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Problem 1. For each k = 1, . . . , 4, let X(k) be F-adapted with X(k) = 0. Define

τk := inf{t > 0 : X
(k)
t > 1}.

First, observe that for any k = 1, . . . , 4, the processX(k) is left-continuous or right-continuous,
then for all t > 0 one has

{τk < t} =
⋃
s<t

{X(k)
s > 1} =

⋃
s<t,s∈Q

{X(k)
s > 1} ∈ Ft.

Hence τk is an optional time w.r.t. F.

We now check whether τk is a stopping time. For t > 0, since {τk 6 t} = {τk < t}∪{τk = t}
and {τk < t} ∈ Ft, it is equivalent to check whether {τk = t} ∈ Ft.

(a) The construction of paths of X(1) implies that τ1 is the second jump time of X(1), which
means

{τ1 = t} = {X(1)
t > 1} = {X(1)

t = 2} ∈ Ft.

Hence τ1 is a stopping time w.r.t F.

(b) X
(2)
t = lims↑tX

(1)
s , t > 0.

Let ε be an random variable with P(ε = 1) = P(ε = 0) = 1
2 . Define

X
(2)
t (ω) =


0 if t ∈ [0, 1]

1 if t ∈ (1, 2]

1{ε=0}(ω) + 21{ε=1}(ω) if t > 2.

Let F (2)
t = σ{X(2)

s : s 6 t}. Then we have F (2)
2 = {∅,Ω}, however

{τ2 = 2} = {ε = 1} /∈ F (2)
2 .

Hence τ2 is not a stopping time.

(c) Consider the random variable ε as in (b). Define the following continuous process

X
(3)
t (ω) =

{
t if t ∈ [0, 1]

1{ε=0}(ω) + t1{ε=1}(ω) if t > 1.

Let F (3)
t = σ{X(3)

s : s 6 t}. Then we have F (3)
1 = {∅,Ω}, however

{τ3 = 1} = {ε = 1} /∈ F (3)
1 .

Hence τ3 is not a stopping time.

(d) Consider the random variable ε as in (b). Define

X
(4)
t (ω) =


0 if t ∈ [0, 1)

1 if t ∈ [1, 2]

1{ε=0}(ω) + 1{ε=1}(ω)
[
1 +

∑∞
n=0

1
2n+1χ[2+ 1

2n+1 ,2+
1
2n

)(t) + χ[3,∞)(t)
]

if t > 2.

Notice that X
(4)
t is continuous at t = 2.

Let F (4)
t = σ{X(4)

s : s 6 t}. Then we have F (4)
2 = {∅,Ω}, however

{τ4 = 2} = {ε = 1} /∈ F (4)
2 .

Hence τ4 is not a stopping time.
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Problem 2. We show that

{A ∈ F : A ∩ {τ 6 t} ∈ Ft+ ∀t ∈ [0,∞)} = {A ∈ F : A ∩ {τ < t} ∈ Ft ∀t ∈ [0,∞)}.

“⊂”: Let A ∈ F be such that A∩{τ 6 t} ∈ Ft+ for all t ∈ [0,∞). Then A∩{τ < 0} = ∅ ∈ F0

and for t ∈ (0,∞),

A ∩ {τ < t} = ∪∞
n> 1

t

(
A ∩ {τ 6 t− 1

n}
)

︸ ︷︷ ︸
∈F

(t− 1
n )+
⊂Ft

∈ Ft.

“⊃”: Let A ∈ F be such that A ∩ {τ < t} ∈ Ft, ∀t ∈ [0,∞). Then we have

A ∩ {τ 6 t} = ∪∞n=N
(
A ∩ {τ < t+ 1

n}
)
∈ Ft+ 1

N
, ∀N ∈ N.

Hence A ∩ {τ 6 t} ∈ ∩∞N=1Ft+ 1
N

= Ft+. �

Problem 3. We have ⋂
s>t

Fs =
∞⋂
n=1

⋂
s>t+ 1

n

Fs =
∞⋂
n=1

Ft+ 1
n
.

Problem 4. Let τ and η be stopping times. Then τ ∧ η is a stopping times and we prove that
Fτ ∩ Fη = Fτ∧η.

“⊂”: Let A ∈ Fτ ∩ Fη, which means A ∩ {τ 6 t} ∈ Ft and A ∩ {η 6 t} ∈ Ft for all t. Then

A ∩ {τ ∧ η 6 t} = A ∩ ({τ 6 t} ∪ {η 6 t}) = (A ∩ {τ 6 t}) ∪ (A ∩ {η 6 t}) ∈ Ft.

“⊃”: Let A ∩ {τ ∧ η 6 t} ∈ Ft for all t. We have

A ∩ {τ 6 t} = A ∩ ({τ ∧ η 6 t} ∩ {τ 6 t}) = (A ∩ {τ ∧ η 6 t}) ∩ {τ 6 t} ∈ Ft.

Similarly, A ∩ {η 6 t} ∈ Ft for all t. Hence A ∈ Fτ ∩ Fη. �
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