approximation by linear or quadratic
terms in Taylor’s formula of differential calculus into the domain of fractional approximation
orders. We use control by paraproducts, and obtain the following notion of paracontrolled
paths.

Definition 5.2. Let a > 0 and v € C%(R%). We define
Df = DIR") = { (£, f") € COR™) x CHLRLRM) : f# = [ — 7o (f*,0) € CR(R™) |

If (f, f¥) € DY, then f is called paracontrolled by v. The function f¥ is called the derivative
of f with respect to v. Abusing notation, we write f € D if it is clear from the context what
the derivative f is supposed to be. We equip D with the norm

£ llo.a = 1 lla + [1F¥l|2a-
If v € C* and (f, %) € D, then we also write

dpa(f, ) = 11" = [la + IF* = f¥ll2a-

Ezample 5.3. Let a4+ 3 > 1 and v € C*, w € CP. Then by (35), the Young integral I(v,dw)
is in Dy, with derivative v.

Ezample 5.4. If 2o < 1 and v € C%, then (f, f¥) € D2 if and only if |fs+ — flvss| S [t — 52
and in that case

/5]
s,t

| fst — fSvst

t — 5|2

SIS

1 lloo sup + sup va(l+[[olla)-
S

¢ |t —s|* st

Indeed we have | flvs s — m<(f%,0)st| < [t — 812V f¥]lallv]la, Which can be shown using similar
arguments as for Lemma B.2 in [GIP12]. In other words, for a € (0,1/2) the space DS
coincides with a space of controlled paths.

5.2 A basic commutator estimate

Here we prove the commutator estimate which will be the main ingredient in the construction
of the integral I(f,dg), where f is paracontrolled by v and g is paracontrolled by v, and where
we assume that the Lévy area of the control L(v,v) exists.
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Propostion 5.5. Let a € (0,1), and assume that 2a < 1 < 3a. Let f,v,w € C*. Then the
“commutator”

C(f’vvw) = L(ﬂ-<(fav)’w) _I(fa dL(va)) (36)
= lim [L(Sn(m<(f,v)), Snw) = I(f, dL(Snv, Syw))]

- TS

p<N q<p

/ Ap(m<(£.0))(s)dA g (s) - / F(5)Apu(s)dAu(s)
0 0

- ([ st oo ams - [ f(s)d(Aqv)(s)pr(s))]

converges in C3*~¢ for all € > 0. Moreover,

1C(f v, w)ll3a S [ fllallvllallw]a-

Proof. We only argue for the first difference in (36), i.e. for

Xy=3 % [ /0 Ay (< (f,0)(s)dAguw(s) — /0 A dAgu(s)| . (37)

p<N q<p

The second difference can be handled using the same arguments. First we prove that (Xy)
converges uniformly. Then we show that || Xy||3o stays uniformly bounded. This will imply
the desired result, since bounded sets in C3* are relatively compact in C3*~¢.

To prove uniform convergence, note that

Xy - X = 3 | [ Ao @adges) - [ fe)avolasu)]

q<N

-y [Z Z/O' An(AifA0)(s)dAgw(s)

g<N Lj<N i<j
-2 / | Aj(Af ANU)(S)quw(S)], (38)
j>N i<j 70

where for the second term it is possible to take the infinite sum over j outside of the integral
because i A, g converges uniformly to g and because Agw is a finite variation path. We also
used that Ay (A;fAjv) =0 whenever ¢ > N or j > N. The terms in (38) for j = N cancel.
These cancellations are crucial, since they eliminate terms for which we only have the worse
estimate (34) in Corollary 4.9. We obtain

Xv—Xva=Y 3% /D An(AifA)(5)dAu(s) — 3 /D An(AnfANV)(s)dAguw(s)

q<N j<N i<j a<N

-2 Z/O Aj(AifAnv)(s)dAquw(s)

g<N j>N 1<j

Ty /0 A (D FAND)(s)dAGw(s). (39)

q<N j>N
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Note that [|0;Aqw|s S 27||Aqwl|/ss. Hence, an application of Corollary 4.9, where we use
(33) for the first three terms and (34) for the fourth term, yields

X = Xn-tlle S I fllallollallwla [Z 3 3 o 2itgmingiagali=o)

g<N j<N i<j

+ Z 2—2Na2q(1—a) + Z Z 22—2j+i+N2—ia2—Na2q(1—a)

q<N q<N j>N i<j
+ Z Z 2—jo¢2—N0¢2q(1—a)]
q<N j>N
S lallvllallw]lo2~ NG, (40)

where in the last step we used 3 > 1. This gives us the uniform convergence of (Xy).
Next let us show that || Xn|lsa < || fllallv|lal|w]ae for all N. Similarly to (39) we obtain
forn e N

A Xy = Z ZAn

p<N q<p

S5 [ AATADEA ()~ [ 8818 (s

J<p 1<J

-2 /0 | Ajmiprv)(s)quw(s)] ,

J>p i<y

and therefore by Corollary 4.8

1A XN S [Z > 27 VIITR A L (A A ) ool Aqwl| o

p q<p Lj<p i<j
+ 27 (VTR AL (AL FALD) oo | A gl

2.2 2("V”"“*qrmj(Aiprv)uooquwuoo] .
J>p i<y

Now we apply Corollary 4.9, where for the last term we distinguish the cases ¢ < j and ¢ = j.

