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Preface

This monograph is devoted to geometric inverse problems in two dimensions.
Inverse problems arise in various fields of science and engineering, frequently in
connection with imaging methods where one attempts to produce images of the
interior of an unknown object by making indirect measurements outside. A stan-
dard example is X-ray computed tomography (CT) in medical imaging. There one
sends X-rays through the patient and measures how much the rays are attenuated
along the way. From these measurements one would like to determine the attenua-
tion coeflicient of the tissues inside. If the X-rays are sent along a two-dimensional
cross-section (identified with R?) of the patient, the X-ray measurements corre-
spond to the Radon transform Rf of the unknown attenuation function f in R2.
Here, Rf just encodes the integrals of f along all straight lines in R%2. The easy
direct problem in X-ray CT would be to determine the Radon transform Rf when
f is known. However, in order to produce images one needs to solve the inverse
problem: determine f when Rf is known (i.e. invert the Radon transform).

One can divide the mathematical analysis of the Radon transform inverse prob-
lem in several parts, including the following:

(Uniqueness) If Rf; = Rfa, does it follow that f; = fo?

(Stability) If Rf; and Rf, are close, are f1 and f3 close in suitable norms?
Is there stability with respect to noise or measurement errors?
(Reconstruction) Is there an efficient algorithm for reconstructing f from
the knowledge of Rf?

(Range characterization) Which functions are of the form Rf for some f?
(Partial data) Can one determine (some information on) f from partial
knowledge of Rf?

In this monograph we will study inverse problems in geometric settings. For
X-ray type problems this will mean that straight lines are replaced by more general
curves. A particularly clean setting, which is still relevant for several applications,
is given by geodesic curves of a smooth Riemannian metric. We will focus on
this setting and formulate our questions on compact Riemannian manifolds (M, g)
with smooth boundary. This corresponds to working with compactly supported
functions in the Radon transform problem.

We will now briefly describe the main geometric inverse problems studied here.
Our first question is a direct generalization of the Radon transform problem.

1. Geodesic X-ray transform. Is it possible to determine an
unknown function f in (M, g) from the knowledge of its integrals
over maximal geodesics?
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This is a fundamental inverse problem that is related to several other inverse
problems, in particular in seismic imaging applications. A classical related prob-
lem is to determine the interior structure of Earth by measuring travel times of
earthquakes. In a mathematical idealization, we may suppose that Earth is a ball
M C R? and that waves generated by earthquakes follow the geodesics of a Rie-
mannian metric g determined by the sound speed in different substructures. If an
earthquake is generated at a point x € OM, then the first arrival time of that earth-
quake to a seismic station at y € 0M is the geodesic distance dg(x,y). The travel
time tomography problem, originating in geophysics in the early 20th century, is
to determine the metric g (i.e. the sound speed in M) from the geodesic distances
between boundary points. The same problem arose much later in pure mathematics
and differential geometry. It can be formulated as follows:

2. Boundary rigidity problem. Is it possible to determine
the metric in (M, g), up to a boundary fixing isometry, from the
knowledge of the boundary distance function dg|aarxan?

The geodesic X-ray transform problem is in fact precisely the linearization of
the boundary rigidity problem for metrics in a fixed conformal class. If one removes
the restriction to a fixed conformal class, the linearization of the boundary rigidity
problem is a tensor tomography problem. To describe such a problem, let (M, g)
be a compact Riemannian n-manifold with smooth boundary, and let m > 0. The
geodesic X-ray transform on symmetric m-tensor fields is an operator I, defined
by

Inf0) = [ Fieg GODPH0) 477 (), i o maximal geodesic in M,
Y

where f = fj,..;,, dzi* ® --- ® da’™ is a smooth symmetric m-tensor field on M.
Here and throughout this monograph we employ the Einstein summation convention
where a repeated lower and upper index is summed. In the above case this means
that

n
fir A" @ - @dadm = " g da? @@ dar
1y jm=1

If m > 1 the operator I,,, always has a nontrivial kernel: one has I,,,(cVh) =0
whenever h is a smooth symmetric (m — 1)-tensor field with hlgps = 0, V is the
total covariant derivative, and o denotes the symmetrization of a tensor. Tensors
of the form oVh are called potential tensors. If m = 1, this just means that
I (dh) = 0 whenever h € C°°(M) satisfies hlgps = 0. Any 1-tensor field f has a
solenoidal decomposition f = v+ dh where v is solenoidal (i.e. divergence-free) and
hloar = 0. Thus it is only possible to determine the solenoidal part of a 1-tensor f
from I f. This decomposition generalizes to tensors of arbitrary order, leading to
the following inverse problem.

3. Tensor tomography problem. Is it possible to determine
the solenoidal part of an m-tensor field f in (M,g) from the
knowledge of I,,, f7

A variant of the geodesic X-ray transform, arising in applications such as
SPECT (single photon emission computed tomography), includes an attenuation
factor. In this case, f € C°°(M) is a source function and a € C*(M) is an
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attenuation coeflicient, and one can measure integrals like
I“f(y) = / el a(v(s))ds £(4(t))dt, -~ is a maximal geodesic.
v

This is the attenuated geodesic X-ray transform of f, and a typical inverse problem
is to determine f from I*f when a is assumed to be known. Clearly this reduces
to the standard geodesic X-ray transform when a = 0. Similar questions appear
in mathematical physics, where the attenuation coefficient is replaced by a connec-
tion or a Higgs field on some vector bundle over M. This roughly corresponds to
replacing the function a(z) by a matrix valued function or a 1-form.

4. Attenuated geodesic X-ray transform. Is it possible to
determine a function f in (M,g) from its attenuated geodesic
X-ray transform, when the attenuation is given by a connection
and a Higgs field?

This question also arises as the linearization of the scattering rigidity problem
for a connection/Higgs field. One can ask related questions for tensor fields and
also for more general weighted X-ray transforms.

Finally, we consider a geometric inverse problem of a somewhat different nature.
Consider the Dirichlet problem for the Laplace equation in (M, g),

Agu =0in M,
u = f on OM.
Here A, is the Laplace-Beltrami operator on (M, g), given in local coordinates by
Agu = ‘9|71/283:j (‘g|1/29jkaacku)

where (g7*) is the inverse matrix of ¢ = (g;x), and |g| = det(g;x). This is a uniformly
elliptic operator, and there is a unique solution u € C*°(M) for any f € C>°(OM).
The Dirichlet-to-Neumann map A, takes the Dirichlet data of u to Neumann data,

Ay f = Ovulom

where d,ulanr = du(v)|on with v denoting the inner unit normal to OM.

The above problem is related to Electrical Impedance Tomography, where the
objective is to determine the electrical properties of a medium by making voltage
and current measurements on its boundary. Here the metric g corresponds to the
electrical resistivity of the medium, and for a prescribed boundary voltage f one
measures the corresponding current flux d,u at the boundary. Thus the electrical
measurements are encoded by the Dirichlet-to-Neumann map A,. There are natural
gauge invariances: the map A4 remains unchanged under a boundary fixing isometry
of (M, g), and when dim(M) = 2 there is an additional invariance due to conformal
changes of the metric. This leads to the following inverse problem.

5. Calderdn problem. Is it possible to determine the metric
in (M, g), up to gauge, from the knowledge of the Dirichlet-to-
Neumann map Ag?

In this monograph we will discuss known results for the above problems when
(M, g) is two-dimensional. The reason for restricting to the two-dimensional setting
is that the available results and methods are slightly different in three and higher
dimensions. Moreover, the two-dimensional theory is at the moment fairly well
developed in the context of simple manifolds. A compact Riemannian manifold
(M, g) with smooth boundary is called simple if
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e the boundary OM is strictly convex (the second fundamental form of 9M
is positive definite),

e M is nontrapping (any geodesic reaches the boundary in finite time), and

e M has no conjugate points.

Examples of simple manifolds include strictly convex domains in Euclidean space,
strictly convex simply connected domains in nonpositively curved manifolds, strictly
convex subdomains of the hemisphere, and small metric perturbations of these.

In this book we will show that questions 1-4 above have a positive answer on
two-dimensional simple manifolds, and question 5 has a positive answer on any two-
dimensional manifold. In particular, this gives a positive answer in two dimensions
to the boundary rigidity problem posed by Michel in [Mic82]. The original proof of
this result by Pestov and Uhlmann [PUO05] employs striking connections between
the above problems: in fact, it uses the solution of the geodesic X-ray transform
problem and the Calderén problem in order to solve the boundary rigidity problem.

We will also see that there are counterexamples to questions 1-4 if one goes
outside the class of simple manifolds. However, it is an outstanding open problem
whether questions 1-4 have positive answers in the class of strictly convex nontrap-
ping manifolds (i.e. whether the no conjugate points assumption can be removed).



CHAPTER 1

The Radon transform in the plane

In this chapter we will study basic properties of the Radon transform in the
plane. In this setting it is possible to give precise results on uniqueness, stability,
reconstruction, and range characterization for the related inverse problem. We will
also discuss the normal operator and show that it is an elliptic pseudodifferential
operator. These results will act as model cases for the corresponding geodesic X-ray
transform results in later chapters. The results are rather classical, and we refer to
[Hel99] and [Nat01] for more detailed treatments.

1.1. Uniqueness and stability

The X-ray transform If of a function f in R™ encodes the integrals of f over
all straight lines, whereas the Radon transform Rf encodes the integrals of f over
(n — 1)-dimensional affine planes. We will focus on the case n = 2, where the two
transforms coincide. There are many ways to parametrize the set of lines in R2.
We will parametrize lines by their normal vector w and signed distance s from the
origin.

DEFINITION 1.1. If f € C%°(R?), the Radon transform of f is the function
Rf(s,w) := / f(sw+twh)dt, seR, we S

Here w is the vector in S' obtained by rotating w counterclockwise by 90°.

REMARK 1.2. The parametrization of lines by (s,w) as above is called the par-
allel beam geometry, which is commonly used for the Radon transform in the plane.
When studying the geodesic X-ray transform in later chapters we will however use
a different parametrization, the fan beam geometry, which is customary in that
context.

The Radon transform arises in medical imaging in the context of X-ray com-
puted tomography. In this imaging method, X-rays are sent through the patient
from various locations and angles, and one measures how much the rays are at-
tenuated. The measurements correspond to integrals of the unknown attenuation
coefficient in the body along straight lines. Moreover, the imaging is often carried
out in two-dimensional cross sections of the body, and the idealized measurements
(corresponding to X-rays sent from all locations and angles) correspond exactly to
the two-dimensional Radon transform. This leads to the basic inverse problem in
X-ray computed tomography.

Inverse problem: determine the attenuation function f in R? from X-ray
measurements encoded by the Radon transform Rf.

1
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1. THE RADON TRANSFORM IN THE PLANE

It is easy to see that given any f € C2°(R?), one has Rf € C*°(R x S') and

for each w € S! the function Rf(-,w) is compactly supported in R. Moreover, the
Radon transform enjoys the following invariance under translations:

R(f(- — sow))(s,w) = Rf(s — so,w).
EXERCISE 1.3. Prove the properties for R stated in the previous paragraph.

The translation invariance suggests that the Radon transform should behave

well under Fourier transforms. Indeed, there is a well-known relation between R f
and the Fourier transform f = % f given by the Fourier slice theorem. Here, for
h € C*(R™) we use the convention

h(€) = Zh(€) :/ e" @ h(x)de, £ €R™

n

Recall the following facts regarding the Fourier transform in R" (see e.g. [H6r85,
Chapter 7] for more details):

1. The Fourier transform is bounded L!(R™) — L (R™).

2. The Fourier transform is bijective . (R"™) — .(R™), where .(R") is the
Schwartz space consisting of all f € C°(R") so that 2%9°f € L>®(R")
for all «, B € Nj.

3. Any f € Z(R™) can be recovered from its Fourier transform f by the
Fourier inversion formula

@) = F (@) = @) / FTERE)dE, a e R

n

4. For f,g € Z(R™) one has the Parseval identity

[ H©3@de= )" | f@)ale)da
and the Plancherel formula
£l L2 @ny = @)1 £ 1l 2 gen)-

5. Fourier transform converts derivatives to polynomials:

(1.1) (D f) =& 1(€)

10
where D; = 7 0a;

EXERCISE 1.4. Show that R maps .%(R?) to C*°(R x S'). A more precise

result will be given in Theorem 1.15.

We will denote by (Rf) (-,w) the Fourier transform of Rf with respect to s.
THEOREM 1.5 (Fourier slice theorem). If f € C°(R?), then

(Rf) (0,0) = f(ow).
PROOF. Parametrizing R? by y = sw + tw™, we have
(Rf) (o,w) = / e tos {/ f(sw + twh) dt} ds = / e~V fy) dy
— 00 R2

= f(ow). O

o0

This result gives uniqueness in the inverse problem for the Radon transform:



1.1. UNIQUENESS AND STABILITY 3

ollary_radon_injectivity‘ THEOREM 1.6 (Uniqueness). If fi, f2 € C(R?) are such that Rfi = Rfa,
then fl = fg.

PROOF. Since R is linear, it is enough to write f = f; — f3 and to show that
Rf =0 implies f =0. But if Rf = 0, then f = 0 by Theorem 1.5 and consequently
f =0 by Fourier inversion. |

In fact, it is easy to prove a quantitative version of the above uniqueness result
stating that if Rf; ~ Rfs, then fi &~ f5 (in suitable norms). Given any s € R, we
will employ the Sobolev norms

£ 1l e oy = 1L+ €32 F )l 2 (ray
IR irs, rxc sy = (L + %) 2 (RF) (0, 0) | 2 (s

EXERCISE 1.7. If m > 0 is an integer, use the Plancherel theorem for the
Fourier transform to show that

||f||H2m(R2) ~ Z Haaf“Lz(R?)a

|| <2m
2m

1Bz sy ~ S IO RS o
3=0

where A ~ B means that cA < B < C'A for some constants ¢,C > 0 which are
independent of f.
Thus, roughly, the H*(R?) norm of f measures the size of the first s derivatives

of fin L?. A similar statement holds for the H% norm of Rf, with the difference
that the H norm only involves derivatives in the s variable but not in w.

thm_radon_stability‘ THEOREM 1.8 (Stability). If s € R, then for any f1, fo € C>°(R?) one has

1
1f1r = fall g rey < EIIRJH = Bfoll e gy sy

PROOF. Let f = f; — fo. Using polar coordinates, we obtain that

DL+ 1€/ 212 gy = / /S 1+ 02| (o) o dudo
:%/jo /31(1+02)5|f(0w)|2|0|dwd0
(12) :%/_ /51(1+U2>s|(Rf)~(a7w)|z|g|dwdo—.

In particular, since |o| < (1 + ¢2)'/2, this implies the stability estimate

2 1 2
||f||H9(]R2) S §||R‘f||H;+1/2(R><S1)' O

If f is supported in a fixed compact set, the previous inequality can be reversed.

2
1 e (g

thm_radon_continuity‘ THEOREM 1.9 (Continuity). Let s € R and let K C R™ be compact. There is
a constant Cx > 0 so that for any f € C°(R?) with supp(f) C K one has

VRl g2y < CrcllF e

EXERCISE 1.10. Prove Theorem 1.9 when s > 0 by splitting the last integral
in (1.2) in two parts, one over {|o| < 1} and the other over {|o| > 1}.
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4 1. THE RADON TRANSFORM IN THE PLANE

EXERCISE 1.11. Prove Theorem 1.9 for all s € R. This requires the Sobolev
duality assertion | [o,, fhda| < ||f| .|kl -

REMARK 1.12. Theorem 1.9 implies that the Radon transform extends as a
bounded map
R: Hy (R?) — H3PV(R x SY)
where H§ (R?) = {f € H*(R?);supp(f) C K}. In fact one may replace the
H;H/Q norm on the right by the H*+1/2 norm (see for instance [Nat01, Theorem
I1.5.2]). Thus, in a sense, the Radon transform in the plane is smoothing of order
1/2 (it adds 1/2 derivatives). We also observe that Theorems 1.8 and 1.9 yield the

two-sided inequality
V2 flge S IRf ez gpsy < Cxllfllge, € Hie(R?).

1.2. Range and support theorems

We will next consider the range characterization problem: which functions in
R x S! are of the form Rf for some f € C2°(R?)? There is an obvious restriction:
one has

(13) Rf(_S’ —OJ) = Rf(S,(U),

i.e. Rf is always even. Another restriction comes from studying the moments

o0

BN = [ RO @, k20 we st

— 00
It is easy to see that

(1.4) for any k > 0, pur(Rf) is a homogeneous polynomial of degree k in w.

This means that ui(Rf)(w) = Eil,m,jkzl @jy Wiy - - wj, for some constants

Ajy -

EXERCISE 1.13. Prove that Rf always satisfies (1.3) and (1.4).

It turns out that these conditions (called Helgason-Ludwig range conditions)
are essentially the only restrictions. We will first consider range characterization
on . (R?). To do this, we need to define a Schwartz space on R x S*.

DEFINITION 1.14. The space .7 (R x S!) is the set of all ¢ € C°(R x S!) so
that (1 + s2)*0lp € L®(R x S1) for all k,1 > 0. We write .5 (R x S') for the set
of all functions ¢ € .7 (R x S') that satisfy the Helgason-Ludwig conditions, i.e.
(1.3) and (1.4).

The following result is a Radon transform analogue of the fact that the Fourier
transform is bijective .7 (R?) — . (R?).

THEOREM 1.15 (Range characterization on Schwartz space). The Radon trans-
form is bijective . (R?) — g (R x S1).

The proof of Theorem 1.15 is outlined in the following exercises (the proof may
be also be found in [Hel99]).

