
Stochastic Processes autumn term 19
Exercises -6- 16:15-18:00 MaD 381 December 10, 2019

(1) 2 or 3 Series Theorem?
Let (Xk)

∞
k=1 be a sequence of independent random variables such that EXk = 0 for all k ≥ 1.

Moreover, assume that
∞∑
k=1

Eψ(Xk) <∞,

where
ψ(x) := x21{|x|≤1} + |x|1{|x|>1}.

Is it true that
∞∑
k=1

Xk converges (to a finite number) a.s. ?

(2) Conditional expectation
We use the probability space ([0, 4),B([0, 4)), 14λ). Let G = σ([0, 1), [1, 3)) ⊆ B([0, 4)) be a sub-σ-
algebra on [0, 4). Find out E[fk|G], for k = 1, 2, 3, where
• f1(x) = x,
• f2(x) = 1[1,4)(x),
• f3(x) = ex.

(3) Closable martingale?
Let (εk)

∞
k=1 be i.i.d. with P(εk = ±1) = 1/2. Define M0 := 0 and Mn := ε1 + ... + εn for n ∈ N∗.

We have shown that the process N = (Nn)∞n=0 given by N0 = 1 and

Nn =

(
2

e+ e−1

)n
eMn

is a martingale. Does there exist an Z ∈ L1(Ω,F,P) such that E|Nn − Z| → 0 as n→∞?
(4) Radon-Nikodym Theorem

Let Ω 6= ∅. Assume a filtration (Fn)∞n=0 on Ω such that
• Fn = σ

(
A

(n)
1 , ..., A

(n)
Ln

)
,

• the A(n)
1 , ..., A

(n)
Ln

are pair-wise disjoint and
⋃Ln
l=1A

(n)
l = Ω,

• every A(n)
l is a union of elements from

{
A

(n+1)
1 , ..., A

(n+1)
Ln+1

}
,

• F = σ
(
A

(n)
l : n = 0, 1, ... and l = 1, ..., Ln

)
.

Assume probability measures P and µ on (Ω,F) such that P(A) = 0 implies µ(0) = 0 (in other
words, µ is absolutely continues with respect to P. We define the random variables Mn : Ω→ R by

Mn(ω) :=


µ(A

(n)
l )

P(A(n)
l )

: P(A
(n)
l ) > 0

1 : P(A
(n)
l ) = 0

whenever ω ∈ A(n)
l .

(a) Show that M = (Mn)∞n=0 is a martingale with respect to the filtration (Fn)∞n=0.
(b) Show that µ(A) =

∫
AMndP for A ∈ Fn.

(c) Show that (Mn)∞n=0 is uniformly integrable.
Hint: Here you can use the following fact: Assume a probability space (Ω,F,P) and a finite
measure µ on (Ω,F) such that µ is absolutely continuous with respect to P. Then, given ε > 0
there is some δ ∈ (0, 1) such that P(A) ≤ δ implies that µ(A) ≤ ε.

(d∗) What is the meaning of the limit random variable M∞ = limnMn that exists according to
Proposition 3.8.6?
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