Using that 1 — a > 0, we get

180 XN oo S Ifllallollallw]la D270~ [Z Y2y —Ingilizalgitize)
P J<p i<j
+ 9~ (nVp)=n+pg—pag—pa

+ Z Z 2—(an)—n+j2—2j+i(1—a)+p(1—a)

J>p i<y
+ Z 9—(nVj)—n+jg—ja—pa
Jj>p
S N fllallvllallwlla2 ™G,
where we used both that 3o« > 1 and that 2« < 1. O

Remark 5.6. If 2 = 1, we can apply Proposition 5.5 with a — & to obtain that C(f,v,w) €
C3~¢ for every sufficiently small € > 0. If 2o > 1, then we are in the Young setting and there
is no need to introduce the commutator.
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5.3 Pathwise integration for paracontrolled paths

In this section we apply the commutator estimate to construct the rough path integral under
the assumption that the Lévy area exists for a given reference path.

Theorem 5.7. Let o € (1/3,1), and assume that 2cc # 1. Let v € C*(R?) and assume that
the Lévy area

L(v,v) := lim (L(Sva,SNUZ))

N—oo 1<k<d,1<t<d

converges uniformly and that supy||L(Syv, Snv)|l2a < oo. Let f € DX(L(RY,R™)). Then
I(Sn f,dSnv) converges in C*~¢ for all € > 0. Denoting the limit by I(f,dv), we have

1(f,dv)lla S I lo.a(lolla + 0lZ + 1 2(v,0)]120)-
Moreover, I(f,dv) € DY with derivative f and
11(f, dv)Hv,a SIS

Proof. If 2a0 > 1, everything follows from the Young case, Theorem 4.12, so let 2a < 1. We
decompose

I(Sn f,dSnv) = S(Sn f, Snv) + T< (Sn f, Snv) + L(Sn 4, Syv)
+ [L(SNT<(f",v), Snv) — I(f*,dL(Snv, Snv))] + I(fY, dL(Snv, Snv)).

v (1+ [[0]12 + |L(v,v)]2q)-

Convergence then follows from Proposition 5.5 and Theorem 4.12. The limit is given by
I(f,dv) = S(f,v) + 7= (f,0) + L%, 0) + C(f*,0,0) + I(f*, dL(v,v)),

from where we easily deduce the claimed bounds. O

6 Construction of the Lévy area for hypercontractive pro-
cesses

To apply our theory, it remains to construct the Lévy area for suitable stochastic processes.
We discuss the example of hypercontractive stochastic processes whose covariance function
satisfies a certain “finite variation” property.

Let X:[0,1] — R? be a centered continuous stochastic process, such that X is inde-
pendent of X7 for i # j. We write R for its covariance function, R: [0,1]?> — R%*¢ and
R(s,t) :== (E(Xgth))lgi,jgd- The increment of R over a rectangle [s,¢] x [u,v] C [0,1]? is
defined as

R[s,t}x[u,v] 1= R(t,v) + R(s,u) — R(s,v) — R(t,u) := (E(Xé,thz,v))lﬁiJSd‘
Let us make the following two assumptions.
(p—var) There exists C' > 0 such that for all 0 < s <t < 1 and for every partition s =ty < t1 <

oo < t, =t of [s,t] we have

n
Z Rt i)ty |” < Ot = s].
ij=1
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(HC) The process X is hypercontractive, i.e. for every m,n € N and every r > 1 there
exists Cromyn > 0 such that for every polynomial P : R® — R of degree m, for all
i1y .yin € {1,...,d}, and for all t1,...,t, € [0,1]

E(|P(XG), . X)) < Cromn BIP(XG), . X))

These conditions are taken from [FV10a], where under even more general assumptions it
is shown that it is possible to construct the iterated integrals I(X,dX), and that I(X,dX)
is the limit of (/(X™,dX"™))nen under a wide range of smooth approximations (X™), that
converge to X.