EXERCISE 1.16. Show that R maps .#(R?) into %5 (R x S1).

EXERCISE 1.17. Show that R is injective on .(R?). (It is enough to verify
that the Fourier slice theorem holds for Schwartz functions.)
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1.2. RANGE AND SUPPORT THEOREMS 5

EXERCISE 1.18. Given ¢ € . (R x S'), show that there exists f € .7(R?)
with Rf = ¢ as follows:

(i) By the Fourier slice theorem one should have f(ow) = @(0,w). Motivated
by this, define the function F on R?\ {0} by

F(&) = o(lgl €1, €€ R*\{0}.

(One wants to eventually show that F = f for the required function f.)
Show that F is C* in R?\ {0}.

(ii) Show that F' is Schwartz near infinity, i.e. £*0°F € L>=(R?\ B(0,1)) for
a, 8 € Nj.

(iii) Show that F' can be extended continuously near 0, by using the fact that
tow(w) is homogeneous of degree 0 (i.e. a constant).

(iv) Use the fact that each pgp is homogeneous of degree k to show that F
can be extended as a C*° function near 0.

(v) Now that F is known to be in .#(R?), let f be the inverse Fourier trans-
form of F' and show that Rf = ¢.

There is a similar range characterization for the Radon transform when rapid
decay is replaced by compact support conditions.

THEOREM 1.19 (Range characterization on C°(R?)). The map R is bijective
C>®(R?) — 25 (R x SY), where

PR x 81 = 7R x S NCZ(R x S1).

In fact, Theorem 1.19 is an immediate consequence of Theorem 1.15 and the
following fundamental result:

THEOREM 1.20 (Helgason support theorem). Let f be a continuous function
on R? such that |z|*f € L>®(R?) for any k > 0. If A > 0 and if Rf(s,w) = 0
whenever |s| > A and w € S1, then f(x) = 0 whenever |z| > A.

The above result will not be needed later, and we refer to [Hel99] for its proof.
However, we will prove a closely related result.

THEOREM 1.21 (Local uniqueness). Let B be a ball in R?, and let f € C.(R?)
be supported in B. Let xg € OB and let Ly be the tangent line to OB through x.
If f integrates to zero along any line L in a small neighborhood of Ly, then f =0
near xq.

PROOF. We will prove the result assuming that f € C2°(R?) and that f is
supported in B (the general case is given as an exercise). After a translation and
rotation we may assume that o = 0, B C {x, > 0}, and Lg is the z-axis. It is
convenient to use a slightly different parametrization of lines and to consider the
operator

Pf(f,n)Z/_ ft,t+n)dt, £neR.

The assumption implies that Pf(£,n) = 0 for (£,n) in some neighborhood V' of
(0,0). Since f € C>(R?), we may take derivatives in & so that

o0

QP f(Em) = / 00, (1, €1 + 1) dt = 0, P(z1 1)(€, 7).

— 00
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6 1. THE RADON TRANSFORM IN THE PLANE

Since Pf(&,m) =0 for (§,m) € V, we have P(z1f)(&,n) = ¢(§) in V. But taking n
negative and using the support condition for f gives ¢(£) = 0 for £ close to 0, i.e.
P(z1f)(&,n) = 0. Repeating this argument gives

P(x¥ f)(€,m) = 0 near (0,0) for any k > 0.

In particular, choosing £ = 0 gives

/ tk £(t,n) dt = 0 for 1) near 0 whenever k > 0.

This means that all moments of f(-,n) vanish, and it follows that f(-,n) =0 for
7 near 0 (see the following exercise). Thus f vanishes in a neighborhood of 0. O

EXERCISE 1.22. If f € C.(R) and [ _t*f(t)dt = 0 for any k > 0, show that
f =0. (You may use the Weierstrass approximation theorem).

EXERCISE 1.23. Prove Theorem 1.21 for functions f € C.(R?) supported in B.
Hint: consider mollifications f. () = [po f(z—y)p:(y) dy where ¢ (x) = e~ "¢(z/¢)
is a standard mollifier, and show that the Radon transform of f. vanishes along
certain lines when ¢ is small.

1.3. The normal operator and singularities

1.3.1. Normal operator. We will now proceed to studying the normal op-
erator R*R of the Radon transform, where the formal adjoint R* is defined with
respect to the natural L? inner products on R? and R x S'. A computation shows
that R* is the backprojection operator!

R*: C®(R x S') = C*(R?), R*h(y) = / h(y - w,w) dw.
Sl
The following result shows that the normal operator R* R corresponds to multi-
plication by % on the Fourier side, and gives an inversion formula for reconstructing

f from Rf.

THEOREM 1.24 (Normal operator). One has

R*R=4rn|D|"' =771 {ngz(')}’

and f can be recovered from Rf by the formula
1 *
f = |DIR"RS.
T
REMARK 1.25. Above we have written, for a € R,

[DI*f = FHIEIF(©)-

The notation (—A)*/? = |D|* is also used.

IThe formula for R* is obtained as follows: if f € CS°(R2), h € C°°(R x S1) one has

P B R e om

:/_O:O/Sl /_O:Of(swﬂwi)mcztdwds

= [ 10 ([ paeias) a
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PROOF. The proof is based on computing (Rf, Rg)2rxst) using the Parseval
identity, Fourier slice theorem, symmetry and polar coordinates:

(R*Rf,9)r2®2) = (Rf, Rg)12(mxs")

= [ | et mas)

:%S /Oo Uw(Rg)()}dadw

:% . /OO )} do dw

:% . / )} do dw

=5 [l i

—urs { i@}, 0

The same argument, based on computing (|Ds|'/?Rf,|D,|"?Rg)r2(rxs1) in-
stead of (Rf, Rg)r2rxs1), leads to the famous filtered backprojection (FBP) inver-
sion formula:

THEOREM 1.26 (Filtered backprojection). If f € C°(R?), then
1 *
J= R ID.IR]
T
where |Ds|Rf = F~H{|o|(Rf) }.

The FBP formula is efficient to implement and gives accurate reconstructions
when one has complete X-ray data and relatively small noise, and hence FBP
(together with its variants) has been commonly used in X-ray CT scanners.

1.3.2. Recovery of singularities. We will later study X-ray transforms in
more general geometries. In such cases exact reconstruction formulas such as FBP
are often not available. However, it will be important that some structural proper-
ties of the normal operator may still be valid. In particular, Theorem 1.24 implies
that the normal operator is an elliptic pseudodifferential operator of order —1 in R2.
The theory of pseudodifferential operators (i.e. microlocal analysis) then immedi-
ately yields that the singularities of f are uniquely determined from the knowledge
of Rf. For the benefit of those readers who are not familiar with these notions, we
will give a short presentation partly without proofs.

For a reference to distribution theory see [H6r85, vol. I], and for wave front
sets see [HOr85, Chapter 8]. Sobolev wave front sets are considered in [H6r85,
Section 18.1].

We first define compactly supported distributions.

DEFINITION 1.27. Define the set of compactly supported distributions in R™ as

U comp

seR
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This definition coincides with the more standard ones defining &’ (R™) as the
dual of C*°(R™) with a suitable topology, or as the compactly supported distribu-
tions in 2'(R"). By Remark 1.12, the Radon transform R is well defined in &’ (R?).
We also recall that the Fourier transform maps &’ (R™) to C*°(R™).

We next discuss the singular support of u, which consists of those points g
such that u is not a smooth function in any neighborhood of xy. We also consider
the Sobolev singular support, which also measures the ”strength” of the singularity
(in the L? Sobolev scale).

DEFINITION 1.28 (Singular support). We say that a function or distribution u
in R™ is C*° (resp. H*) near xg if there is ¢ € C°(R™) with ¢ = 1 near zy such
that @u is in C°°(R™) (resp. in H*(R™)). We define

sing supp(u) = R™ \ {zg € R"; u is C* near z¢},
singsupp®(u) = R™ \ {xo € R"; u is H near x¢}.

EXAMPLE 1.29. Let Dy,...,Dy be bounded domains with C* boundary in
R™ so that D; N Dy, = 0 for j # k, and define

N
U= E CiXD,
Jj=1

where c; # 0 are constants, and xp, is the characteristic function of D;. Then
sing supp®(u) = 0 for o < 1/2
since u € H* for a < 1/2, but
N
sing supp®(u) = U 0D; for a > 1/2
j=1

since w is not H/2 near any boundary point. Thus in this case the singularities of
u are exactly at the points where u has a jump discontinuity, and their strength is
precisely H'/2. Knowing the singularities of u can already be useful in applications.
For instance, if u represents some internal medium properties in medical imaging,
the singularities of u could determine the location of interfaces between different
tissues. On the other hand, if u represents an image, then the singularities in some
sense determine the ”sharp features” of the image.

Next we discuss the wave front set which is a more refined notion of a singu-
larity. For example, if f = yp is the characteristic function of a bounded strictly
convex C*° domain D and if g € 9D, one could think that f is in some sense
smooth in tangential directions at z (since f restricted to a tangent hyperplane is
identically zero, except possibly at xg), but that f is not smooth in normal direc-
tions at xg since in these directions there is a jump. The wave front set is a subset
of T*R™\ 0, the cotangent space with the zero section removed:

T*R™\ 0:={(z,&); z,£ € R", £ # 0}
DEFINITION 1.30 (Wave front set). Let u be a distribution in R™. We say that
u is (microlocally) C* (resp. H®) near (xo,&p) if there exist ¢ € C*(R") with
¢ = 1 near xy and ¢p € C>°(R™ \ {0}) so that 1) = 1 near &, and v is homogeneous
of degree 0, such that

for any N there is Cy > 0 so that (&)(pu) (&) < Cn (1 + [¢))~N
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(resp. .Z " H(€)(pu) (€)} € H¥(R™)). The wave front set W F(u) (resp. H® wave
front set W F*(u)) consists of those points (xg,&p) where u is not microlocally C'*°
(resp. H%).

ExAMPLE 1.31. The wave front set of the function » in Example 1.29 is
N
WF(u) = | N*(D;)
j=1

where N*(Dj) is the conormal bundle of D;,
N*(D;) :={(z,£); x € 0D, and ¢ is normal to 0D, at z}.

The wave front set describes singularities more precisely than the singular sup-
port, since one always has

(1.5) m(WF(u)) = sing supp(u)

where 7 : (z,£) — x is the projection to z-space.

We now go back to the Radon transform. If one is mainly interested in the
singularities of the image function f, then instead of using FBP to reconstruct
the whole function f from Rf it is possible to use the even simpler backprojection
method: just apply the backprojection operator R* to the data Rf. Since R*R is
an elliptic pseudodifferential operator, the singularities are completely recovered:

THEOREM 1.32. If f € &'(R?), then

sing supp(R" R f) = singsupp(f),
WF(R*Rf) = WF(f).
Moreover, for any a € R one has
sing supp® ™ (R*Rf) = sing supp®(f),
WFT (R*Rf) = WF*(f).

REMARK 1.33. Since R*R is a pseudodifferential operator of order —1, hence
smoothing of order 1, one expects that R*Rf gives a slightly blurred version of
f where the main singularities are be visible. The previous theorem makes this

precise and shows the singularities in R*Rf are one Sobolev degree smoother than
those in f.

1.3.3. Pseudodifferential operators. For the proof of Theorem 1.32 we
recall quickly some relevant definitions, based on the following example. We refer
to [H6r85, Chapter 18] for a detailed account on pseudodifferential operators.

ExaMPLE 1.34 (Differential operators). Let A = a(z, D) be a differential op-

erator of order m, acting on functions f € ./ (R") by
Af(x) = a(z,D)f(x) = Y aa(x)D*f(x)
|| <m

where a, € C*°(R"). Here D = 1V, so that D% = (10,,)* -+ (30,,)*".

If each a, is a constant, i.e. an(z) = ao and A = a(D) = E|a\gm ao D%, we
may use (1.1) to compute the Fourier transform of Af:

(Af)(©) = Y aatf(€).

la|<m
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The Fourier inversion formula gives that

(1.6) Af(z) = (2m) / e Ca(€) f(€) de

n

where a(£) =3, al® is the symbol of A(D).
More generally, if each a, is a C*> function with 3%a, € L>(R") for all 3 € N,
we may use the Fourier inversion formula to compute

Af@) = A[FHF ()]
= Z ao(z) D" {(277)_”/”’ e f(€) df]

o] <m

o [ e | 3 aale)e | FOde

|| <m
(1.7 = (2n) " [ ea@ ) de
where
(1'8) a(x,f) = Z aa(‘r)ga
|| <m

is the (full) symbol of A = a(z, D).

The above example shows that any differential operator of order m has the
Fourier representation (1.7), where the symbol a(x,£) in (1.8) is a polynomial of
degree m in £. The following definition generalizes this setup.

DEFINITION 1.35 (Pseudodifferential operators). For any m € R, denote by
S™ (the set of symbols of order m) the set of all a € C°(R™ x R™) so that for any
multi-indices o, 8 € Ng there is Cp > 0 such that

0202 a(e, €)] < Cas(1+1€)™ P, 2,6 € R™

For any a € S™, define an operator A = Op(a) acting on functions f € . (R™) by

Af@) =0 [ etawOfOd,  cern
Let U™ = {Op(a); a € S™} be the set of pseudodifferential operators of order m.
We say that an operator Op(a) with a € S™ is elliptic if there are ¢, R > 0 such
that

a(z, &) > c(1+ €)™, z € R", €] > R.

It is a basic fact that any A € U™ is a continuous map .7 (R") — .(R"™), when
Z(R™) is given the natural topology induced by the seminorms f ~ |[229° f||, «
where a, 8 € Nj. By duality, any A € ¥™ gives a continuous map .¥'(R") —
S (R™), where .#/(R™) is the weak* dual space of .(R™) (the space of tempered
distributions). In particular, any A € U™ is well defined on &' (R™).

It is an important fact that applying a pseudodifferential operator to a function
or distribution never creates new singularities:
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THEOREM 1.36 (Pseudolocal/microlocal property). Any A € U™ has the pseu-
dolocal property

sing supp(Au) C sing supp(u),
sing supp® ™" (Au) C sing supp®(u)
and the microlocal property
WF(Au) C WF(u),
WF™"(Au) C WF*(u).

ProoF. We sketch the proof for the inclusion sing supp(Au) C singsupp(u).
For more details see [H6r85, Chapter 18]. Suppose that 2 ¢ sing supp(u), so we
need to show that xy ¢ singsupp(Au). By definition, there is ¢ € C°(R™) with
1 =1 near o so that Yu € C°(R"™). We write

Au = Alu) + A((1 = p)u),
Since A maps Schwartz space to itself, one always has A(yu) € C*°. Thus it is

enough to show that A((1 — +¢)u) is C* near xg. To do this, choose ¢ € C°(R™)
so that ¢ = 1 near xg and supp(yp) is contained in the set where 1) = 1. Define

Bu = pA((1 - ¥)u).

It is enough to show that B is a smoothing operator, i.e. maps &' (R™) to C*>°(R").
We compute the integral kernel of B:

Bu(z) = (2r) " () / e (e, €)((1 — p)u) (€) d

= | K(z,y)u(y)dy
Rn
where

K(z,y) = (2n)" / (@) VS €)(1 - p(y)) de.

Recall that a satisfies |a(x,&)] < C(1 + [£)™. Thus if m < —n, the integral is
absolutely convergent and one gets that K € L>°(R™ x R™). In the general case the
main point is that | — y| > ¢ > 0 on the support of K(z,y), due to the support
conditions on ¢ and . It follows that we may write, for any N > 0,

EIE g =y N (AN ()

and integrate by parts in £ to obtain that

K(z,y) = (2m) "z — y| 2N / @)D (— A Valw, ©)(1 — b(y)) de.
If N is chosen large enough (it is enough that m — 2N < —n — 1), one has
[(—A¢)Na(z,&)] < C(1 + |¢[)™"1. Thus the integral defining K(z,y) is abso-
lutely convergent, and in particular K € L>®(R™ x R™). Taking derivatives gives
that 8;‘851( is also bounded for any « and 3, showing that K € C*(R"™ x R™). It
follows from the next exercise that the operator B maps into C*>°(R"™). g

EXERCISE 1.37. Show that an operator Bu(z) = [, K(z,y)u(y)dy, where
K € C*(R™ x R"), induces a well defined map from &’(R"™) to C*(R").
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We now go back to the normal operator R*R and the proof of Theorem 1.32.
Theorem 1.24 states that R*R has symbol %, which would be in the symbol class

S~! except that the symbol is not smooth when & = 0. This can be dealt with in
the following standard way.

THEOREM 1.38. The normal operator satisfies
RFR=Q+ S

where Q € W1 is elliptic, and S is a smoothing operator which maps &' (R?) to
C>(R?).

PROOF. Let ¢ € C°(R?) satisfy ¢(€) = 1 for |¢] < 1/2 and 9(£) = 0 for
|€] > 1. Write

Qf =4n 7! {1_w(§)f} Sf=dn 7! {w@f}.

iy ¢l
Then Q is a pseudodifferential operator in U1 with symbol ¢(z,§) = 1_‘?‘(5)7 hence
Q is elliptic. The operator S has the required property by Lemma 1.39 below since
w‘(T?) is in Llomp (R?) (the function & — % is locally integrable in R?). O

LEMMA 1.39. If m € LL  (R™), then the operator

comp
S frr FHm©)f}
is smoothing in the sense that it maps &' (R™) to C*°(R™).
PROOF. If f € &'(R") then f € C*°(R™). Consequently F(&) := m(&)f(€) is

in L'(R™) by the assumption on m. Moreover, F is compactly supported, which
implies that Sf =.Z "1 F is C. O

We can finally prove the recovery of singularities result.

