UNIVERSITY OF JYVASKYLA, DEPARTMENT OF MATHEMATICS AND STATISTICS
Autumn 2019/MATS256-Advanced Markov Processes

Solutions for Demonstration 3
Problem 1. For each k =1,...,4, let X*) be F-adapted with X(¥) = 0. Define
=inf{t >0: Xt(k) > 1}

First, observe that for any k = 1, ..., 4, the process X %) is left-continuous or right-continuous,
then for all ¢ > 0 one has

(m<tt=J{xP>11= ) xXP>13er.

s<t s<t,seQ

Hence 73, is an optional time w.r.t. F.

We now check whether 7 is a stopping time. For ¢ > 0, since {7, <t} = {7, <t} U{m, =t}
and {7, < t} € Fy, it is equivalent to check whether {7, =t} € F;.

(a) The construction of paths of X () implies that 7 is the second jump time of X, which
means

(n=ty={x">11=(xY =2y e 7.
Hence 7 is a stopping time w.r.t F.
(b) X2 = limyyy XV, £ > 0.
Let & be an random variable with P(e = 1) = P(¢ = 0) = . Define
0 if t € 0, 1]
xPw) =141 if ¢t e (1,2
Tpemoy (@) + 2L pemyy(w)  if £ > 2,

Let .7-"15(2) = o{X® : s <t}. Then we have .7-"2 = {0, Q}, however
(n=2t={e=1}¢ 7.
Hence 15 is not a stopping time.
(c) Consider the random variable € as in (b). Define the following continuous process

Xt(3) (@) = t if t € [0,1]
1{520}(00) + ﬂl{g:l}(w) ift>1.

Let ]:1;(3) = O'{Xégg) < t}. Then we have ]:1 = {0, Q}, however
{m=1={e=1}¢ 7.

Hence 73 is not a stopping time.
(d) Consider the random variable € as in (b). Define
0 ift €[0,1)
Xy ={1 if t €[1,2]

Lie—py(w) + Lje=1y (W) [1 + 2o T X[y L b2 2 (8) F X[3,00) (t)] ift>2.

Notice that Xt(4) is continuous at t = 2.
Let .7-'(4) = U{X§4) < t}. Then we have ]-'2 = {0, Q}, however

(u=2={e=1} ¢ FY.

Hence 74 is not a stopping time.
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Problem 2. We show that
{Ae F:AnN{r <t} eFy Vie|0,o0)}={AcF: An{r<t}eF Vtel[0,00)}.

“C”: Let A € F be such that AN{7T <t} € Fpy forallt € [0,00). Then AN{r <0} =0 € Fy
and for t € (0, 00),

An{r<t}=u®, (Aﬂ{Té?f—%}) € Fi
t

E‘Ftl

(- 1)+ Tt

“237: Let A € F be such that AN {7 <t} € F, Vt € [0,00). Then we have
AN{r <t} =uX (Am{7<t+%}) €F,1, YNEN
Hence AN{r <t} e m?:lfwr% = Fi+. O

Problem 3. We have

N#=N (1 7= ﬂfH'

s>t n=1 s>t+

Problem 4. Let 7 and 7 be stopping times. Then 7 A 1 is a stopping times and we prove that
FrFy=Fing-
“C”: Let A € Fr N Fy, which means AN{r <t} € 7y and AN {n <t} € F; for all t. Then

An{rAan<t}=An{r<t}U{n<t}) =(An{r<th)U(An{n <t}) € F.
“D7: Let AN{r An <t} e F for all t. We have
An{r<t}=An{ran<tin{r<th) =An{rAn<t})n{r <t} € F.

Similarly, AN {n <t} € F; for all t. Hence A € - N F,,. O