Ezample 6.1. Condition (HC) is satisfied by all Gaussian processes. More generally, it is
satisfied by every process “living in a fixed Gaussian chaos”; see [Jan97], Theorem 3.50.
Slightly oversimplifying things, this is the case if X is given by polynomials of fixed degree
and iterated integrals of fixed order with respect to a Gaussian reference process.

Prototypical examples of processes living in a fixed chaos are Hermite processes. They
are defined for H € (1/2,1) and k € N, k > 1 as

zZPH = C(H, k) /

RF

1-H

t F —(iyi-H
(/0 H(S_yi)+(2+ b )ds> dBy, ...dBy,,
=1

where (By)ycr is a standard Brownian motion, and C'(H, k) is a normalization constant. In
particular, Z®# lives in the Wiener chaos of order k. The covariance of Z*H is

B(ZMH ZRH) — % (25 4 2H 1| g2H)
Since ZMH is Gaussian, it is just the fractional Brownian motion with Hurst parameter H.
For k = 2 we obtain the Rosenblatt process. For further details about Hermite processes
see [PT11]. However, we should point out that it follows from Kolmogorov’s continuity
criterion that Z% is a~Holder continuous for every a@ < H. Since H € (1/2,1), Hermite
processes are amenable to Young integration, and it is trivial to construct L(Z®H, ZFH)
Ezample 6.2. Condition (p—var) is satisfied by Brownian motion with p = 1. More generally
it is satisfied by the fractional Brownian motion with Hurst index H, for which p = 1/(2H).
It is also satisfied by the fractional Brownian bridge with Hurst index H. A general criterion
that implies condition (p-var) is the one of Coutin and Qian [CQ02]: If E(|X{,|*) < |t — s|2H
and |E(X§’s+thyt+h)| < |t—s|?=2p2 fori = 1,...,d, then (p-—var) is satisfied for p = 1/(2H).
For details and further examples see [FV10b], Section 15.2.
Lemma 6.3. Assume that the stochastic process X : [0,1] — R satisfies (p—var). Then we
have for all p > —1 and for all M, N € N with M < N < 2P that

N
D EX iy X )IP S (N = M +1)277, (41)

mi1,mo=M

Proof. The case p < 0 is easy so let p > 1. It suffices to note that
E(Xpm1Xpmz) =K ((Xto no—Xg e )Xo o oa = Xp g ))

pmyrTpmy pmyrTpmy pm2r7pma pmgr7pmay
= —1)iti2R i i i
i @ZO 1( ) R[tplwllatpwll}x[tp%Qvtp%r—L;ly
1,22=U,
and that {t;m :1=0,1,2,m = M,..., N} partitions the interval [(M — 1)27P, N27P]. O
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Lemma 6.4. Let X,Y : [0,1] — R be independent, centered, continuous processes, both
satisfying (p—var) for some p € [1,2]. Then for all i,p > —1, ¢ <p, and 0 < j < 2!

2} < 2PVi)(1/p=4)9(avi)1=1/p)g—igp(4=3/p)9a/p.

EH Z Z XmeY”<2_iXij’90meqn>

m<2P n<24

Proof. Since p > q, for every m there exists exactly one n(m), such that ©pmXqn(m) 18 N0t
identically zero. Hence, we can apply the independence of X and Y to obtain
m<2P n<24

]
2p

< Z }E(Xpﬂu Xpm2 )E(Y;Jn(mﬁyqn(mz) ) <27iXij’ Ppm an(m1)> <27iXij7 Ppma an(m2)> ‘ .

m1,ma=0

EH Z Z Xme;I”<2_iXij790meqn>

Let us write Mj := {m : 0 <m < 2P, (Xij, PpmXqn(m)) 7 0}. We also write p’ for the conjugate
exponent of p, i.e. 1/p+1/p’ = 1. Holder’s inequality and Lemma 4.7 imply

Z ‘ E(Xpml Xpm2 )E(}/qn(ml)yqn(mg) ) <2_iXija Ppm1 an(m1)> <2_iXij7 Ppma an(m2)> ‘

m1,m2€EM;

Le 1/p
“<“< 2 ‘E(Xplepmz)‘p> < > ‘E(}/;In(ml)}/qn(mz))}p> (27 2Vitptay2,

mi,moEM,; m1,moEM,;
J J

Now write N for the set of n for which x;;xgn is not identically zero. For every n € N; there
are 2P~9 numbers m € M; with n(m) = n. Hence

N 1/p
(> B Yane)”)

m1,m2EM;

/

. 1/p
5(22<pq>>1/p<( max |E(Vyn, Youo) ) >0 \E(quYm)\p) 7

n1,n2€N;
n1,n2€N;

where we used that p € [1,2] and therefore p’ — p > 0 (for p’ = oo we interpret the right
hand side as maxy, noen, |E(Ygn, Yqn,)|). Lemma 6.3 implies that (|E(Ygn, Yan,)|” ") et <