PROOF OF THEOREM 1.32. We prove the claim for the singular support (the
other parts are analogous). By Theorem 1.38, one has
R'Rf=Qf+C™.

Hence it is enough to show that singsupp(Qf) = singsupp(f). It follows from
Theorem 1.36 that sing supp(Qf) C singsupp(f). The converse inclusion is a stan-
dard argument, which follows from the construction of an approximate inverse, or
parametriz, for the elliptic pseudodifferential operator ). Define

Bf =77 {(1-x(©)klf}

where y € C°(IR?) satisfies x(¢) = 1 for |¢| < 2. Note that E € ¥!. Since ¢(¢) =0
for |£] > 1, it follows that

_ 1- P _ ;
R e e e
Thus EQf = f + S1f, where S is smoothing and maps &’(R?) to C*(R?) by
Lemma 1.39. Hence Theorem 1.36 applied to E gives that

sing supp(f) = sing supp(EQf) C singsupp(Qf). O
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1.3.4. Visible singularities. We conclude with a short discussion on more
precise recovery of singularities results from limited X-ray data. This follows the
microlocal approach to Radon transforms introduced in [Gui75]. For more detailed
treatments we refer to the survey articles [Qui06], [KQ15].

There are various imaging situations where complete X-ray data (i.e. the func-
tion Rf(s,w) for all s and w) is not available. This is the case for limited angle
tomography (e.g. in luggage scanners at airports, or dental applications), region of
interest tomography, or exterior data tomography. In such cases explicit inversion
formulas such as FBP are usually not available, but the analysis of singularities still
provides a powerful paradigm for predicting which sharp features can be recovered
stably from the measurements.

We will try to explain this paradigm a little bit more, starting with an example:

EXAMPLE 1.40. Let f be the characteristic function of the unit disc D, i.e.
f(z) =11if || <1 and f(zr) =0 for |z| > 1. Then f is singular precisely on the
unit circle (in normal directions). We have

2 1—82, |S|S17
RiG)=1 T

Thus Rf is singular precisely at those points (s,w) with |s| = 1, which correspond
to those lines that are tangent to the unit circle.

There is a similar relation between the singularities of f and Rf in general,
and this is explained by microlocal analysis and the interpretation of R as a Fourier
integral operator (see [H6r85, Chapter 25]):

THEOREM 1.41. The operator R is an elliptic Fourier integral operator of order
—1/2. There is a precise relationship between the singularities of f and singularities
of Rf.

We will not spell out the precise relationship here, but only give some conse-
quences. It will be useful to think of the Radon transform as defined on the set of
(non-oriented) lines in R2. If A is an open subset of lines in R?, we consider the
Radon transform Rf]| 4 restricted to lines in A. Recovering f (or some properties
of f) from Rf]|.4 is a limited data tomography problem. Examples:

e If A = {lines not meeting D}, then Rf|4 is called exterior data.
e If0 < a < 7/2and A = {lines whose angle with x-axis is < a} then Rf|4
is called limited angle data.

It is known that any f € C°(R?\ D) is uniquely determined by exterior
data (Helgason support theorem), and any f € C°(R?) is uniquely determined
by limited angle data (Fourier slice and Paley-Wiener theorems). However, both
inverse problems are very unstable (inversion is not Lipschitz continuous in any
Sobolev norms, but one has conditional logarithmic stability).

DEFINITION 1.42. A singularity at (xo,&p) is called wvisible from A if the line
through z in direction & is in A.
One has the following dichotomy:
o If (x0,&) is visible from A, then from the singularities of Rf|4 one can
determine for any a whether or not (zg,&y) € WF(f). If Rf| 4 uniquely

determines f, one expects the reconstruction of visible singularities to be
stable.
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o If (20,&0) is not visible from .4, then this singularity is smoothed out in
the measurement Rf|4. Even if Rf|4 would determine f uniquely, the
inversion is not Lipschitz stable in any Sobolev norms.
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CHAPTER 2

Radial sound speeds

In this chapter we will discuss geometric inverse problems in a disk with radial
sound speed. The fact that the sound speed is radial is a strong symmetry condition,
which allows one to determine the geodesics and solve related inverse problems quite
explicitly.

2.1. Geodesics

The fact that the geodesics of a radial sound speed can be explicitly determined
is related to the existence of multiple conserved quantities in the Hamiltonian ap-
proach to geodesics. We first recall this approach.

2.1.1. Geodesics as a Hamilton flow. Let M C R"™, let x be standard
Cartesian coordinates, and let g = (g;x()) ,—; be a Riemannian metric on M. A
curve z(t) is a geodesic iff it satisfies the geodesic equations

(2.1) @ (1) + Ty, (x(1)3? (8)i* (¢) = 0,
where Fé- i are the Christoffel symbols given by

rh, = ;g " (0jGkm + OkGjm — Omgjk)-
Writing

&(t) = gir(x()i®(6),  f(x,€) = S g™ ()¢,
a short computation shows that the geodesic equatlons are equivalent with the
Hamilton equations

(2.2) .
€(t) = —V$f($(t),£<t))

Here f(x,&) (kinetic energy) is called the Hamilton function, and it is defined on
the cotangent space T*M = {(z,&); z € M, £ € R"} = M x R".

{ i(t) = Vef(z(t),&(t)),

EXERCISE 2.1. Show that (2.1) is equivalent with (2.2).

Writing v(t) = («(t),£&(¢)) and using the Hamilton vector field Hy on T*M,
defined by
Hf = fo Vi =Vuf- Vf = (Vﬁfa _sz)

we may write the Hamilton equations as

Y(t) = (1))-

Hyly
DEFINITION 2.2. A function u = u(z, £) is a conserved quantity if it is constant
along the Hamilton flow, i.e. t — u(x(¢),£(¢)) is constant for any curve (x(t),£(t))
solving (2.2).

15
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Now (2.2) implies that

u is conserved < %u( (t),£(t) =0 <= Hju(z(t),£(t) =0.

Since
Hef = (Vef,=Vaf) (Vaf,Vef) =0,
the Hamilton function f (kinetic energy) is always conserved.
Let now M C R2, and consider a metric of the form

9k (x) = c(x)djk
where ¢ € C*(M) is positive. Then f(z,&) = 1c(z)|¢[* and

1
Hf = C({E)g Vg — §|£|2Vmc($) : V§.
Define the angular momentum

L(£7£):§'~TJ_7 l‘L:(—xz,l‘l).

When is L conserved? We compute
1 1
HyL = ()6 (~64) = e Vac(a) - 2t = —S[€PVaele) -2
Thus HfL = 0 iff Ve(z) - 2+ = 0, which is equivalent with the fact that c is radial:
LEMMA 2.3. The angular momentum L is conserved iff
c=c(r), r=|x|.

If M C R? and c(z) is radial, then the Hamilton flow has two independent
conserved quantities (the kinetic energy f and angular momentum L). One says
that the flow is completely integrable, which implies that the geodesic equations can
be solved quite explicitly by quadrature using f and h. See e.g. [Tay1ll, Chapter
1] for more details on these facts.

2.1.2. Geodesics of a radial sound speed. We will now begin to analyze
geodesics in this setting. Let M =D\ {0} where D is the unit disk in R?. Assume
that

gik(x) = c(r)d,, 1=z,
where ¢ € C*((0,1]). Note that the origin is a special point and g;x(x) is not
necessarily smooth there, hence we will consider geodesics only away from the

origin.
We write
. T

r(t) = |x(¢)], = Tl

The Hamilton equations (2.2) become
(t (r()&(),
2.3 .
23 { LR () )
Decompose £ = (- & -#14)2+. Computing the derivative of r(t) gives
=2 e a) = §P—(§-24)2, ££-22>0.
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Consider geodesics starting on 9D, i.e. (0) = 1, and let also |£(0)| = 1. Now

1
f conserved = c(r)|¢]* = c(1) = |¢)* = ZET;,
L conserved = ¢ - at = £(0) - 2(0)*.
We write
£(0) = —/1 —p22(0) + pz(0)*, O0<p<l.
Note that £(0) points inward. Noting that /|2 — (£ -31) = \/‘C:Eig — B, we see
that r(t) solves the equation
(2.4) 7= £/e(r)(e(1) — pe(r)).

This is an autonomous ODE for r(¢) (all other dependence on ¢ has been eliminated).
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CHAPTER 3

Geometric Preliminaries

3.1. Non-trapping and Strict Convexity

Let (M, g) be a compact, connected and oriented Riemannian manifold with
boundary OM and dimension n > 2.

Geodesics travel at constant speed, so we fix the speed to be one. We pack
positions and velocities together in what we call the unit sphere bundle SM. This
consists of pairs (x,v), where x € M and v € T, M with norm |v|, = 1, where
g is the inner product in the tangent space at x (i.e. the Riemannian metric).
Given (z,v) € SM, let 7, , denote the unique geodesic determined by (z,v) and
let 7(z,v) € [0,00] denote the first forward time where the geodesic v, ,, hits M.

DEFINITION 3.1. We say that (M, g) is non-trapping if 7(x,v) < oo for all
(z,v) € SM. Equivalently, there are no geodesics in M with infinite length.

Unit tangent vectors at the boundary of M constitute the boundary 0SM of
SM and will play a special role. Specifically

OSM = {(z,v) € SM : z € OM}.

We will need to distinguish those tangent vectors pointing inside (“influx bound-
ary”) and those pointing outside (“outflux boundary”), so we define two subsets of
OSM

0+SM = {(z,v) € 0SM : £(v,v(x))y > 0}

where v denotes the inward unit normal to the boundary.

Let us denote
O0oSM :=0,SM No_SM.
This coincides with SOM.
Recall that the second fundamental form of M is given by
I, (u,v) == —(Vyv,v),,
where x € OM and u,v € T,0M (V is the Levi-Civita connection of g).

DEFINITION 3.2. We shall say that OM is strictly convex if 11, is positive definite
for all z € OM.

The combination of non-trapping with strict convexity of the boundary will
produce several desirable properties. We will begin discussing the regularity of the
fundamental function 7. Note that by definition 7|s_sa = 0.

Let p € C*°(M) be a function that coincides with M > z +— d(z,0M) in a
neighbourhood of M and such that p > 0 and 9M = p~1(0).

19
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EXERCISE 3.3. Show that such a function exists. Moreover, show that Vp(z) =
v(z) for all x € OM.

3.1.1. Extensions. It turns out that it is quite convenient to consider (M, g)
isometrically embedded into a complete connected boundaryless manifold (N, g) of
the same dimension as M. There are two extensions which are particularly helpful.

(1) (IV,g) is closed; this extension always exists for any compact (M, g).

(2) (IV,g) is complete and geodesics leaving M never return to M. Moreover
M is a deformation retract of N. This extension exists if M is strictly
convex. We shall refer this extension as the no return extension.

EXERCISE 3.4. Prove that these two extensions exist.

Given a complete extension (N, g) we may extend p smoothly to N and define
a function b : SN x R — R by setting h(x,v,t) := p(Vz,(t)). Then
oh . .
a(xﬂ%t) =dp(Yo,0(t)) = (Vo(Ya,0(t)), Va0 (1))
Set Y := Ygu(T(x,v)) € OM for (z,v) € SM. Since Vp agrees with v on IM, we

see that
oh

ot t=7(z,v)
as long as v, , is transversal to OM at y. Since h(z,v, 7(x,v)) = 0 and h is smooth,
the implicit function theorem ensures that 7 is smooth for those (z,v) € SM such
that v, is transversal to OM at y (here it is useful to use an extension (N, g) so

that geodesics do not return to M after leaving, why?). Hence, by strict convexity,
7 is smooth on SM \ 9p.SM.

h(z,v,t) #0

EXERCISE 3.5. Show that 7 is not smooth at the glancing region dySM.

LEMMA 3.6. Let (M, g) be a non-trapping manifold with strictly convex bound-
ary and let
- | 1(x,v), (x,v)€ 04 SM,
(@) = { —7(z,—v), (x,v) € O_SM.
Then 7 € C*°(0SM); in particular T : 04 SM — R is smooth.
PROOF. As before we let h(z,v,t) := p(y40(t)) for (z,v) € OSM and ¢t € R.
Note
e h(z,v,0)=0;
* %|t=0 h(z,v,t) = (v(z),v);
o 83—:2‘ . h(z,v,t) = Hess,p(v, v).
=

Hence for a smooth function R(x,v,t) we can write
1
h(z,v,t) = (v(z),v)t + §Hessxp(v, v)t? + R(xz, v, t)t3.
Since h(z,v,T(z,v)) = 0, it follows that

(3.1) (v(x),v) + %Hesswp(v, V)7 + R(x,v,7)72 = 0.
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Note that 7(x,v) = 0 iff (z,v) € 99 SM. Hence if we let
1
F(z,v,t) := (v(z),v) + §Hesswp(v, V)t + R(z,v, t)t?

we see that F' is smooth, F(z,v,7(z,v)) =0 and

9
Il
But for (z,v) € 9pSM, Hess,p(v,v) = —I,(v,v) < 0 and thus by the implicit

function theorem, 7 is smooth in a neighbourhood of 9y SM. Since 7 is smooth in
OSM \ 0pSM the lemma follows.

1
F(x,v,t) = §Hessxp(v,v).

O

EXERCISE 3.7. Check that for (z,v) € pSM, Hess,p(v,v) = —II;(v,v). Show
that if M is strictly convex then any geodesic in N starting from a point z € OM
in a direction tangent to OM stays outside M for small positive and negative times.
This implies that any maximal geodesic going from OM into M stays inside M
except for its endpoints.

Let p(z,v) := (v(z),v) for (z,v) € OSM.

LEMMA 3.8. Let (M, g) be a non-trapping manifold with strictly convex bound-
ary. The function p/T extends to a smooth positive function on SM whose value
at (z,v) € 0SM is

1L, (v, v)
—

PRrROOF. Using (3.1) we can write
1
wlz,v) = —EHessmp(v, V)7 — R(x,v,7)7>
and hence for (z,v) € ISM \ dpSM near 9ySM we can write
1
w/T = —§Hessmp(v,v) — R(x,v,T)T.

But the right hand side of the last equation is a smooth function near 9ySM
since R and 7 are; its value at (z,v) € 99pSM is II,(v,v)/2. Finally, observe
that u and 7 are both positive for (z,v) € 9;..SM \ 9pSM and both negative for
(x,v) € 0_SM\ 0ySM.

O

REMARK 3.9. Note that we can define 7 on all SM by setting 7(z,v) =
T(xz,v) — 7(x,—v). The restriction of this function to dSM coincides with the
definition of 7 given by Lemma 3.6. It turns out that in fact 7 € C*°(SM); see
Lemma 3.12 below.

The next lemma will be very helpful when studying regularity properties of
solutions to transport equations.
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LEMMA 3.10. Let (M, g) be compact with smooth boundary, let (xg,vo) € 0gSM,
and let OM be strictly convex near xg. Assume that M is embedded in a compact
manifold N without boundary. Then, near (xo,vo) in SM, one has

7(z,v) = Q(alz,v),z,v),
—7(z,—v) = Q(—+v/a(z,v),x,v),

where Q is a smooth function near (0,z9,v9) in R x SN, a is a smooth function
near (xo,v9) in SN, and a > 0 in SM.

Proor. This follows directly by applying Lemma 3.11 below to h(t,z,v) =
P(Yu,w(t)) near (0,x0,v9), where p is a boundary defining function for M. O

LEMMA 3.11. Let h(t,y) be smooth near (0,y0) in R x RN. If
h(07y0) = Ou ath(07y0) = 07 a}?h(07y0) < 07
then one has

h(t,y) = 0 near (0,y0) when h(0,y) >0 <<= t=Q(£va(y),y)
where Q is a smooth function near (0,10) in R x RN, a is a smooth function near

yo in RN, and a(y) > 0 when h(0,y) > 0. Moreover, Q(v/a(y),y) > Q(—/a(y),y)
when h(0,y) > 0.

PROOF. We use the same argument as in [H6r85, Theorem C.4.2]. Using that
92h(0,70) < 0, the implicit function theorem gives that

Oth(t,y) = 0 near (0,y9) <= t=g(y)
where g is smooth near yy and g(yo) = 0. Write
hi(s,y) := h(s +9(y),v)-
Then 95h1(0,y) = 0 and 92k (0, yo) < 0. Thus by the Taylor formula we have
hi(s,y) = h1(0,y) — s*F(s,y)
where F' is smooth near (0,y9) and F(0,y9) > 0. We define

r(s,y) = sF(s,y)"/?

and note that r(0,y9) = 0, 9s7(0,y0) > 0. Thus the map (s,y) — (r(s,y),y) is a
local diffeomorphism near (0,yp), and there is a smooth function S near (0,yg) so
that

r(s,y) =7 <= s=85(7vy).
Moreover, 0,5(0,yo) > 0. Define the function
ha(r,y) := h1(0,y) — .
Now
hit,y) = ha(t = g(y),y) = h1(0,9) = (t = gW))*F(t — 9(y),)
= ha(r(t = 9(y),),9).
Thus h(t,y) = 0 is equivalent with

(3.2) r(t = 9(y):y)* = h(0,9) = h(g(y),y)-
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We claim that
(3.3) h(g(y),y) > 0 near yo when h(0,y) > 0.

