
Risk Theory Autumn term 2017
Exercises -6- Solutions October 16, 2017

(1) Since

EeηX =

∫ ∞
0

IP(eηX > t)dt =

∫ 1

0

IP(Ω)dt+

∫ ∞
1

IP(eηX > t)dt

= 1 +

∫ ∞
0

IP(eηX > eηs)ηeηsds = 1 + η

∫ ∞
0

IP(X > s)eηsds

= 1 + η

∫ ∞
0

eηs(1− F (s))ds,

we get
∫∞
0
eηs(1− F (s))ds = 1

η

(
EeηX − 1

)
.

(2) (a)

1− F (x)

e−λx
=

(
b
x

)a
e−λx

= ba
eλx

xa
→∞

as x → for any λ > 0, since the exponential function increases faster than any
power function. Thus the distribution is heavy tailed.

(b)

1− F (x)

e−λx
=
e−cx

τ

e−λx
= eλx−cx

τ

= eλx(1−
c
λ
xτ−1)

If τ < 1, then xτ−1 → 0 as x→∞ and

lim
x→∞

eλx(1−
c
λ
xτ−1) = lim

x→∞
eλx =∞

for all λ > 0. Hence the Weibull distribution is heavy tailed for τ < 1.
If τ ≥ 1, then xτ−1 ≥ 1 for all x > 0 and − c

λ
xτ−1 ≤ − c

λ
. Choose λ < c, so that

1− c
λ
xτ−1 ≤ 1− c

λ
< 0. Then

lim
x→∞

eλx(1−
c
λ
xτ−1) ≤ lim

x→∞
eλx(1−

c
λ
) = lim

x→∞
e(λ−c)x = 0.

Hence the Weibull distribution is light tailed for τ ≥ 1.



(3) (a)

qn =

(
m

n

)
pn(1− p)m−n =

m!

(m− n)!n!
pn(1− p)m−n

=
(m− n+ 1)m!

(m− n+ 1)(m− n)!(n− 1)!n
ppn−1

1

1− p
(1− p)m−n+1

=
m− n+ 1

n

m!

(m− n+ 1)!(n− 1)!

p

1− p
pn−1(1− p)m−n+1

=

(
−1 +

m+ 1

n

)
p

1− p
m!

(m− (n− 1))!(n− 1)!
pn−1(1− p)m−(n−1)

=

(
− p

1− p
+

(m+ 1) p
1−p

n

)
qn−1,

so that a = − p
1−p and b = (m+ 1) p

1−p .

(b)

qn =

(
v + n− 1

n

)
pv(1− p)n =

(v + n− 1)!

(v + n− 1− n)!n!
pv(1− p)n

=
(v + n− 2)!(v + n− 1)

(v − 1)!(n− 1)!n
pv(1− p)(1− p)n−1

=
v + n− 1

n
(1− p) (v + n− 2)!

(v − 1)!(n− 1)!
pv(1− p)n−1

=

(
1 +

v − 1

n

)
(1− p) (v + (n− 1)− 1)!

(v + (n− 1)− 1− (n− 1))!(n− 1)!
pv(1− p)n−1

=

(
1− p+

(v − 1)(1− p)
n

)(
v + (n− 1)− 1

n− 1

)
pv(1− p)n−1

=

(
1− p+

(v − 1)(1− p)
n

)
qn−1,

so that a = 1− p and b = (v − 1)(1− p).

(4) N(T, ω)−N(T−, ω) = 1 if and only if there is a jump in the path at T , that means
Tn(ω) = T for some n = 1, 2, . . .. Therefore

IP(N(T )−N(T−) = 1) = IP(Tn = T for some n = 1, 2, . . .) = IP

(
∞⋃
n=1

{Tn = T}

)

=
∞∑
n=1

IP(Tn = T ).

We have Tn = W1+· · ·+Wn, whereW1, . . . ,Wn are independent and have exponential
distribution. Then also Tn has a density function hn (Exercises -1-) and

IP(Tn = T ) =

∫
R

1I{T}(x)hn(x)dx =

∫ T

T

hn(x)dx = 0.



Hence IP(N(T )−N(T−) = 1) = 0.
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