
Markov processes autumn term 19
Exercises -3- 14:15-16:00 MaD 381 18.11.2019

Try to solve 4 of the 5 problems below ((3) is really short!)

(1) an optional time or even a stopping time ?
Assume we have F-adapted stochastic processes X(k) = (X

(k)
t )t≥0, k = 1, .., 4 with Xk

0 = 0.
We consider the random times

τk := inf{t > 0 : X
(k)
t > 1}, k = 1, 2, 3, 4.

We call the map t 7→ X
(k)
t (ω) a path of X(k).

Find out whether τk is an optional time or a stopping time if

(a) X(1) has non-decreasing right-continuous paths which are either constant or jump up
by 1 (like the paths of a Poisson process).

(b) X(2)(t) = lims↑tX
(1)(s) for t > 0.

(c) X(3) has continuous paths.

(d) X(4) has non-decreasing right-continuous paths which are either constant or jump up.

Hint: Use {τk < t} =
⋃
s∈Q,s<t{X

(k)
s > 1}.

(2) characterization of Fτ+
We define for an optional time τ the σ-algebra

Fτ+ := {A ∈ F : A ∩ {τ ≤ t} ∈ Ft+ ∀t ∈ [0,∞)}.

Show
Fτ+ = {A ∈ F : A ∩ {τ < t} ∈ Ft ∀t ∈ [0,∞)}.

(3) a filtration property
Let F = {Ft; t ≥ 0} be a filtration. Is it true that

⋂
s>t

Fs =
∞⋂
n=1

Ft+ 1
n
?

(4) Fτ∧η
Let τ and η be F-stopping times. Assume as known that then also τ ∧η is a stopping time.
Show that

Fτ∧η = Fτ ∩ Fη.

Hint: See the part of Karatzas & Shreve: Brownian motion and Stochastic Calculus in
Koppa.



(5) a filtration, which is not right-continuous
Let C[0,∞) be the space of continuous functions on [0,∞). Let

Ft := σ{{g ∈ C[0,∞) : g(s) ∈ B} : s ∈ [0, t], B ∈ B(R)},

i.e. Ft is the smallest σ-algebra, such that all coordinate mappings

πs : C[0,∞)→ R : g 7→ g(s), s ∈ [0, t]

are measurable. Show that the strict inclusion Ft ⊂ Ft+ holds by constructing a set which
is in Ft+ but not in Ft.
Hint: You can, for example, consider the set

At+ε :=
⋂

rational s∈[t,t+ε)

{g ∈ C[0,∞) : g(s)− g(t) > 0}

and show that A :=
⋂∞
n=1At+ 1

n
∈ Ft+ but not in Ft.