If (3.3) holds, then we may solve (3.2) to obtain

h(t,y) = 0 near (0,y0) when h(0,y) >0 <= r(t—g(y),y) = £Vh(9(y),y)-

The last condition is equivalent with

t—g(y) = S(EVI9(),v),y)

This proves the lemma upon taking Q(r,y) = g(y) + S(r,y) and a(y) = h(g(y),v)
(note that r — Q(r,y) is increasing since 9,5(0,y0) > 0). To prove (3.3), we use
the Taylor formula

h(g(y) + s,y) = h(g(y),y) + 0ch(g(y),y)s + G(s,y)s>

where G(0,y0) < 0. Choosing s = —g(y) and using that 9;h(g(y),y) = 0 shows
that h(g(y),y) > h(0,y) near y = yo, and thus (3.3) indeed holds. O

LEMMA 3.12. Let (M, g) be a non-trapping manifold with strictly convezr bound-
ary. Then the functions

7(z,v) :=71(x,v) — 7(x,—v), and T(x,v):=7(x,v)7(x — ")
are smooth in SM.

PROOF. Given the properties of 7 we just have to prove smoothness near a
glancing point (xg,vg) € 9pSM. By Lemma 3.10 given (x,v) € SM near (xg,vg) €
0o SM we have:

T(z,v) = Q(va(z,v),z,v) + Q(—valz,v), z,v).

Since we can write H(r?, z,v) = Q(r,z,v) + Q(—r,x,v), where H is smooth near
(0, xg,v0), we deduce that

7(z,v) = H(a(x,v),z,v)

thus showing smoothness of 7. The statement for T follows by taking products,

rather than sums.
O

REMARK 3.13. Using this lemma, it is possible to write the functions @ and
a from Lemma 3.10 in terms of 7 and T'. Indeed, since 7 satisfies the quadratic
equation

(r—7)=T
we have
T+ VT2 +4T
7-:7
2

with 7, T € C*(SM). Thus Q(t,z,v) = (7(z,v) +t)/2 and a = 72 + 4T.
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3.2. The geodesic flow and the scattering relation

Let (M, g) be a compact, connected and oriented Riemannian manifold with
boundary M and dimension n > 2. Without loss of generality we may assume
that (M, g) is isometrically embedded into a closed manifold (N,g) of the same
dimension.

The geodesics of (N, g) are defined for all times in R. We pack them into what
is called the geodesic flow. For each ¢t € R this is a diffeomorphism

wr: SN - SN

defined by

pr(z,v) = ('Yw,v(t)v;ya:,v(t))'
This is a flow, i.e. pirs = @ 0 s for all s,t € R. The flow has an infinitesimal
generator called the geodesic vector field and denoted by X. This is a smooth

section of T'SN that can be regarded as the first order differential operator X :
C*®(SN) — C*(SN) given by

(Xu)(z,v) := % 70“%@7“))7

where u € C*°(SN). Observe that X : C*°(SM) — C*°(SM). The non-trapping
property can be characterized using the operator X as follows:

ProrosITION 3.14. Let (M,g) be a compact manifold with strictly convex
boundary. The following are equivalent:
(1) (M, g) is non-trapping;
(2) X : C®(SM) — C*>°(5M) is surjective;
(3) there is f € C*°(SM) such that X f > 0.

PRrROOF. By Exercise 3.16 below f = —7 is smooth and satisfies X f > 0, thus
(1) = (3). Clearly (3) = (1): if there is a geodesic in M with infinite length,
since X f > ¢ > 0, integrating along it we would find f(¢:(z,v)) — f(x,v) > tc
for all ¢ > 0 which is absurd since f is bounded. The implication (2) = (3) is
obvious, so it remains to prove that (1) = (2).

Consider (M, g) embedded in a closed manifold (N, g). Since strict convexity
and X f > 0 are open conditions there is a slightly larger compact manifold My with
M C M{™ C N and such that 9M, is strictly convex and (Mp, g) is non-trapping.
Let 79 denote the exit time of My and given h € C*°(SM) extend it smoothly to
SMy. For (z,v) € SM, set

7o (x,v)
u(z,v) = —/0 h(pi(z,v))dt.

Since Tg|gas is smooth, u € C*°(SM). A calculation shows that Xu = h and thus
X : C>®(SM) — C>°(SM) is surjective.
(]

REMARK 3.15. The assumption of M being strictly convex is not necessary,
see [DH72, Theorem 6.4.1] for a proof of the same result for arbitrary vector fields.

EXERCISE 3.16. Let (M, g) be a non-trapping manifold with strictly convex
boundary. Show that
X7=-2,
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where 7 is the function from Remark 3.9.

DEFINITION 3.17. Let (M, g) be a non-trapping manifold with strictly convex
boundary. We define the scattering relation as the map o : 0SM — 0SM given by

Oé(.]j, U) = PR(x,0) ('Ta U)'

By Lemma 3.6, the map « is smooth. By definition of 7 we see that « :
04SM — 0_SM and o : 0_SM — 04+ SM. Moreover, « is an involution:

EXERCISE 3.18. Prove that 7 o &« = —7. Deduce that a? = Id and conclude
that « is a diffeomorphism whose fixed point set is 9y SM.

3.2.1. The geodesic vector field and strict convexity. In this subsection
we would like to understand how the strict convexity of OM reflects at level of the
geodesic vector field and the unit tangent bundle.

Let (M,g) be a compact Riemannian manifold with unit sphere bundle 7 :
SM — M. For details of what follows see for example [Kni02, Pat99)]. It is well
known that SM carries a canonical metric called the Sasaki metric. If we let V
denote the vertical subbundle given by V = Kerdm, then there is an orthogonal
splitting with respect to the Sasaki metric:

TSM=RX®oHDV.

The subbundle # is called the horizontal subbundle. Elements in H(z,v) and
V(x,v) are canonically identified with elements in the codimension one subspace
{v}+ C T,M. A vector in RX @ H is canonically identified with the whole T,, M.
The identifications are described as follows. Given £ € T(, . )SM, write it as { =
(€, &), where £y € RX @ H and {y € V. Then £y = dn(§) and &y = K¢,
where K is the connection map. Consider any curve Z : (—e,e) — SM such that
Z(0) = (x,v) and Z(O) = ¢ and write Z(t) = (a(t), W(t)). Then
DwW
K¢ = o ,

t=0

where D stands for the covariant derivative of the vector field W along « given by
the Levi-Civita connection. In this splitting, the geodesic vector field has a very
simple form

(3.4) X(z,v) = (v,0).
Using the splitting, one can also define the Sasaki metric G of SM as

&ma = Eanm)g + Evinv)g.

The next lemma identifies the tangent spaces to 0SM and SOM = 9y SM using
this splitting.

LEMMA 3.19.

TieyOSM = {(€m,&v) ¢ €m € TLOM, &y € {v}'};

To,)00SM = {(€u,&v) : &m € T,0M, &y € {v}, (&v,v(z)) — a(v,&x) = 0}.
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PROOF. To prove the first statement consider a curve Z : (—e,e) — 9SM
with Z(0) = (x,v) and & = Z(0). Then if we write Z(t) = (a(t), W(t)) with
o (—e,e) = OM, we see that g = dn(§) = &(0) € T,0M. Differentiating
(W(t),W(t)) =1 at t = 0 we get that (§y,v) = 0 and counting dimensions the first
statement follows.

To prove the second statement we need to take a curve Z : (—e,e) = 9oSM
which gives the additional equation (W (¢),v(a(t))) = 0. Differentiate this at ¢t = 0,
to get using the definition of the connection map K:

(&v,v(x)) + (v, Ve, v) = 0.

This is equivalent to (&y,v(x)) — (v, £m) = 0 and the result follows.
O

When does X fail to be transversal to 9SM? Using Lemma 3.19 and (3.4)
we see that this happens iff (z,v) € 9pSM. In addition, the characterization of
T(2,0)00SM, tell us that X is always transversal to 9o SM under the assumption
that the boundary OM is strictly convex.

We summarize this in the following lemma:

LEMMA 3.20. The geodesic vector field X is transverse to 0SM \ 0oSM. If
OM is strictly convex, then X is transversal to 9oSM. We always have X (z,v) €
T(2,0)0SM for (z,v) € JgSM.

The picture described by the lemma will be helpful later on when discussing
regularity results for the transport equation.

EXERCISE 3.21. Show that the horizontal vector (v(x),0) is a unit normal
vector to OSM in the Sasaki metric. Moreover, show that the inner product of this
vector with X is precisely the function p introduced before.

3.3. The unit circle bundle of a surface

Consider now the case dim M = 2. In this instance there is a very convenient
frame of TSM that will be used throughout this book.

Since M is assumed oriented there is a circle action on the fibers of SM with
infinitesimal generator V called the vertical vector field. 1t is possible to complete
the pair X, V to a global frame of T'(SM) by considering the vector field X, defined
as the commutator

(3.5) X, = [X,V].

There are two additional structure equations given by

(3.6) X=[V,X,],
and
(3.7) [X,X.]=-KV,

where K is the Gaussian curvature of the surface. Using this frame we can define
a Riemannian metric on SM by declaring {X, X |, V} to be an orthonormal basis.

EXERCISE 3.22. Show that this metric coincides with the Sasaki metric G on
SM defined above.
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The volume form of the metric G will be denoted by dX3. The fact that
{X, X, ,V} are orthonormal together with the commutator formulas implies that
the Lie derivative of d¥3 along the three vector fields vanishes, in other words, the
three vector fields preserve the volume form dX3.

EXERCISE 3.23. Show that each element in the frame {X, X, V} preserves
3.

See [ST'76] for more details on these facts.

It will be useful to have explicit forms of the three vector fields in local coordi-
nates. Since (M, g) is two dimensional, we can always choose isothermal coordinates
(71, 22) so that the metric can be written as ds?> = e?*(dz? + dz2) where X is a
smooth real-valued function of z = (x1,x2). This gives coordinates (z1,x2,6) on
SM where 6 is the angle between a unit vector v and 9/dz;. In these coordinates
the vertical vector field is just

0
V= 20’
and the other vector fields are given by
7] 0 OA O 0
_ A Y he 2 _97 g il
(3.8) X=e (C0898m1 + sm@a932 + ( D, sinf + D3 cos 9) 86) ,
0 0 oA O 0
_ - o o Y hd A -~
(39 X, =-e ( 51110(9ng1 +C0898x2 (8351 COSO+8.’L‘2 sm0> 89>'

3.3.1. Herglotz condition and rotationally symmetric cases. TODO.
Include the fact that a rotationally symmetric surface is non-trapping iff it satisfies
the Herglotz condition.

3.3.2. Additional facts.

PROPOSITION 3.24. Let (M, g) be a 2D disc with strictly convex boundary.
Suppose 7(z,v) < oo for all (z,v) € 0;5M. Then (M, g) is non-trapping.

SKETCH. Run the mean curvature flow inwards starting from the boundary.
We know that two things can happen: either it converges to a simple closed geodesic
or it produces a strictly convex function. In the latter case (M, g) is non-trapping,
so let us assume we have a closed geodesic at the end of the flow. Hence we have
produced an annulus A where one boundary component is M and the other is the
closed geodesic . The annulus admits a function f that is strictly convex except
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at v. Now consider the universal cover of A; this is a strip bounded by the lifts of
OM and ~. Let us denote those lifts by OM and 7. Consider a sequence of points
pn € 4 with p, — oo and fix x € OM. The geometry of the strip is so that for each
n there is a minimizing unit speed geodesic o,, connecting x to p,,. By compactness
and strict convexity of the boundary the unit vectors ¢,,(0) € 04 SA must converge
to a unit vector w € T, A pointing strictly inside A. But 7(x,w) = oo contradicting

the assumption that 7(z,v) < co for every (x,v) € 04SM.
(]

3.4. Morse Theory approach

The classical Morse theory of the energy functional on loop spaces provides
several relevant results. These results are pretty standard on complete manifolds
without boundary or closed manifolds. Given a compact manifold (M, g) with
strictly convex boundary, throughout this subsection, (N, g) is a no return exten-
sion. Recall that this is a complete extension of (M, g) with the property that
geodesics leaving M do not return to M. Moreover, since N \ M can be taken as
to be diffeomorphic to (0,00) x M, M is a deformation retract of N.

PROPOSITION 3.25. Let (M, g) be a compact Riemannian manifold with strictly
convex boundary. Then given given two points x,y € M there is a minimizing
geodesic in M connecting x to y.

PROOF. Since (N, g) is complete, the Hopf-Rinow theorem ensures that there
is a minimizing geodesic v in N connecting x and y. Since z,y € M and geodesics
leaving M do not return to M we must have that - is a geodesic entirely contained
in M.

O

PROPOSITION 3.26. Let (M, g) be a non-trapping manifold with strictly convex
boundary. Then M is contractible.

PRrROOF. Since M is a deformation retract of IV, it follows that M is contractible
iff N is. A classical result of Serre [Ser51] (proved using Morse theory) asserts
that if z and y are not conjugate and if N is not contractible, there are geodesics
connecting x to y with arbitrarily large length. Since IV is a no return extension,
if we pick  and y in M, then M itself admits geodesics of arbitrarily large length
connecting x to y thus violating the non-trapping property. Note that by Sard’s
theorem if we fix x almost every y € N is not conjugate to x. It follows that M is
contractible.

|

REMARK 3.27. The proposition also follows from another well-known fact in
Riemannian geometry: a compact connected and non-contractible Riemannian
manifold with strictly convex boundary must have a closed geodesic in its inte-
rior [Tay11, Theorem 4.2]. This is also proved with Morse theory, but using the
space of free loops.
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PROPOSITION 3.28. Let (M,g) be a compact Riemannian manifold without
conjugate points and with strictly convex boundary. Let v be a geodesic with
endpoints x,y € M. If a is any other smooth curve in M connecting z to y that
is homotopic to v with a homotopy fixing the end points, then the length of « is
larger than the length of . In other words, there is a unique geodesic connecting
x to y in a given homotopy class and this geodesic must be minimizing.

Proor. We follow [GM18, Lemma 2.2] where this very same proposition is
proved. We let Q(z,y) denote the Hilbert manifold of absolutely continuous curves
¢:[0,1] = N with ¢(0) =z, ¢(1) = y and finite energy

1 1
E(c) == |¢|? dt.
2 Jo

It is well known that F : Q(x,y) — R is C? and satisfies the Palais-Smale condition.
The critical points of E are precisely the geodesics connecting = to y. Moreover,
since there are no conjugate points, the Morse index theorem [Mil63] guarantees
that the Hessian of E at a critical point is positive definite (recall that N is a no
return extension, so it suffices to assume that M has no conjugate points). Thus
all critical points of E are local minimizers of E and are isolated. We now argue
with E restricted to the connected component of (z,y) containing ~, which we
denote by Q,j(z,y). This coincides with the set of paths connecting = to y and
homotopic to 7. We claim that ~ is the unique minimizer of E \QM (z,y)- Indeed a
mountain pass argument, shows that if this is not the case, then there is a geodesic
0 € Qp (2, y) that is not a local minimum of Elq_ (44 (cf. [Str96, Theorem 10.3]
and [Hof85]). Again by the Morse index theorem o must contain conjugate points,

and since it must be entirely contained in M we get a contradiction.
O

3.5. 10+ Definitions of simple manifold

DEFINITION 3.29. A compact connected manifold (M, g) is said to be simple
if (M, g) is non-trapping, it has strictly convex boundary and has no conjugate
points.

PROPOSITION 3.30. Let (M, g) be a simple manifold. Given z,y € M, there is
a unique geodesic connecting x to y and this geodesic is minimizing.

PROOF. Since OM is strictly convex, Proposition 3.25 ensures that there is a
minimizing geodesic connecting x to y. Since M is non-trapping, it must be simply
connected by Proposition 3.26. Thus Proposition 3.28 implies that there is only
one geodesic connecting x to y and this geodesic must be minimizing. O

Given z € M, let D, C T, M be the set given by
D, :={tv: veS;M, tel0,7(x,v)]}.
The previous proposition asserts that if M is simple, then
exp, 1 Dy =+ M

is a bijection. Since there are no conjugate points, exp,, is a local diffeomorphism
at any tv € D, and hence exp, : D, — M is a diffeomorphism. This implies in
particular that M is diffeomorphic to a closed ball in Euclidean space: if x is in the

G: check smooth-
ness claim and
give reference
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interior of M, then D, is a closed star-shaped domain around zero with smooth
boundary and hence diffeomorphic to a closed ball.

PROPOSITION 3.31. Let (M,g) be a compact manifold with strictly convex
boundary. The following are equivalent:
(1) (M,g) is simple;
(2) M is simply connected and has no conjugate points.
Any of these two properties implies:

e Given two points in M, there is a unique geodesic connecting them and
this geodesic is minimizing.

PrOOF. (1) = (2): If M is simple, then it has no conjugate points by
definition. It is simply connected due to Proposition 3.26.

(2) = (1): Suppose M has strictly convex boundary, is simply connected and
has no conjugate points. Proposition 3.28 implies that between two points in M
there is a unique geodesic and this geodesic must be minimizing. It follows that all
geodesics have length less than or equal to the diameter of M, hence the manifold
is non-trapping and (M, g) is simple.

O

PROPOSITION 3.32. Let (M,g) be simple manifold. Any sufficiently small
neighbourhood U of M in N has the property that U is simple.

Proor. Clearly any sufficiently small neighbourhood U has the property that
its closure U has strictly convex boundary and is simply connected. To see that
the property of having no conjugate points persists when we go to U, for U
sufficiently close to M, assume that this is not the case. Then there exists a
sequence (Zn,v,) € SN \ SM converging to (z,v) € 9+SM and a sequence
(Yn,wn) € SN converging to (y,w) € SM such that @ (2n,vn) = (Yn,vn) and
Az 0Pty V(@0s00)) NV (Y, wn) # {0} (conjugate point condition).

