MARKOV PROCESSES AUTUMN TERM 19
EXERCISES -7- 14:15-16:00 MAD 381 16.12.2019

(1) separating points
Show that there exists a sequence (f,)22; € Cp(R) which is dense in Cp(R) and separates
the points: for any z,y € R? := RUd, (where 9 is a point outside of R, which is used for
the one-point compactification of R) 3k € N, k£ > 1 such that

fe(@) # fe(y)-

Hints:

(a) By Stone-Weierstrass, for any N > 1, the polynomials considered on [-N, N]| are
dense in C[—N, N]. But then also

Py ={p:[-N,N] — R: p polynomial with rational coefficients }

is countable and dense in C[—N, N].

(b) Extend each p € Jy~; Py to a continuous function p on R such that the extension is
in Cy(R).

(c) Explain why {p:p € Uys; P} is countable and show this set is dense in Cp(R).

(d) Describe which function p could be used for example to separate the points z,y €
[~ N, N] and which p one could use to separate z € [-N, N] and y = 0.

(2) exponential stopping and resolvents
Let X := {X;;t > 0} be a Lévy process and 7 an exponentially distributed random
variable with parameter p > 0, independent from X. Consider the random variable given
by X:(w) := X;(,)(w). Find out the connection between the expression

Ef(z+ X;), feCy(R)
and the resolvent R, of the semigroup given by T'(t) f(z) = Ef(z + X3).

(3) Up- and downcrossings: the secret behind the cadlag versions
Explain the proof of Theorem 1 from
https://almostsure.wordpress.com/2009/12/06/upcrossings-downcrossings-and-martingale-convergence/
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