~

2-a(1/p=1/p") Similarly we apply Lemma 6.3 to the sum over ni,no, and we obtain

2(p-0)y1/¢ o A\
(25 D)LP (( max ‘E(quanz)D Z ‘E(Y;zmyqng)‘ )

n1,n2E€N;
n1,n2€N;

< (22(p—q))1/0’2—Q(1/p—1/p’)(|Nj|2—Q)1/p’ — 9(aVvi)/p'9—i/p’ 92p/p" 9a(—2/p'~1/p)
= 2(av)(1=1/p)9i(1/p=1)92p(1=1/p) 9a(1/p=2)

where we used that |N;| = 2(@V)=%. Since |M;| = 2PV~ another application of Lemma 6.3
yields

< Z ‘E(Xplepm2) ‘P) . S 2(PVi)/pg=i/py=ple,

m1,m2€M;
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The result now follows by combining these estimates:
, 2

EH Z Z Xmeqn<2iinj790meqn> }

m<2P n<249

1/ ’
5( Z ‘E(Xpm1Xpmz)|p> P( Z ‘E(an(mnyqn(mz))p

m1,ma€M; m1,ma€M;

) 1/e (272(pVi)+pray2

< (2(pvl’)/p2*i/p27p/p)( 9(avi)(1=1/p)9i(1/p=1)92p(1=1/p)9a(1/p— 2))( (pV1)+2p+2q)
— 9(pVi)(1/p=4)9(qvi)(1=1/p)9—igp(4=3/p)9a/p

O

Theorem 6.5. Let X: [0,1] — R? be a continuous, centered stochastic process with indepen-

dent components, and assume that X satisfies (HC) and (p—var) for some p € [1,2). Then
for every a € (0,1/p) almost surely

> IL(SNX, Sy X) — L(Sn-1X, Sy—1X) |, < o0,
N>0

and therefore L(X, X ) = limy_,00 L(SNX, SN X) is almost surely a—Hélder continuous.

Proof. First note that L is antisymmetric, and in particular the diagonal of the matrix
L(SyX,SyX) is constantly zero. For k,¢ € {1,...,d} with k # ¢ we have

IL(SnyX*, Sy X?) — L(Sy_1X*, Sy 1 X9 ||o

= H SN (xb XL - XE X /0 “”Nm(s)d"”qn(s)Ha

g<N m,n
< ZHZX]%ngn/O (me( dQan H + ZHZXNm / @Nm(s)dgoqn(S)Ha
qg<N mmn g<N mymn

Let us argue for the first term on the right hand side, the arguments for the second one being
identical. Let » > 1. Using the hypercontractivity condition (HC), we obtain

Z Z Z (‘ZXNm 2 Xw»SDNqun>

i, N j<2t q<N

> 2—ia2—N/(2r)2—q/(2r)>

= Z Z Z (‘ZXNm 2 nga @Nqun) 2T) 2ia2T2N+q
i,N j<2i q<N
’S Z Z Z E(‘ZXNM 2 X’Lj; (PNqun> 2>T2io¢2r2N+q.

1,N j<2i q<N
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Now we can apply Lemma 6.4 to bound this expression by

Z Z Z (Q(N\/i)(l/p%)g(qw)(l*1/p)2*%'21\7(4*3/9)24/;’)’“Qia2T2N+q
i,N j<2i g<N
< ZT’ Z Z 9ir(2a—4)gNT(4=3/p+1/r) 9ar(1/p+1/7)
i N<ig<N
+ Z 9t Z Z 9ir(2a—1/p)oNr(1/r=2/p)ogr(1/p+1/r)
i N>ig<i
n Z oi Z Z oir(2a—1)oNr(1/r=2/p)gar(1+1/r)
i N>ii<q<N
< Z gir(2a+3/r—2/p) | Z Z 9ir(20-+2/r)gNr(1/r=2/p)
i i N>i
+ 9ir(2a+1/r—1)9Nr(1+2/r—2/p)
i
For r > 1 we have 1/r—2/p < 0, because p < 2. Therefore, the sum over N in the second term
on the right hand side converges. If now we choose r > 1 large enough so that 14+3/r—2/p < 0
(and then also 2ac + 3/r — 2/p < 0), then all three series on the right hand side are finite.

Hence, Borel-Cantelli implies the existence of C'(w) > 0, such that for almost all w € © and
for all N,i,7 and g < N

|3 Xk () X (0) 2 i, oNm )| < Clw)27 02N/ gm0/ 20,

From here it is straightforward to see that for these w we have

o0

Z |L(SNX (w), SN X (w)) — L(Sny-1X (w), SN—1 X (w))]l,, < 0.
N=0
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