If the sequence t,, is bounded, by passing to a subsequence, we deduce that there
is tg > 0 such that d, )¢, (V(z,v)) N V(y,w) # {0} and thus M has conjugate
points. Indeed, we have unit vectors (in the Sasaki metric) &, € V(z,,v,) such
that

d(wnyyn)ﬂ- o Sotn (5") = 0

and passing to subsequences if necessary we find a unit norm £ € V(y, w) for which

dmo d(y,w)‘Pto (5) =0.
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If ¢, is unbounded, we may assume by passing to a subsequence that ¢, — oo
and thus the geodesic determined by (z,v) has infinite length thus violating the
non-trapping property.

O

REMARK 3.33. Using this proposition we can now see that (M, g) is simple iff
M has a neighbourhood U such that any two points in U are joined by a unique
geodesic.

Then there is also the equivalence of simplicity with smoothness of the boundary
distance function. There is the following folklore result:

PROPOSITION 3.34. Let (N, g) be a complete Riemannian manifold. Take = #
y € N. Then the distance function d4 is smooth in a neighbourhood of (x,y) iff «
and y are connected by a unique geodesic that is minimizing and free of conjugate
points.

SKETCH. If the condition on geodesics hold, write d(z,y) = |exp;'(y)| and
smoothness of d follows. For the converse fix z and set f(y) := d(z,y). Then if
f is differentiable at y and there is a unit speed minimizing geodesic v connecting
x to y, then Vf(y) is the velocity vector of v at y. So if we have more than one
minimizing geodesic the gradient wants to be two different things at the same time;
absurd. For the conjugate points we have to go to the second derivatives of d and
see that if z and y are conjugate along the unique minimizing geodesic joining them,
then the Hessian blows up.

O

Next we would like to prove the claim:

PROPOSITION 3.35. Let (M,g) be a compact manifold with strictly convex
boundary. Then M is simple iff the boundary distance function dg|aoarxanr is
smooth away from the diagonal.

This is another folklore claim that appears often in the papers of Burago and
Ivanov. At first glance it looks as if it follows from Proposition 3.34 but some
additional work is needed. This is because we have to go from smoothness of the
restriction of d to M x OM\ A to smoothness of d in the ambient manifold M (or an
extension N). Now there is this observation used later in the proof of Proposition
11.7 that says that if f(y) := d(z,y) and h = f|on, then the gradient of h at
y € OM determines the gradient of f at y. This goes in the right direction and uses
of course that distance functions solve the Hamilton-Jacobi equation |V f| = 1.
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CHAPTER 4

The geodesic X-ray transform

This chapter should set basic properties of the X-ray transform on a non-
trapping manifold with strictly convex boundary.

4.1. Volume forms and Santalé’s formula

Let (M, g) be a compact, connected and oriented Riemannian manifold of di-
mension n > 2. The unit tangent bundle SM carries a natural volume form called
the Liouwville form. We shall denote it by dX?"~!. This form can also be interpreted
as the volume form of the Sasaki metric on SM or the volume form associated with
the contact form of the geodesic flow. At a point (z,v) € SM it can be written as

d¥?" 1 = qv™ A dS,

where dV" is the volume form of (M, g) and dS, is the volume form on the fibre
Sz M induced by the metric g at x. Loiuville’s theorem in classical mechanics
asserts that the geodesic flow preserves dX?"!, in other words, the Lie derivative
Lxd¥?~1 = 0. Similarly, 9SM carries a natural volume

d¥?" 2 .= dV" 1t A dS,

where dV"~! is the volume form of (9M,g). This is just the volume form of the
Sasaki metric restricted to 9SM.

EXERCISE 4.1. Show that j*ipdX?"~! = —d¥?"~2  where v = (1,0) is the
horizontal lift of the unit normal v and j : 9SM — SM is the inclusion map. Show
that j*ixdX?" ! = —pdx?—2,

PROPOSITION 4.2 (Santald’s formula). Let (M, g) be a non-trapping manifold
with strictly convex boundary. Given f € C(SM,R) we have

7(z,v)
Jdsent = / du(z,v) / Flgi(a,v)) dt,
SM 84 SM 0

where du = pd%? 2.
ProoOF. Consider the set
D :={(z,v,t): (z,v) €0+SM, t € [0,7(x,v)]} CILSM xR

33
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and the map ¥ : D — SM given by ¥(x,v,t) = @i(x,v). The map ¥ is a
diffeomorphism restricted to the interior of D and thus

/ fax®t = i/ (f o W)T*(ax?" ).
SM D
(the £+ depends on whether W preserves or reverts orientations.) By definition, the
differential of ¥ maps 9/t to X. Since by Liouville’s theorem LxdX?"~! =0 we
see that La/at\lf*dZQ"_l = 0. This means that we can write

Uyt = qdS* 2 A dt

where the function a does not depend on ¢, i.e. a € C*(94+SM). This implies

fds?t = j:/

T(x,v)
duvmz%f{/ Fpe(a,v)) dr.
B+SM 0

SM

To complete the proof, we will check that @ = —pu. To this end it is enough to
compute ¥*d¥?"~1(x, v,0). Since ¢o(z,v) = (x,v), the map dV (4.4,0y is given by
the identity restricted to T\, .)0+SM and it maps 9/0t to X(x,v). Consider an
oriented orthonormal basis {&1, ..., 82,2} of T4 )04 SM. By definition of dx?r—1
and the boundary orientation

AN @, &, fonm2) = — 1.
(7 is inward unit normal.) On the other hand
U*dS? (2, 0,0) (&1, - ., Eon2, 0/0t) = dE*" 1 (&L, ... Conm2, X (2,0)).
Writing X = (X — p¥) + uv we see that
a =W ds* N (2,0,0)(&y, . .. Ean2,0/0t) = —pu

since (X —uv) is tangent to dSM. And finally we observe that ¥ reverses orientation

so all signs agree and the proof is completed.
O

4.1.1. Alternative proof of Santalé’s formula. We shall need the follow-
ing lemma which is an easy consequence of Stokes’ theorem.

LEMMA 4.3. Let N be a compact manifold with boundary, © a volume form, Y
a vector field and uw € C*°(N). Then

/Y(u)@z—/ uLyG)—l—/ uiy .
N N AN

PROPOSITION 4.4 (Alternative proof of Santald’s formula). Let (M,g) be a
non-trapping manifold with strictly convex boundary. Given f € C°(SM,R) we
have

7(z,v)
f@%*z/ wmw/ Fgula,v)) dt,
SM 84 SM 0

where dy = pdx?" 2.



eq:transport

4.1. VOLUME FORMS AND SANTALO’S FORMULA 35

PROOF. Recall that 7 € C(SM,R). Given f € C°(SM,R), define for (z,v) €
SM,

7(x,v)
(4.1) ul (x,0) = /0 foe(z,v))dt.

Clearly u/ € C(SM,R) and u/|s5_sa = 0. But if f has compact support in the
interior of M, then u/ is in fact smooth. A simple computation shows that
(4.2) Xul = —f.

We now apply Lemma 4.3 for the case N = SM, Y = X and u = uf. Since
Lxd¥?"~! =0 and uf|5_sa = 0 we deduce

fagt=— / wlixds® !
SM 0y SM
The proposition now follows from the fact that j*ixdX?" 1 = —du.
([

EXERCISE 4.5. Use an approximation argument to show that Santald’s formula
holds for f € LY(SM).

Using Santalé’s formula we can determine a natural volume form that is pre-
served by the scattering relation. Given h € C*®(9;.5M,R) we can naturally
associate to it a first integral of the geodesic flow by writing

hﬂ(x,v) = h(‘ﬁ—r(z,—v)(m,v))v (z.v) € SM.

PROPOSITION 4.6. Let (M, g) be a non-trapping manifold with strictly convex
boundary. Then
at (,ud22n—2) _ _,ud22n—2.
Moreover

o (/ldxznfz) _ Hgsen-2,
7

PROOF. Let w € C*°(9;5M). Then using Santald’s formula

7(z,v)
/ wTudEQ”*Q:/ / wﬁ(got(x,v))pdtdE%”:/ wh dy?nt
84 SM a,5M Jo SM

Set u(z,v) = u(z, —v) for u € C(SM), one has

/ whds?nl = / wh ds?r
SM S

M T(y,—n) -
- / / W oy ) (—pr) ded>n
oO_SM JO

7(y,—n) S
- / / w(a(y, n) (—p) dtds>n~
O_SM JO

= wra (—pdx? 2,
9+ SM
where we used Santald’s formula again in the second line. Varying w shows that
a* (—pd¥?"=2) = ud¥?"=2 on 0, SM\9ySM. Using that a? = id we deduce that
a*(udx?=2) = —pd¥? =2 in all 9SM. The second identity in the proposition
follows from 7 o & = —7 and Lemma 3.19. ]
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4.2. The geodesic X-ray transform
Motivated by the proof of Santalé’s formula we make the following definition.

DEFINITION 4.7. Let (M, g) be a compact non-trapping manifold with strictly
convex boundary. The geodesic X-ray transform is the operator

I:C>*(SM)— C>®(0.5M)
given by

7(z,v)
(If)(x,0) = / F(ee(a,v)) d.

Note that since 7 € C®(0+SM), If € C*°(0;:S5M). We shall denote by
L?(SM) the space of L?-functions on SM with respect to the volume form 271
and by Li(&r SM) the space of L?-functions on d, SM with respect to the measure
dp. If we drop we subscript p it means that we are considering the L2-space with
respect to the volume form d¥?"~2. In general, if p is a weight, we denote by Lf,
the L? space with respect to the measure pd-2" 2.

ProproOsSITION 4.8. The operator I extends to a bounded operator
I:L*(SM) — L7(0+.SM).
Moreover, the following stronger result holds: I extends to a bounded operator
I:L*(SM)— L*(04SM).

prop:L2bound

PROOF. Since p := pu/7 € C*°(0SM) and is strictly positive by Lemma 3.8, it
suffices to prove the lemma using the measure pd¥?"~2 in the target space. Take
f € C>*(SM) and write using Cauchy-Schwarz

7(z,v) 2
||If||2L§(a+SM) :/ (/ f(@t(%v))dt) pdx?"?
o.M \Jo
7(x,v)
< / / A (pe(x,v))dt | Tpds?"—2
o.M \Jo
7(x,v) ) ono
:/ / I (pe(z,0)) dt | pdse"~
a,5M \Jo

n— 2
- /S PSR = s

where in the last line we have used Santald’s formula in Proposition 4.2.
O

The next result characterizes functions in the kernel of the geodesic X-ray
transform in terms of solutions to the transport equation Xu = f.

PROPOSITION 4.9. A function f € C°°(SM) satisfies If = 0 iff there is u €

proposition:redtrans ‘ C*(SM) such that ulpsy = 0 and Xu = f.
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PROOF. Given any smooth function u with Xu = f, if we integrate along the
geodesic flow we obtain

7(z,v)
woa(z,v) —u(x,v) = /0 flor(z,v))dt = (If)(x,v)

for (z,v) € 9 SM. Hence if ulgsyr = 0, the above equality implies If = 0.
For the converse we would like to use the function

7(z,v)
Mww:A F(oela,v) de

introduced before. If I f = 0, then uf|gsas = 0. One issue is that in principle, u/ is
not smooth at the glancing dySM (since 7 suffers the same condition). However, it
turns out that if u/|gsas = 0, then actually v/ € C>°(SM). This will follow from
a general regularity result to be proved in Chapter 5, namely Theorem 5.10. Since
Xul = —f, the proposition is proved.

O

4.3. The adjoint *

To compute the adjoint of I : L*(SM) — L2 (0, SM) with respect to the L?
inner products consider f € C*°(SM,R) and h € C*(0+SM,R) and write

7(z,v)
Uﬁm=AﬁMﬁhw=Awamw<A ﬂ%mwmmwﬁ)

Recall that given h € C*°(9+5M,R) we denote
hﬂ(xa U) = h(‘ﬂ*T(Lfv)(x/U))a (er) € SM.

We can write the above expression as

7(z,v)
arm= [ wwm(/ ﬂ%Wwwm%mwmQ.
04+ SM 0
Using Santald’s formula we derive

(If h)= FREdE? Tl = (f, )
SM
and hence

I*h = ht.

EXERCISE 4.10. Let ¢y : C*°(M) — C*°(SM) be the map given by o f = fom,
where m : SM — M is the canonical projection. Show that the adjoint £} is given
by

<%wmw3LMg@wM&w»
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4.4. Pestov identity

In this section we consider the Pestov identity in 2D, which is the basic energy
identity that has been used since the work of Mukhometov [Muh'77] in most injec-
tivity proofs of ray transforms in the absence of real-analyticity or special symme-
tries. Pestov type identities were also used in [AR97] to prove solenoidal injectivity
for I acting on 1-forms on simple manifolds and in [PS87] to prove solenoidal in-
jectivity in any dimensions and for tensors of any order, if the sectional curvatures
are negative. These identities have often appeared in a somewhat ad hoc way, but
here we give a point of view which makes its derivation more transparent.

The easiest way to motivate the Pestov identity is to consider the injectivity of
the ray transform on functions. We let Iy : C*°(M) — C*°(0:SM) be defined by
Iy := I o £y, where /g is the pull-back of functions from M to SM.

The first step is to recast the injectivity problem for Iy as a uniqueness question
for the partial differential operator P on SM where

P:=VX.

This involves a standard reduction to the transport equation as we have done
already in Proposition 4.9.

PROPOSITION 4.11. Let (M, g) be a compact oriented nontrapping surface with
strictly convex smooth boundary. The following statements are equivalent.
(a) The ray transform Iy : C°(M) — C*°(0+SM) is injective.
(b) Any smooth solution of Pu =0 in SM with u|ssas = 0 is identically zero.

PROOF. Assume that the ray transform is injective, and let u € C*°(SM)
solve Pu = 0 in SM with u|gsps = 0. This implies that Xu = —f in SM for
some smooth f only depending on x, and we have 0 = u|g, a7 = Iof. Since Iy is
injective one has f = 0 and thus Xu = 0, which implies v = 0 by the boundary
condition.

Conversely, assume that the only smooth solution of Pu = 0 in SM which
vanishes on 0SM 1is zero. Let f € C°°(M) be a function with Iy. Proposition
proposition:redtrans gives a u € C*°(SM) such that Xu = f and ulgsy = 0.
Since f only depends on z we have V f = 0, and consequently Pu = 0 in SM and
ulp(sary = 0. It follows that v = 0 and also f = —Xu = 0. (I

We now focus on proving a uniqueness statement for solutions of Pu = 0in SM.
For this it is convenient to express P in terms of its self-adjoint and skew-adjoint
parts in the L?(SM) inner product as

P+ P P - P
+2 » Bi=
Here the formal adjoint P* of P is given by
P*:=XV.
In fact, if u € C°°(SM) with u|ssy = 0, then
(4.3)
|Pul|®> = ((A+iB)u, (A +iB)u) = || Au||* + || Bul® + i(Bu, Au) — i(Au, Bu)

= || Aul® + || Bul® + (i[A, Blu, ).

P=A+iB, A:=
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This computation suggests to study the commutator i[A, B]. We note that the

argument just presented is typical in the proof of L? Carleman estimates [Hﬁg].
By the definition of A and B it easily follows that i[4, B] = [P*, P]. By the

commutation formulas for X, X, and V, this commutator may be expressed as

[P",P|=XVVX - VXXV =VXVX+X, VX -VXVX-VXX,
=V[X,,X]-X?=—-X24+VKV.
Consequently
([P*, Plu,u) = | Xul® = (KVu,Vu).
If the curvature K is nonpositive, then [P*, P] is positive semidefinite. More gen-
erally, one can try to use the other positive terms in (4.3). Note that

2 2 1 2 . 12
lAu]™ + [ Bul” = S ([Pull” + [|P7u]]%).
The identity (4.3) may then be expressed as
2 * 112 *
[Pull™ = [P ul|” + ([P, Plu, u).

Moving the term || Pul|® to the other side, we have proved the version of the Pestov
identity which is most suited for our purposes. The main point in this proof was
that the Pestov identity boils down to a standard L? estimate based on separating
the self-adjoint and skew-adjoint parts of P and on computing one commutator,
[P*, P].

PROPOSITION 4.12 (Pestov Identity). If (M, g) is a compact oriented surface
with smooth boundary, then
IXVul* = (KVu, Va) + | Xul” = |[VXu|® =0
for any u € C°°(SM) with u|psn = 0.
We now show:

PROPOSITION 4.13. Let (M, g) be a simple surface. Then given ¢ € C*°(SM)
with ¥|gsar = 0 we have
with equality iff ¢ = 0.

ProOOF. Using Santalé’s formula, we may write
(4.4)

T(z,w) |
/ (X)? — Ko?) dsP = / dyu(z, ) / (2(t) — K (a0 (8)02(8)
SM 8, SM 0

where ¥(t) = 1 (¢¢(z,v)). Observe that (0) = ¢(7(x,v)) = 0. The argument that
follows is done on a fixed geodesic 7, , with (z,v) € 04 SM\9ySM. Since (M, g) has
no conjugate points, the unique solution y to the Jacobi equation §+K (v ,(t))y = 0
with y(0) = 0 and y(0) = 1, does not vanish for ¢ € (0, 7]. Hence we may define a
function ¢ by writing
P(t) = q(t)y(t), for t € (0, 7].

Since 9(0) = y(0) = 0 and ¢(0) = 1, it is immediate that ¢ extends smoothly to
t = 0. Using the Jacobi equation we compute

. od, o,
(Y + K¢)y —th(qy )-
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Thus integrating by parts we derive
T . T d . . T .
/ (¥ — Ky?)dt = —/ g7 (ay*) dt = —[agy”Jg +/ iy dt
0 0 0

= / ¢*y? dt > 0,
0

since ¥(0) = ¢(7) = 0. Equality in the last line holds iff ¢ is constant. Since
(1) = qy(r) = 0 with y(7) # 0, it follows that equality holds iff ¢ = 0. Going
back to (4.4), we see that the inequality in the proposition holds with equality iff
1) vanishes.

