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(1)

a filtration, which is not right-continuous
Let C[0,00) be the space of continuous functions on [0, c0). Let

Fi:=0{{g € C[0,00) : g(s) € B} : s € [0,t], B € B(R)},
i.e. F; is the smallest o-algebra, such that all coordinate mappings
s : C[0,00) = R: g g(s), s€]0,t]

are measurable. Show that the strict inclusion F; C F;4 holds by constructing a set which
is in F¢y but not in F;.

Hint: You can, for example, consider the set
A ={g€C[0,00) : gt + 1) > g(t), Yn=m,m+1,..}
and show that A :=J7"_; A¢m € Fiq but not in F.

Brownian motion semigroup
If W = (Wi)ie[0,0) is the (standard) Brownian motion on (€2, 7, P) (defined on sheet -2-),
then for t > 0,z € R and B € B(R) we put

Py(z,B) := P(W, +z € B).

(One can show that {P;(x, B)} is a family of transition functions; and from Kolmogorov’s
continuity criterium it follows that there exists a modification W of W such that for almost
all w € Q the paths

t— Wt (W)

are continuous. Assume both as known.)
Check whether it holds lim¢ o [ f(y)Pi(x,dy) = f(x) for all 2 € R if

(a) f = sin,
(b) f= ]I(—oo,O}'

Hint: The answer is very easy if one uses that (and explains why)
[ F)Pia.dy) = BFOW: + 2) = Bf (Wi + )
R

augmented natural filtration
Show that FF = {G C Q:3H € F* : HAG € NF}.

Hint: One can prove the equality using the following steps:

(a) Show that G := {G C Q:3H € FX : HAG € N} is a o-algebra.
(b) The relation (F = HAG <= G = HAF) implies G C FF.

(c) Notice that NT C G and F;¥ C G and conclude FF C G.



(4) properties of the characteristic function of a Lévy process

Assume that X with X, : (Q,F) — (R% B(R?)) is a Lévy process in law, i.e.

(i) Xo=0 as.
(ii) X has independent and homogeneous increments

(iii) X is continuous in probability, i.e. for all § > 0 :

lim P(|X, — X, > 6) = 0.

For u € R% and ¢ > 0 define '
fe(u) == Ee' X0,
with (u, Xy) == ZZ:1 ukXt(k). Show that the following holds:
(a) Vu e R fo(u) =1,

(b) Vu e RY, t,5>0: fiys(u) = fe(u)fs(u),
() Vu e RY, Vt>0: fi(u)#0.

martingale
Let {X; : t > 0} be a Lévy process in law like in the previous exercise. Fix § € R?. Show
with the help of (4)(c) that {Z; : t > 0} given by

ei<97Xt>

Zy = Fei(0.X2)

is a martingale w.r.t. {F;X;t > 0}.



