EXERCISE SET 7
PARTIAL DIFFERENTIAL EQUATIONS 2, 2019
EXERCISES ON WEDNESDAY 12.15-14, MAD381

. Show that the definition of a weak solution to the heat equation u; = Au
is equivalent to

/Qu(w,tQ)ap(x,tg) dw—/u(m,tl)go(x,tl) dx

Q

—/ ug@tdxdt—i—/ Du-Dp dxdt=0
QX (t1,t2) Qx(t1,t2)

for0<t; <ty <T.

. Provide the definition of weak sub- and supersolution to u; + Lu = f in
Qr.

. Show that the function

u(zx,t) = {0 =

1 t>

DN D=

is a weak supersolution to u; — Au > 0.

. Let u,g € C(0,T; L*(€2)). Show that the following three initial conditions
are equivalent:

1
h/ lu(x,t) — g(z,t)]*> dedt -0 as h—0,

Qpn
lu(x,t) — g(x,0)|* dedt -0 as t—0,
Q

and

/ u(z,0)p(x) do = / g(z,0)p(x) dz for every ¢ € C5°(Q).
Q Q

. Let u be a weak solution with zero boundary condition and an initial
data g of the equation u; = Au+ f, where f € L?>(Qr) and g € Wol’z(Q).
Show that the following energy estimate holds for u:

sup / u(x,t)? da +/ |Du(z, 1) dedt < CllglZ2q) + Cl 720y
te[0,T] /2 Q4
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6. Under the assumptions of the previous exercise, show the estimate

utll 2y < ClIDgllp2() + CllfllL2(r)-