O

We can now combine these results to prove
THEOREM 4.14. Let (M, g) be a simple surface. Then Iy is injective.

PRrROOF. By Proposition 4.11 it suffices to show a vanishing result for Pu = 0
with u|gsys = 0. Proposition 4.12 gives

I XVu|? = (KVu, Vu) + || Xul®> = 0

and combining this with Proposition 4.13 (note that Vulssay = 0) we derive Vu =
Xu =0 and hence u = 0 as desired.
O

EXERCISE 4.15. Prove the Pestov identity with boundary terms. More pre-
cisely, given any u € C°°(SM) show that
IXVul* = (KVu, V) + | Xul|* = [VXu|® = (Tu, Vu)as,

where T is the vector field on SM given by T := (V)X + pX ;. Check that T is
tangent to SM.

We are now going to prove some additional useful properties of the function 7.
As in Chapter 3, consider a function p € C°°(M) such that it coincides with M >
x +— d(x,0M) in a neighbourhood of M and such that p > 0 and M = p~1(0).
Clearly p(z) = v(z) for x € OM. Using p, we extend v to the interior of M as
v(z) = Vp(z) for x € M.

As before we let p(z,v) := (v,v(z)) and

T:=V(u)X 4+ uX,.

Note that T' is now defined on all SM and agrees with the vector field T' defined
in Exercise 4.15 on 0SM. In fact T and V are tangent to every dSM, = {(x,v) €
SM : x € p~t(e)}, where M. = p~t(—o00,¢].

EXERCISE 4.16. Prove that [V,T] =0 in SM.
LEMMA 4.17. The functions Tt and V1 are bounded on SM \ 9y SM .
Proor. We set h(z,v,t) := p(7z(t)) and compute

T(h(z,v,0)) =T(p) = V()X (p) + nX_1(p) = V(p)dp — pV(dp) =0
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since dp(x,v) = p(z,v). Therefore, there exists a smooth function a(z,v,t) such
that

T(h(z,v,t)) = ta(x,v,t).
Next we apply T to the equality h(z,v,7(z,v)) =0 to get
Oh
T(h(l’, v, t)) |t=7’(:c,v) + a (1’, v, T(Ia U))TT =0.

If we write (y,w) = (Va,0(7(2,0)), Y20 (7(x,v)) € O_SM, then the identity above
can be re-written as

7(z,v)a(z, v, 7(x,v)) + ply,w)TT = 0.
If (z,v) € SM \ 0oSM, then u(y,w) # 0 and we may write

—T(:E, U)(Z(.’E, v, T(.T, U))

TT =
1(y, w)

and since

—T(l‘, U) T(ya _w)

uly,w) ~ ply, —w)

it follows that T'7 is bounded by Lemma 3.8. Since V(p) = 0, the proof for V7 is
entirely analogous.

0<

O

The following corollary is immediate.

COROLLARY 4.18. Let (M, g) a non-trapping surface with strictly convex bound-
ary. Given f € C*°(SM), the function

7(z,v)
uf (z,0) = /0 fpe(z,v))dt

has Tu/ and Vuf bounded in SM \ 9y SM.

4.5. Stability estimate in non-positive curvature

In this section we show how the Pestov identity can be used to derive a basic
stability estimate for Iy when the Gaussian curvature K < 0. Later on we shall
improve this estimate and extend it to include tensors. Given w € C*(9.SM) we
define its H'-norm as

2 2 2 2
[wllp = I Twl[” + [Vwl™ + lw]”

THEOREM 4.19. Let (M, g) be a non-trapping surface with strictly convex bound-
ary and K <0. Then

1
£l < ﬁ”IOf”Hl
for any f € C™®(M).
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PrROOF. We wish to use identity from Exercise 4.15; since this identity was
derived for smooth functions and u/ fails to be smooth at the glancing we apply it
to M. (as defined above) and u = u/ sy, for e small. Since K < 0, Xu/ = —f and
Vf =0, we derive

2
HfHL?(SME) < (Tu!,Vul)asm. .

Let € — 0 and using Corollary 4.18 we deduce (cf. Exercise 4.20 below)
2
||f||L2(SM) < (Tuf, VUf)E)SM-

Since u/|g_sm = 0 and Iy f = u'|s, spr we deduce

1 1
1F125a0 < @ VIoasnr < S UITI I + IVIfI) < 5o f [

and the theorem is proved.
O

EXERCISE 4.20. Consider the vector field N := pX — V()X and let F} be
its flow. Show that for € small enough F. : 9SM — dSM,.. Write F*d¥? = q.d¥?,
where ¢ is smooth and go = 1 since Fy is the identity. Show that

(Tu! ,Vul)osar. = (q-(Tul o F.), Vul o F.)asn.

Use Corollary 4.18 and the dominated convergence theorem to conclude that as
e—0
(¢:(Tu! o F.),Vul o F.)osar — (Tu!, Vul)asar.

EXERCISE 4.21. Let (M,g) be a non-trapping surface with strictly convex
boundary and let f € C*°(SM). Using the Pestov identity with boundary term
and Corollary 4.18 show that XVuf € L?2(SM). Using that X, = [X, V] conclude
that X, uf € L?(SM) and thus u/ € H*(SM).

4.6. Examples showing that injectivity fails if conditions are not
imposed
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CHAPTER 5

Regularity results for the transport equation

Here we show all the necessary regularity results for the various transport
equations we will be using (including systems and general attenuations).

5.1. Smooth first integrals

Let (M, g) be a non-trapping manifold with strictly convex boundary. Recall
that given w € C*°(015M) we set

wﬁ(xa U) = w(@—r(a:,—v) (l‘, U))

The function w? is a first integral of the geodesic flow, i.e. it is constant along
its orbits. From the properties of 7 we know that w® is smooth on SM \ 9ySM,
but it may not be smooth at the glancing. In the section we will characterize
when smoothness holds. We can easily guess a necessary condition. Indeed, since
wh(x,v) = wo a(z,v) for (z,v) € 0_SM, we see that if w* € C>(SM), then
wpsar = { w(z,v), (x,v) € 0LSM,
woalx,v), (x,v)€d_SM

must be smooth in dSM. We shall show that this condition is also sufficient.
Following [PUO05] we introduce the operator of even continuation with respect

to a:
- 'lU((E,’U), (.’E,'U) S (‘LSM,
Ajw(z,v) = { woa(r,v), (z,v)€d_SM

for w € C*°(0;+SM). Clearly A : C*®(0+SM) — C(0SM). We also introduce
the space

C(0+SM) :={w e C®(0+SM) : Ajtw e C®(0SM)}.
The main result of this section is the following characterization.

THEOREM 5.1 ([PUO5]). Let (M,g) be a non-trapping manifold with strictly
convex boundary. Then

C(04SM) = {w € C®(0,SM) : w* € C>®°(SM)}.

PROOF. We assume (M, g) isometrically embedded in a closed manifold (N, g)
of the same dimension as M. Consider some smooth extension W of A, w = w¥|ssars
into SN. Writing F(t,z,v) = AW (g(z,v)), it follows that

wﬁ ({L‘7 U) = % [W((pr(z,v) (‘7?7 ’U)) + W(‘p—‘r(gc,—v) ((E, ’U))}
= F(r(z,v),z,v) + F(—71(z, —v), z,v).

43
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Recall that we already know that w! is smooth in SM \ 9ySM, so let us discuss
what happens at the glancing. Fix some (zg,v9) € 9pSM and use Lemma 3.10 to
write

wh(x,v) = F(Q(v/a(z,v),z,v), z,v) + F(Q(—/a(z,v),z,v),z,v)
near (xg,v) in SM. Setting G(r,z,v) := F(Q(r,z,v),x,v), we have
wn(:v,v) = G(Va(z,v),z,v) + G(—v/a(z,v),z,v)
near (zo,vo) in SM, where G is smooth near (0, zo,vp) in R x SN. Now
G(r,x,v) + G(—r,x,v) = H(r* z,v)

where H is smooth near (0, xg,vo) . This finally shows that

wﬁ(x7 U) = H(a(xa ’U), T, U)
near (o, vo) in SM, proving that w? is smooth near (zq,vo) in SM. Since (z¢,v0) €
0oSM was arbitrary, we have w! € C*°(SM). O
5.2. Folds and the scattering relation

The original proof of Theorem 5.1 was based on a result in [H6r85, Theorem
C.4.4] which is in turned underpinned by a result like Lemma 3.11.In this section we

explain the original approach in [PUO05] as it is geometrically quite illuminating.
We start with a general definition from Differential Topology; for what follows
we refer to [H6r85, Appendix C] for details.

DEFINITION 5.2. Let f : M — N be a smooth map between manifolds of
the same dimension. We say that f is a Whitney fold (with fold L) at m € M
if dfpm @ T;nM — Ty N drops rank simply by one, so {z : df, is singular} is a
smooth hypersurface L near m and ker df,, is transversal to T,, L.

If f has a fold at m € M, there exists an involution ¢ : M — M (locally
defined) such that 02 = Id, o # Id, f oo = f and the set of fixed points of o
coincide with L near m. In fact, f has a very simple normal form near m, that is,
in suitable coordinates f has a local expression at zero:

f(y17"'7yn) = (yla"'vyn—l7y721)'

Moreover, the involution is just o(y', yn) = (v', —yn), where vy’ = (y1,...,yn—1) and
L is determined by y,, = 0. Using this normal form it is not hard to show following
result holds:

THEOREM 5.3. [H6r85, Theorem C.4.4] Suppose f has a fold at m and let u be
C® in a neighbourhood of m € M. Then, there exists v € C* in a neighbourhood
of f(m) € N withvo f =u iffuoo =u.

One implication in the theorem is straightforward: if v exists with v o f = w,
then uoo =wvo foo =vo f =u, sothe content of the theorem is the converse
statement.

Let us return now to the situation we are interested in, namely, let (M, g) be
a non-trapping manifold with strictly convex boundary. As usual we consider M
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isometrically embedded in a closed manifold of the same dimension and we let M,
be a slightly larger manifold so that it is also non-trapping and with strictly convex
boundary. We let its exit time function be 5. We define map ¢ : 0SM — 9_SM,
by

¢($, U) = @To(m,v)(xv U)'
This map is C™ since 1p|sas is C°. Here is the main claim about ¢:

PROPOSITION 5.4. The map ¢ is a Whitney fold at every point of the glancing
09SM. Moreover, the relevant involution is the scattering relation «.

PROOF. Let us first check that ¢ o a = ¢. Indeed
(a2, V) = ro(pr(,) (00) (P7(,0) (T3 V) = Pri (001 (2,0)) 47 (,0) (T, V)

and since 7o(P#(z,0)(,v)) = 70(7,v) — 7(z,v) the claim follows.
To prove that ¢ is a Whitney fold with fold 9pSM we must now show that
given (z,v) € 9pSM we have

(5.1) ker d(b(m’u) D T(E’v)a()SM = T(m)aSM.
To this end, we consider § € T, ,)0SM and we compute using the chain rule

d(b(m,v) (f) =drg (§>X(¢(x7 1))) + d‘P‘ro(m,v) (5)

and from this it follows that ker d¢(, ., = RX(z,v) since dro(X(z,v)) = —1 and
Aoy (z0) (X (2,v)) = X(4(z,v)). Since we are assuming that dM is strictly convex,
(5.1) follows directly from Lemma 3.20.

Let ¥ be a manifold and F a smooth function with 0 as regular value. Let
M = F~1(0) and consider a non-vanishing vector field X on 3 such that X F'(m) = 0
and X2F(m) # 0 for a point m € M. Let N be a hypersurface in ¥ transversal to
X such that f: M — N, the projection along integral curves of X is well defined.
We claim that f is Whitney fold at m with fold L = M N (XF)~1(0). Indeed,
this claim can be checked by looking at the picture in ¥ = R™ with X = % and
N = {z, =0}.

Let us apply this observation to the following situation of interest to us. We
take ¥ = SN where N is a closed manifold containing M. Let p : N — R be
a boundary defining function for M as in Chapter 3 so that p~1(0) = OM. If
m: SN — N is the canonical projection we set F' := pom. We now take as X the
geodesic vector field and as m a point (z,v) € dpSM. We have already computed
XF(m) and X2F(m). Indeed from the proof of Lemma 3.6 we see that X F'(m) = 0
and X2F(m) = Hess,p(v,v) = —II;(v,v) < 0. Note that M = F~(0) = SM.

We next take as N := 0_SMy and we see that ¢ : 0SM — 0_SMj is precisely
projection along the geodesic flow. Thus Proposition 5.4 follows.

O

We now explain how to use Theorem 5.3 to give a proof of Theorem 5.1. Con-
sider a function w € C*°(9;SM) such that ALw € C*°(0SM). Clearly A w is
invariant under o and thus by Theorem 5.3, there is a smooth function v defined
in a neighbourhood of ¢(0SM) such that v o ¢ = w.
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Consider the map ¥ : SM — 0_SM given by ¥(z,v) = @;(5,)(7,v) and the
analogous one Uy : My — 0_SM, using 79. Note that w! = wo oo ¥ and that
poaoW = Uy|gp. Hence

w? =woao¥=vogoao¥ =voTUy|gy

and since v and Wo|gps are C™ it follows that w' is C™ as desired.

5.3. A general regularity result

Let (M, g) be a non-trapping manifold with strictly convex boundary and let
A:SM — C™*™ be a smooth function.

We would like to study regularity results for solutions u : SM — C™ to equa-
tions of the form

Xu+Au=f
where f € C>*(SM,C™) and u|ssp = 0. We shall show that under these conditions
u must be C'°.

As we have done before, consider (M, g) isometrically embedded in a closed
manifold (N, ¢g) and we extend A smoothly to N. Under these assumptions A on
N defines a smooth cocycle over the geodesic flow ¢; of (N,g). The cocycle takes
values in the group GL(m, C) and is defined as follows: let C': SN xR — GL(m,C)
be determined by the following matrix ODE along the orbits of the geodesic flow

%C(:c,v,t) + A(pi(z,0)C(z,v,t) =0, C(z,v,0)=1d.
The function C' is a cocycle:
C(z,v,t+ s) = C(pi(z,v),s) C(x,v,1)
for all (z,v) € SN and s,t € R.

EXERCISE 5.5. Prove the cocycle property by using uniqueness for ODEs and
the fact that ¢, is a flow.

Consider a slightly larger manifold My engulfing M so that (Mp,g) is still
non-trapping with strictly convex boundary and let 7y be the exit time of M.

LEMMA 5.6. The function R : SM — GL(m,C) defined by
R(z,v) := [C(x,v,o(x,v))] ",

is smooth and satisfies
XR+ AR =0.

PROOF. Since 79|gas is smooth and the cocycle C' is smooth, the smoothness
of R follows right away. To check that R satisfies the stated equation, we use that
To(pe(x,v)) = To(x,v) — t together with the cocycle property to obtain

R(pi(z,v)) = [C(pe(z,v), 100 (2,0))] 7" = Cla,v,)[C(x, v, o(w, )] 7"
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Diiferentiating at ¢ = 0 yields
XR=-AR

as desired.
O

Recall that in the scalar case, the attenuated ray transform I, f of a function
f € C*(SM,C) with attenuation coefficient a € C*°(SM,C) can be defined as the
integral

Lf(z,0) = /O e F(e(,0))exp [ /O ta(gps(m))ds} dt, (x,v) € d4SM.

Alternatively, we may set I,f := uls, spr where u is the unique solution of the
transport equation
Xu+au=—f in SM, wulg_sy =0.

The last definition generalizes without difficulty to the case of a general at-
tenuation A. Let f € C°°(SM,C"™) be a vector valued function and consider the
following transport equation for u : SM — C™,

Xu+Au=—f in SM, wulsg_sm =0.
On a fixed geodesic the transport equation becomes a linear ODE with zero final
condition, and therefore this equation has a unique solution denoted by uf.
DEFINITION 5.7. The attenuated ray transform of f € C*°(SM,C") is given
by
Laf i=ul|o, sumr.

It is a simple task to write an integral formula for u/ using a matrix integrating
factor as in Lemma 5.6.

LEMMA 5.8. With R as in Lemma 5.6 we have
7(z,v)

ul (x,0) = R(x,v)/o (R ) (pi(z,v)) dt for (z,v) € SM.

PROOF. A computation using X R~ = R~!A (which follows easily from X R+
AR =0) and Xu/ + Au/ = —f yields
X(R'u!) = (XR M/ + R7'! = —R7'f.
Since R~'u'|s_sar = 0, the lemma follows.
O

REMARK 5.9. It is useful for future purposes, to understand how the formula
in the lemma changes, if we consider a different integrating factor, i.e. another
invertible matrix R; satisfying X Ry + AR; = 0. Since

X(R'R)=X(R YR+ R 'X(R))=R AR, — R AR, =0
we derive
R, = RW*
where W = R™'Ry o, s
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Lemma 5.8 shows that «/ is in general as smooth as 7, i.e. smooth everywhere
except, perhaps at the glancing. However, the next result will show that if I 4 f = 0,
then uf is C.

THEOREM 5.10 ([PSU12]). Let (M, g) be a non-trapping manifold with strictly
convez boundary. Let A € C®(SM,C™*™) and f € C°(SM,C™) be such that
Iof =0. Then uf € C=(SM,C™).

PROOF. It is enough to show that the function r := R~'u/ smooth. According
to Lemma 5.8, r satisfies

Xr = —R_lf in SM, r|lssym =0.

