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(1)

2 or 3 Series Theorem?
Let (Xj)22, be a sequence of independent random variables such that EX; = 0 for all £ > 1.
Moreover, assume that

> Ey(Xy) < oo,
k=1

where
Y(2) = 2 ypp<y + 2L {eps1)-
Is it true that

o
ZXk converges (to a finite number) a.s. ?
k=1

Conditional expectation
We use the probability space ([0,4),B([0,4)), 1A). Let § = ([0,1),[1,3)) C B([0,4)) be a sub-o-
algebra on [0,4). Find out E[f|9], for k = 1,2, 3, where

[ ] fl(x) =,
o fo(z) =1y 4)(2),
o f3(x)=¢e".

Closable martingale?
Let (ex)32, be iid. with P(ey = £1) = 1/2. Define My := 0 and M,, := €1 + ... + &, for n € N*.
We have shown that the process N = (V)22 given by Ny = 1 and

N, 2 Y
= e n
" e+e !l

is a martingale. Does there exist an Z € £;(Q,F,P) such that E|N,, — Z| — 0 as n — oo?
Radon-Nikodym Theorem
Let © # 0. Assume a filtration (5,)22, on © such that

5o (AP, A,
the Ag"), ey A(LZ) are pair-wise disjoint and UlL:"1 Al(n) =Q,

every Al(n) is a union of elements from { Ag"+1)7 - A(L"H)}’
n+1

F—g (A§”> n=0,1,...and [ =1, Ln>
Assume probability measures P and g on (€, ) such that P(A) = 0 implies p(0) = 0 (in other
words, u is absolutely continues with respect to P. We define the random variables M, : @ — R by

HA) L ey s
My(w) =< PA™) r)

(n)

whenever w € A;.

(a) Show that M = (M), is a martingale with respect to the filtration (F,)32,,.

(b) Show that p(A) = [, M,dP for A € F,.

(c) Show that (M,,)22, is uniformly integrable.
Hint: Here you can use the following fact: Assume a probability space (2, F,P) and a finite
measure p on (€, F) such that p is absolutely continuous with respect to P. Then, given ¢ > 0
there is some 0 € (0, 1) such that P(A) < § implies that p(A) <e.

(dx) What is the meaning of the limit random variable My, = lim,, M,, that exists according to
Proposition 3.8.67



