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cadlag paths
f:[0,00) = R is cadlag if

vVt >0 li%l f(s):= f(t-) exists

vVt >0 ligg f(s) exists

Define Af(t) := f(t) — f(t-).
Lemma If f : [0,00) — R is cadlag, then on each [a,b) C [0,00) and for each § > 0 there exists
a finite partition
p={a=ty<t; <..<t,=0>}
for which
sup{|f(u) — f(v)| : w,v € [tg,tgs1), k=0,....,n—1} <.

problems:

(1) cadlag = locally bounded
Let f:[0,00) — R be a cadlag function. Show that for any 7' > 0,

sup |f(t)] < oo.
0<t<T
Hint: One can use the above Lemma for this.

(2) Lévy is Feller
Assume that X is a Lévy process in law. Start showing that {7} : ¢ > 0} given by

T,f(x) :=Ef(z + X:), f € Co(R)

is a conservative Feller semigroup, i.e. that it holds:

(a) T(t) : Co(RY) — Co(RY) is positive V¢ > 0 (the linearity is clear).
(b) SUP recy(R4),0<F<1 T, f(z) = 1.
(c) For s,t > 0,2 € R? and f € Co(RY) : Tyysf(z) = T, Ts f ().
(d) For t >0 and f € Co(RY) : |T,f]| < |IfIl-
(e) For f € Co(RY) : Tof = f.
(f)
(3) compound Poisson? )

If we have two independent Poisson processes N and N and a,b € R, is then X given by

f) For f € Co(RY) : ||T;f — f|| — 0 for ¢ | 0.

Xt = CLNt + bNt

a compound Poisson process? If yes, how would the representation with the help of and
i.i.d. sequence (Y;,) and one Poisson process look like?



(4) stopping discrete-time martingales
Assume that X = (X,,)0%, is a (Fy,)o2, martingale. Assume that 7 : Q — NU {oo} is an
(Fn)o2 stopping time. Show that then the stopped process X7 given by

X;; = Xran
is also a martingale, i.e. it holds

(a) E|X an] < 00
(b) Xran is F,, measurable
(¢) EXoa(ma1)|Fn]l = Xoan as. forn=0,1,2,...

Hint: Explain why {7 > n} € F,_1 and use

Xoan = XO][{TZO} + XI][{T:I} + ot Xn—l]I{T:n—l} + Xn]I{‘rzn}
- XT]I{TSn—l} + Xn]I{TZn}