Choose h € C*(SM,C™) such that Xh = —R™1f. We know such a function
exists either by appealing to Proposition 3.14 or by using the enlargement M, of
M, extending R~!f smoothly to N and setting

7o (x,v)
h(z,v) = /0 (R ) (pi(z,v)) dt for (x,v) € SM.

(Tolsar 1s smooth.) Thus the function h — r satisfies X(h — r) = 0 and since
(h —1r)|osm = hloasy € C°(0SM,C™), Theorem 5.1 gives that h — r is smooth
and thus 7 is smooth as desired.

(]

5.4. The adjoint I7.

Let (M, g) be a non-trapping manifold with strictly convex boundary and let
A: SM — C™*™ be a smooth matrix attenuation. In this section we shall compute
the adjoint I’ of

Ia: L*(SM,C™) — L2(94SM,C™).

We endow C™ with its standard Hermitian inner product, so the L? spaces are
defined using this inner product and the usual volume forms dx?"~! and dpu.
Using the same arguments as in Proposition 4.8 one shows:

ProrosITION 5.11. The operator I 4 extends to a bounded operator
Ia: L*(SM,C™) — L2(9+SM,C™).
Moreover, the following stronger result holds: 14 extends to a bounded operator
I4:L*(SM,C™) — L*(0, SM,C™).
EXERCISE 5.12. Prove the proposition.
LEMMA 5.13. If R: SM — GL(m,C) is and such that XR + AR = 0, then
Ih = (R*)"Y(R*h)".

PRrROOF. Recall that given R we can write

7(x,v)
Iaf =ullo, sm = R(x,v)/ (R ) (pe(z,v)) dt for (z,v) € D4 SM.
0
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Let us compute using Santald’s formula:

= [ et

8y SM

_ /MM dy </OT(R—1f)<%(x, V) dt, R*h>(cm
- /MM dp /0 (R (R (1, 0)) dt

:/ <R71f7 (R*h)ﬁ>(cm d22n71
SM
= (f.(R")"H(R*n))

and thus I h = (R*)~!(R*h)* as desired.
O

REMARK 5.14. Observe that U = (R*)~! solves the matrix transport equation
XU — A*U = 0 and since (R*h)* is a first integral of the geodesic flow, f = I’k

solves
Xf—A*f=0
flopsm = h.
REMARK 5.15 (The matrix weighted X-ray transform). Given a smooth matrix

weight W : SM — GL(m, C) we may also consider a closely related X-ray transform
with a matrix weight:

i ::/O (W F) (e, v)) dt.
Clearly
Iaf =RIp-1f
where R is any integrating factor so that XR + AR = 0.
The adjoint Iy, : L2 (04 SM,C™) — L*(SM,C™) is easily computed as above
to obtain
Iiyyh = W*hH.
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CHAPTER 6

Vertical Fourier Analysis

Given functions u,v : SM — C we consider the L? inner product and norm
(u, v) = / wwdS®,  uf = (u,u)V2.
SM

Since X, X,V are volume preserving we have (Vu,v) = —(u,Vv) for u,v €
C>®(SM), and if additionally u|gsyr = 0 or v|gsyy = 0 then also (Xwu,v) =
—(u, Xv) and (X, u,v) = —(u, X1 v).

The space L2(SM) decomposes orthogonally as a direct sum

L*(SM) = EP H
keZ

where Hj, is the eigenspace of —iV corresponding to the eigenvalue k. A function
u € L?(SM) has a Fourier series expansion

9
U = E Uk,

k=—o00

where uy € Hg. Also ||ul|?> = 3 ||ug||?, where ||u||?> = (u,u)'/?. The even and odd
parts of u with respect to velocity are given by

Uy = E Uk, U_ = E Uk .

k even k odd

In the (z, 0)-coordinates previously introduced using isothermal coordinates we may
write

1 27 . ) )
uk(maﬁ) = <%A u(m,t)e_’kt dt) ekl — ak(x)ezke.

Observe that for £ > 0, u; may be identified with a section of the k-th tensor
power of the canonical line bundle; the identification takes wy into @xe**(dz)*
where z = x1 + 1x2.

The next definition introduces holomorphic and antiholomorphic functions with
respect to the 6 variable.

DEFINITION 6.1. A function v : SM — C is said to be (fibre-wise) holomorphic
if up = 0 for all K < 0. Similarly, u is said to be (fibre-wise) antiholomorphic if
ur, = 0 for all £ > 0.

REMARK 6.2. Later on we will be dealing with situations where we have both
types of holomorphicity, namely, the fibre-wise described above (vertical) and holo-
morphicity due to the underlying Riemann surface structure of (M, g) (horizontal,

51
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variable “z” above in isothermal coordinates). In most cases the type of holomor-

phicity is given by the context, but if necessary we might the use the word fibre-wise
to indicate that we mean the one in Definition 6.1.

Let Qi := H,NC>®(SM). As in [GK80] we introduce the following first order
operators
Ne,n— : C®(SM,C) — C>*(SM,C)
given by
Ny = (X +iX1)/2, n-:=(X—-iX1)/2.
Clearly X = n4 + n—. From the structure equations for the frame {X, X, V} one
easily derives:

LEMMA 6.3. The following bracket relations hold

. iK
Nt,3V] = £n+, [ne,n-] = <5V

lemma:bracketseta ‘

EXERCISE 6.4. Prove the lemma.
LEMMA 6.5. We have
Ny Qe = Qerr, 1o Qe — Qo1, ()" = —n_.

PROOF. We only prove the first statement, the others are left are simple exer-
cises. Take u € Q. Using the bracket relation [ny,iV] = n; we derive

N+ (iVu) = iVipu = niu.
Since iVu = —ku we derive
—iVnyu = (k+ nyu

thus showing nyu € Q4.
O

EXERCISE 6.6. Show that X maps even functions to odd functions and odd
functions to even functions.

Finally using the expressions (3.4), (3.9) we can derive analogous expression
for n4:

LEMMA 6.7. In isothermal coordinates (x1,x2) we can write the operators n4

Ny =e et ﬁ—l—z%ﬁ n_=e e Q—ZQQ
" 0z 0200)° B 0z 09z00)°

as

In particular

(6.1) n+(he““9) _ e(k—1)Aa(he_k>\)ei(k+1)97
(6.2) n_ (he'*?) = e—(1+k))\5(h6k/\)ei(k—l)97

where h = h(z1,22) and

G_l(o 0
_2 (9171 8952 ’
1 0 o0
32(35)



6. VERTICAL FOURIER ANALYSIS 53

EXERCISE 6.8. Prove the lemma using (3.4), (3.9) and the definitions of n..

The Riemannian metric g makes M naturally into a Riemannan surface. The
cotangent bundle T*M of M turns into a complex line bundle over M denoted
by k and known as the canonical line bundle. The sections of this bundle consist
of (1,0)-forms and locally have the form w(z)dz. The conjugate bundle & is the
complex line bundle obtained by letting the complex numbers act by multiplication
by their conjugates. The sections of K are the (0, 1)-forms and locally have the form
w(z)dz.

LEMMA 6.9. For k > 0, elements in Qi can be identified with smooth sections
of the bundle xk®*. Similarly, for k < 0, elements in Q) can be identified with
smooth sections of the bundle ®¥F

ProOOF. We only consider the proof for & > 0, leaving the case k < 0 as an
exercise. Let I'(M,x®F) denote the space of smooth sections of the k-th tensor
power of the canonical line bundle x. Given a metric g on M, there is map

©g : T(M, k%F) = Q

given by restriction to SM. In other words, an element f € T'(M, k®*) gives rise
to a function in SM simply by setting f.(v,...,v). Let us check what this map
k
looks like in isothermal coordinates. An element of I'(M, k®¥) is locally of the form
w(z)dz*. Consider a tangent vector z = @ + id. It has norm one in the metric g
iff ' = e*2. Hence the restriction of w(z)dz* to SM is
w(z)e FAett?,
Observe that ¢, is surjective because given u € Q) we can write it locally as
u = he'* and the local sections heF*(dz)* glue together to define an element in
(M, x®*%). Since it is clearly injective, g is a complex linear isomorphism.
O

EXERCISE 6.10. Check that in the proof above, the local sections he**(dz)*
glue together to define an element in T'(M, k®F).

_ Using the identification from the lemma, we can explicitly conjugate 7 to a
0-operator. Observe that there is also a restriction map
Yy : T(M,5%F @ ) — Qpy
which is an isomorphism. The restriction of w(z)dz* ® dz to SM is
w(z)e~ BFDAIR=10,
because e~ = ez, B
Given any holomorphic line bundle £ over M, there is a J-operator defined on:

0:T(M, &) — T(M,£® ).

In particular we can take ¢ = k®*. Combining this with (6.2) we derive the following
commutative diagram:
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(M, %% —£2

b -

['(M, k%% @ k) SLTEN O
In other words:

o = 0D

6.1. The fibrewise Hilbert transform

We will also employ the fiberwise Hilbert transform H : C*°(SM) — C*(SM),
defined in terms of Fourier coefficients as

Huy, := —isgn(k)ug.
Here sgn(k) is the sign of k, with the convention sgn(0) = 0. Thus, u is holomorphic
iff (Id — iH)u = ug and antiholomorphic iff (Id + iH)u = ug.
The following commutator formula for the Hilbert transform and the geodesic

vector field, proved in [PUO05], has been a crucial component for many of the recent
developments in 2D geometric inverse problems.

prop:hxcommutator PROPOSITION 6.11. Let (M,g) be a two dimensional Riemannian manifold.

For any smooth function u on SM we have the identity
[H, X]u =X ug+ (XJ_’U,)O

where

is the average value.

PRrOOF. It suffices to show that
[Id +iH, X]U, =1X ug+ i(XJ_U)O.

Since X = n4 + n— we need to compute [Id + iH,ny], so let us find [Id + iH, n4]u,
where u =}, ui. Recall that (Id +iH)u = uo +23 ;5 ux. We find:

(d +iH)nru =n4u—y +2 Z N+ Uk,
k>0

Ny (Id + iH)u = nyug + 2 Z N4 U
E>1
Thus
(d +iH, n4Ju = nyu—1 + 14 uo.
Similarly we find
Id+iH,n_]Ju=—n_ug — n-us.
Therefore using that X | = n4 —n_ we obtain
[Id + ’iH, X]U = iXJ_UO + 'l.(XJ_U)O
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as desired. 0

EXERCISE 6.12. Let S be the holomorphic projection operator, i.e. Su =
> o uk- Show that

[X, SJu=mn_uo — npu_1.

6.2. Relationship between symmetric tensors and functions on SM

Let (M, g) be any compact Riemannian manifold. We denote by C°°(S™(T*M))
the set of smooth complex-valued covariant symmetric tensors of rank m. There is
natural map

by : C(S™(T*M)) — C*(SM)
given by

The Levi-Civita connection V acts on a tensor h of rank m as follows:

Vh(Z,Y1,...,Y) :Zh(Yl,...,Ym)—Zh(yl,...,vzm S S
i=1

However, if h is symmetric, VA is in general not symmetric. By composing with
the symmetrization map o of a tensor we obtain a map

d:=00oV:C®(S™(T*M)) — C®(S™(T*M)).

The next lemma shows that the maps £, intertwine d and X:
LEMMA 6.13. For any p € C*°(S™ Y(T*M)) we have X{y,_1p = {mdp.
PROOF. By definition

L (dp)(z,v) = (dp)z(v,...,v) = (VD)z(v,...,v)

since all entries in the tensor Vp are the same and hence symmetrization is innocu-
ous. Since Vs, . = 0, we have

b (dp)(z,0) = L

dt Prys (1) (;Yx,v (t), cee a;}/ac,v (t)) = Xly,p.
t=0

O

Suppose now that dim M = 2. We would like to understand the relationship
between the maps £, and the vertical Fourier decomposition introduced above.
We begin observing:

LEMMA 6.14. Given h € C*>°(S™(T*M)), the function £,, € C*>°(SM) has
(mh) =0, forlk] >m—+1.
Moreover, if m is even (resp. odd), {mh is an even (resp. odd) function of SM.

PROOF. Indeed, observe that ¢,,h is a trigonometric polynomial of degree < m,
hence all its Fourier coefficients are zero for |k| > m+1. The last claim is ovious. O
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PROPOSITION 6.15. Let m = 2N be even. Then the map
m 2 C(S™(T*M)) @ Qa;
is a linear isomorphism. Similarly, if m = 2N + 1 is odd, the map
1 C®(S™(T*M)) EB 92,+1

is a linear isomorphism.

PrOOF. We do the proof for m even; the proof for m odd is analogous. Clearly
l., is injective, since any covariant symmetric m-tensor is determined by its values
on m-tuples of the form (v,...,v). Hence we need to show it is also surjective.

Suppose that we are given a smooth real-valued function f € C*°(SM) such
that f; = 0 for |k| > m + 1. Since f is real-valued f; = f_p. For each k > 1,
the function f_j + fi gives rise to a unique real-valued symmetric k-tensor Fj, such
that £ Fy, = f_r + fx- This can be seen as follows: recall that a smooth element
fi can be identified with a section of k®* hence, its real part defines a symmetric
k-tensor. (For k =0, fo = fo is obviously a real-valued O-tensor.) More explicitly,
in the coordinates (x,0), given fr = fre’*® we define

Fy = 2R(fre™ (d2)").

It is straightforward to check that these local expressions glue together to give a
real-valued symmetric k-tensor whose restriction to SM is f_g + fx.

By tensoring with the metric tensor g and symmetrizing it is possible to raise
the degree of a symmetric tensor by two. Hence if o denotes symmetrization,
aFy, = o(F), ® g) will be a symmetric tensor of degree k + 2 such that ;o0 Fy, is
again fr + f_x since g restricts as the constant function 1 to SM. Now consider
the symmetric m-tensor

m/2

F = Z aiFm,Qi.
=0

It is easy to check that ¢,,F = f and thus £, is surjective.

6.3. Pestov and Guillemin-Kazhdan energy identities.

We conclude this chapter by discussing the relation between two basic energy
identities. On the one hand, we have the Pestov identity from Proposition 4.12 and
on the other hand we have the following simple lemma:

LEMMA 6.16. Let (M, g) be a compact oriented Riemannian surface with pos-
sibly non-empty boundary. Then

In—ull® = |nsul® — KVu ,u), u€ C®(SM) with u|psy = 0.

PrROOF. Lemma 6.3 gives the commutator formula

T
[n+.n-] = §KV-
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This implies that, for u € C*°(SM) with ulgspr =0

)
||777u||2 = HU+U||2 + (-, nyJu,u) = ||77+U||2 - §(KVU7U)- U

We now show that the Pestov identity applied to u € 2 is just the Guillemin-

Kazhdan identity in Lemma 6.16 for u € Qi with u|spsy = 0. Indeed, we compute
2 2 2 2 2
VXUl = [Visul” + [Vi—ull” = (k + 1) [null” + (k = 1)?[n-ul|
and
2 2 2y, 2 2
IXVul|* (K Vu, V) + | Xull* = k> ([lnu]|*+lln—u|®)+ik(K Ve, u)+ ] +[n-ull*
The Pestov identity and simple algebra show that
2 2 :
2k([lnull” = lIn-ull”) = ik(KVu,u)

This is the Guillemin-Kazhdan identity if k # 0.
In the converse direction, assume that we know the Guillemin-Kazhdan identity
for each Q,

i .
nsul|” — [In-ur])® = i(KVuk,uk), u € Qp with ulgsy = 0.
Multiplying by 2k and summing gives

> 2kl wel® = ln-wel®) = Y k(K Vg, up).
On the other hand, the Pestov identity for u = Y72 __ uy reads

Zk2”77+uk71 + -]

= (s (Vak—r) + - (Vugern)|* + ik (K Vg, w) + Iy w1 + n-urpa||*).
Notice that
k2 g un—1 + n-urp | = B2 (Inpur—1|” + [n-wrra|”) + 26" Re(nyur—1,n— 1)
and

4 (Vtg—1) + 1 (Vg 1 + Iy -1 + n-pg ||
= (K = 2k + 2) Iy ur—1[|* + (K7 + 2k + 2)|In—wrsa [|* + 26°Re(ny up—1, 1 k1)
Thus the Pestov identity is equivalent with

> [k =l = @k + 2) - || = 3 k(K Vg, w).

This becomes the summed Guillemin-Kazhdan identity after relabeling indices.
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CHAPTER 8

Microlocal aspects, surjectivity of [

Here we include proofs of the YDO nature of I5I,. We might consider doing
boundary behaviour (work with Francois and Richard), although the transmission
condition might be too technical. Stability estimates.

8.1. The normal operator

Let (M, g) be a non-trapping manifold with strictly convex boundary. Recall
from Chapter 4, that the adjoint of I : L*(SM) — L2(94SM) is given by I*h = h?.
If we let Iy = I o £y, then

I @) = [ W) dsue).
SaM

Using this we can easily derive an integral expression for the normal operator
N =1I51y: L*(M) — L*(M).

Indeed from the definitions

(z,v)
[S U ) dS.(0) = /S |, d5:0) / e (t)) dt.

7(z,—v)
Thus
0

7(z,v)
wnw= [ s [ somas [ asw [ s

and after performing the change of variables (v, t) — (—v, —t) in the second integral
we derive

(.1) W@ =2 [

Sz M

7(z,v)
dSz(v)/O f (Va0 (t)) dt.

THEOREM 8.1. Let (M, g) be a simple manifold. Then N = I}1y is an elliptic

pseudo-differential operator (YDO) on M™ of order —1.

PROOF. From the Schwartz kernel theorem, we know that the operator given
by (8.1) must have a Schwartz kernel K (z,y) so that

cqSK| (8.2) N )(x) = /Mf<y>K<x,y> av(y).

For general operators, K could be very singular, in general it is just a distribution on
Mt x M™ but ¥DOs are characterized by having kernels of a very special type,
namely K is what is called a conormal distribution with respect to the diagonal of
Mt x M. This means that it is smooth off the diagonal and at the diagonal, it
has a singularity of a special type which is well understood.
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Our first task is then to try to find out what K looks like. Another glance at
(8.1) suggests how to proceed: we would like to switch variables from (v,t) € D :=
Sy M x (0,7(z,v)) to y € M while keeping z € M fixed. Thus we introduce
the map

Yo D — M
given by
Yu(v,t) == Ya,0(t) = 7o (2, 0).
The manifold D carries the metric g, +dt? and volume form dS, Adt, so we consider
naturally the quantity
Ag(v,t) := [ det d(y,¢)Ye|
where d(, 1y : TySeM x R — T, M and the determinant is taken with respect to
the relevant volume forms. This is an ubiquitous quantity in Riemannian Geometry
as it dictates how to compute the volume of balls in M of radius r by integrating
over S;M x [0,7]. It can be easily described in terms of Jacobi fields as follows: if
we let {e1 = v,ea,...,e,} be an orthonormal basis of T, M and we let J; be the
Jacobi field with initial conditions J;(0) = 0 and J;(0) = e;, then

Ag(0,8) = \JAet(i(8), J5 (D)2 n-

If the manifold M is simple, the function A, > 0 for all (z,v) € D and moreover,
1, is a diffeomorphism onto M \ {z}. Under these conditions, we can change

variables in (8.1) and obtain

_ f(y) n
(Nf)(m)—/Mde (v),

and thus we can identify K with

2
K(z,y) = ——————.
0= W)

Clearly for x # y this is a smooth function since A, and 1, are smooth, and both
depend smoothly on x.

To gain further insight into the singularity of K at x = y and the YDO nature
of NV, let us suppose that (M, g) that is a strictly convex domain in Euclidean space
R™. In this case A,(v,t) = t"" ! and 9, (v,t) = z + vt. Thus

2
K(z,y) = ————.
(.9) |z —y[nt
It follows that )
Nf=2f 0.
|z

where f is extended by zero outside M and * stands for convolution in R™. If we
let F be Fourier transform, standard properties give

Nf=2FF (f ] L) —oF <]-‘(f)}' (#»

|x|n—1 |x|n—1

1 _
f(W) = cnlé] 1»

and it is well known that
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where ¢,, is some constant. Hence we can write

Nf =2, FYF (e[ = / / (2, €) f(y) dy d.

This is precisely the formula that describes A as a $DO with symbol p(z, &) =
2¢,|€|71. The fact that the symbol has this form means that A has order —1 and
is elliptic.

For a general simple metric g, pretty much the same picture holds, but we need
to work a little harder to derive it. First we elucidate the behaviour of A,(v,t) at
t = 0. This is easy if we introduce the exponential map given by exp, : T,M — M,
exp, (tv) = ¥, (v,t). At first it seems we have not achieved much, but if we recall
that the polar coordinate change ¢ : S, M x R — T, M, q(v,t) = tv has Jacobian
t"~1 then we see that

Ay (v,t) = | det(dy, exp,)[t" L.
Since dg exp, = id and t = d(z,y) we derive a Schwartz kernel of the form
2
[d(z,y)]" " detd, -1, exp, |

(8.3) K(z,y) =

n—1

with singularity of type 1/[d(x,y)]
At this point we shall need the following lemma:

LEMMA 8.2. In local coordinates, there are smooth functions Gyj;(x,y) such that
Gij(z,x) = gij(x) and
[d(z,y)] = Gij(@,y) (@ — y)'(z — y)’.
EXERCISE 8.3. Prove the lemma. Hint: do a Taylor expansion at = of the
function f(y) = |lexp;(y)]*-

To show that we have a YDO we need to localize matters by considering two
cut-off functions ¢ (x) and ¢(y) supported in charts of M (since M is simple,
Mt is in fact diffeomorphic to R™, so one chart will do). If we let

K(z,y) = v(x) K (x,y)/det g(y)d(y)
we need to show that the operator defined by K is a WDO in R”. (Recall that in

local coordinates dV"™ = 4/det g(y)dy.)
The lemma, together with (8.3), shows that in local coordinates, the kernel K

satisfies an estimate of the form
050 K (2,2 — )| < Caply| 17
This is the property needed to show that the symbol
po6) = [ Koo —ge vy

is a classical symbol of order —1. The last part of the proof consists in computing

the principal symbol of /. This is the leading term in a suitable expansion of
p(x, ). If we let

_ _ 24 (x)/det g(x) o (y)
Role ) = (o @ — (e — )72

==
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then it is clear that K — K¢ will have a singularity of type |z — y|~"*2. Hence the
operators determined by K and K share the same principal symbol and we infer
that the principal symbol is given (up to a constant) by

ey, /det g(x
/ i (f—(m)/z dy.
e (935 (2)y'y?)
Using that F <‘z|%) = d,|¢|~! and a substitution shows that the principal symbol
of N'is

enl€ly!

and thus N is elliptic.

8.2. Surjectivity of I

Let (M, g) be a compact simple manifold. In this section we prove a funda-
mental surjectivity result for I which underpins the successful solution of many
geometric inverse problems in 2D.

As usual, we consider (M, g) isometrically embedded into a closed manifold
(N,g). Since M is simple, there is an open neighborhood U; of M in N, such that
its closure M; := U, is a compact simple manifold. Let Ip,1 denote the geodesic
ray transform associated to (M, g) and let Aj = I 1o

Following [PUO05] we may cover (N, g) with finitely many simple open sets
Uy with M C Uy, MNU; = for j > 2, and consider a partition of unity {py}
subordinate to {Uy} so that ¢y > 0, supp ¢ C Uy, and Y @7 = 1. We pick ¢; such
that ¢1 = 1 on a neighborhood of M compactly supported in U;. Hence, for Iy, k
the ray transform associated to (Uy, g), we can define

(8.4) Pf:=3 oelgplow)pnf), | € CT(N).
k

Each operator I§; lo, : C°(Uy) — C*°(Uy) is an elliptic ¥DO of order —1 with
principal symbol ¢, ||}, and hence so is P. Having P defined on a closed manifold

is convenient, since one can use standard mapping properties for YDOs without
having to worry about boundary behaviour. For instance for P defined by (8.4) we
have

P:H*(N)— H"Y(N)  forall s €R,
where H*(N) denotes the standard L? Sobolev space of the closed manifold N
(when s is a nonnegative integer, H*(N) can be identified with the set of u € L*(N)
such that Du € L%(N) for all differential operators D of order < s with coefficients
in C*°(N), see [Tay11] for the definition for arbitrary s € R).

REMARK 8.4. There are other natural ways of producing an ambient operator
P with the desired properties. Let © be a smooth function on N with support
contained in U; and such that it is equal to 1 near M. Let Ay denote the Laplacian
of (N, g). Define

Pi=yNig + (1= ) (1+A,) (1 —¢).

As we have already mentioned, N is an elliptic ¥DO of order —1 on U; and thus
P is also an elliptic ¥DO of order —1 in N. Instead of (1+A,)~!/2 we could have
used any other invertible self-adjoint elliptic DO of order —1.
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LEMMA 8.5. The operator P is injective. Moreover, P : C®(N) — C*(N) is
a bijection.

PRrROOF. Since P is elliptic, an element in the kernel of P must be smooth. Let
f be such that Pf = 0 and write

0= (Pf, rzexy = Y_Nilerf)s nf) 2@y

k

= ZHIo,k(@kf)HLg(aJrSm)'
k

Hence Iy ;(prf) = 0 for each k. Using injectivity of Iy on simple manifolds it
follows that ¢ f = 0 for each k£ and thus f = 0.

Since P is elliptic and self-adjoint, it has index zero. Thus injectivity implies
surjectivity and P is a bijection.

O

We are now ready to prove the main result of this section.
THEOREM 8.6. Let (M, g) be a simple manifold. Then the operator
Ij : CP(0+SM) — C(M)
18 surjective.

PRrROOF. Let h € C°°(M) be given and extend it smoothly to a smooth function
in N, still denoted by h. By Lemma 8.5 there is a unique f € C°°(N) such that
Pf =h. Let wy := Ip1(p1f). Clearly w§|5M € C*(SM) and we let w := w§|a+5M.
We must have

’LUri = w§|5M

since both are first integrals of the geodesic flow and they agree on 0..SM. Hence
w € CP(04+SM). To complete the proof we must check that I§w = h. To this end,
we write for x € M:

(Ijw)(z) = /S Mwu(x,v) dS.(v)

= / wg (z,v)dS(v)
S M

= ({5 1w1)(z)

= I5110,1(¢1f)(2)
= P(f)(z)

= h(z),

where in the penultimate line we used (8.4) and that x € M.
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8.3. Adding an invertible matrix weight

Virtually everything we have done in this section so far can be upgraded to
include an invertible matrix weight. Let (M,g) be a non-trapping manifold with
strictly convex boundary and let W : SM — GL(m,C) be a smooth invertible
matrix weight. Consider the geodesic X-ray transform with a matrix weight:

Tt i= [ (Wi,
0
The adjoint I3, : L2 (9, SM,C™) — L*(SM,C™) is (cf. Chapter 5):
Liyyh = W*hA
If we let Iy w = Iw o £y, then

(I&Wh)(x) = W*hu(x,v) dS;(v).
S M

Using this we can derive as before an integral expression for the normal operator
Nw = I§wlow : L*(M,C™) — L*(M,C™).
Indeed from the definitions
[ e vds.) -
S, M

Thus

85 Wwhe)= [ Wi (/

7(z,v)

W* (2, 0)dS, (v) / W (e, 0)) (o0 (£)) .

S M —7(z,—v)

7(z,v)

—r(2,~v)

W (i(x,0)) f (Va0 (1)) dt) Sz (v).

THEOREM 8.7. Let (M, g) be a simple manifold. Then Nw = Igy Tow is an
elliptic pseudo-differential operator (YDO) on M™ of order —1.

Proor. TODO. For matrix weights this non-where to be found in the literature
in this form. Of course the ideas are the same but the weight creates additional
work. The integral in (8.5) has to be splitted in two corresponding to positive times
and negative times. For each one we compute the kernel. For the positive we get
something like the old stuff times

w (I, h(.',L‘7 y))W(ya dh(fc,y) esz(h(I, y))

where

Y. ()

| exp  (y))|

Hence we need to work a little more analyzing the singularity at the diagonal.
For the scalar case this has been done of course and there are several references.
The book project by Gunther and Plamen has a nice section discussing this in the
Fuclidean case. For the matrix case we dodged the bullet in IMRN, but something
similar appears in the AMJ paper with Hanming.

With this result in hand, Theorem 8.6 can be upgraded to:
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THEOREM 8.8. Let (M,g) be a simple manifold. Then Iyw is injective on
L?(M,C™) if and only if
Iy : Co2 (04 SM,C™) — C*(M,C™)
18 surjective.

PROOF. Let f € L?(M,C™) be such that I w f = 0. Consider a slightly larger
simple manifold M engulfing M and extend W smoothly to it. Extending f by zero
to M we see that

Iy w f=0
and thus J\/:va = 0. By Theorem 8.7, NW is elliptic and hence f is smooth in the
interior of M and hence on M. Assume now that Iy, is surjective. Then there
exists h € C5°(9+SM,C™) such that Iy, h = f. Now write
0= Towf,h)=(fIowh) = (f.f)
and thus f = 0.

Assume now that Io w is injective. We wish to show that I w s surjective.
This part of the proof proceeds exactly as the proof of Theorem 8.6. We construct
an elliptic operator P : C*°(N,C™) — C°°(N,C™) and we show it is a bijection by
showing first that it has trivial kernel. The surjectivity of P implies the surjectivity

of Iy exactly as in the proof of Theorem 8.6.
O

EXERCISE 8.9. Fill in the details in the proof of Theorem 8.8.

Let us state explicitly the following rephrasing of Theorem 8.8 that shall be
very useful later on.

COROLLARY 8.10. Let (M, g) be a simple manifold with Iy y injective. Given
f € C>®(M,C™) there exists u € C*°(SM,C™) such that

{ Xu+ Au =0,
uo = f
where A = —X(W*)(W*)~" and up = lyu = [, u(w,v) dSy(v).
PROOF. By Theorem 8.8 there is h € C°(0,SM,C™) such that (W*h¥)y = f.
We let u := W*h* € C>(SM,C™). Since Xh* = 0, the function u satisfies
Xu=X(W*h* = — Au

and the corollary follows.






CHAPTER 9

Inversion formulas and range

This chapter summarizes the inversion formulas and range from Pestov-Uhlmann.
Discussion of the operator W, open problems. Range for tensors as in IMRN paper.
One could add a connection as we did with Frangois recently. Here it might makes
sense to discuss Francois numerical work briefly; having nice pictures will certainly
enhance the book!

9.1. The derivative cocycle in 2D

Let (N, g) be a closed oriented Riemannian surface. The usual Jacobi equation
i+ K(t)y = 0 determines the differential of the geodesic flow ¢;: if we fix (z,v) €
SM and T(4 ) (SM) > & = =& X1 + &V then

dpi(§) = —y() X L (i (2, v)) + 9(O)V (i (2, 0)),

where y(t) is the unique solution to the Jacobi equation with initial conditions
y(0) = & and y(0) = & and K(t) = K(m o ¢¢(x,v)). The differential of the
geodesic flow determines an SL(2,R)-cocyle ¥ over ¢; with infinitesimal generator:

A= g 3 )

U(z,0,t) = ( Z Z )

where the functions a,b: SN x R — R satisfy the Jacobi equation in the t-variable
and a(z,v,0) = 1, a(z,v,0) = 0 and b(x,v,0) = 0, b(x,v,O) = 1. Clearly the
cocycle ¥ can be identified with dy; acting on the kernel of the contact 1-form of
the geodesic flow (i.e. the 2-plane spanned by X, and V).

We may write U as

The functions a, b have the following expansions around ¢ = O:

PROPOSITION 9.1. There exist smooth functions R(z,v,t) and P(z,v,t) such
that

t2

B,
(9.1) a(z,v,t) = 1—K(x)§ —de(v)E—l—t R(z,v,t),
3
9.2) b, 0,t) = £ — K(m)% P, 0, ).

69
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Moreover, if we consider Taylor expansions at ¢ = 0 up to order N:

N

a(z,v,t) = Zak(x,v)tk + OV,
k=0
N

b(x,v,t) = Zbk(m,v)tk + O+,
k=0

then ay(z,v) is the restriction to SM of a symmetric tensor of order k and by (z,v)
is the restriction to SM of a symmetric tensor of order k — 1.

PrOOF. Equations (9.1) and (9.2) follow right away from the Taylor expansion
using the differential equation 4 + Ky = 0 and the initial conditions for a and b.
By differentiating the equation §j + Ky = 0 repeatedly we obtain:

k
(93) ak+2(m,v) = —Zd(i,k)Xi(K)(w,v)ak,i(m,v)
=0

for some coefficients d(i, k) whose precise value is irrelevant for us. We can now
show the claim about the functions aj by induction on k. Indeed for k =0, ag = 1,
so assume that ay_; is the restriction to SM of a symmetric tensor of order k — i.
Since K only depends on x, X*(K) is also the restriction to SM of a symmetric
tensor of order i. Hence using (9.3) we see that ayo is the restriction to SM of a
symmetric tensor of order k£ + 2. The proof for by is analogous.

O

9.2. The smoothing operator W

Let (M, g) be a non-trapping surface with strictly convex boundary. We con-
sider as usual (M, g) sitting inside a closed oriented surface (N, g).

We shall define an operator W : C°(M"™) — C(M), where C°(M™"t)
denotes the space of C*° functions with compact support inside the interior of
M. This operator will have the property that it extends as a smoothing operator
W : L3(M) — C>°(M) when M is free of conjugate points, and it will play an
important role in the Fredholm inversion formulas in the next section.

Given f € C°(M™t) define for z € M.

(W) () := (X1 u))o(z) = bo(X Lul)(2).

Observe that since f has compact support contained in the interior of M, then
function uf € C°°(SM) and thus W f € C°°(M). This is the way W was introduced
in [PU04], however we note that we can just as well define W : C*° (M) — C>(M).
This is because while v/ might be smooth at the glancing, the odd part ul of uf
actually belongs to C*°(SM) so we could simply set

W= (X1ul)o.

and the two definitions clearly agree on C'° (M),

EXERCISE 9.2. Prove that u/ € C>(SM).
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EXERCISE 9.3. Show that W f = i(n_u! —nyu’ ).

We now give an integral representation for W when (M, g) is a simple surface.
We will use the functions a, b introduced in the previous section in the context of
the derivative cocycle. Note that (M, g) has no conjugate points iff b(z,v,t) # 0
for t € [—7(x, —v), 7(z,v)], t # 0 and (z,v) € SM.

PROPOSITION 9.4. Let (M, g) be a simple surface. The function w(z,v,t) :=
V(Zggg) is smooth on the set of (z,v,t) such that (z,v) € SM and t €
[—7(x, —v), 7(z,v)]. Moreover,

7(z,v)
W =5 [ [ wtan s, 0) ds o).

PROOF. For the first part we just need to study the smoothness of w near
t = 0. Using (9.1) and (9.2) we see that
w(w,v,t) = Via) aV(b) t*(—V(dK(v))/6+tVR) B at>’VR

b 21— K(z)t2/6 +t3P (1-K(x)t2/6+t3P)?
and thus w(z,v,t) is smooth.

To derive the integral formula for W we just use its definition and write

7(z,v)
(9.4) Wi)a) = /S X /O F (e (8)) dtdS, (v).

Since f has compact support contained in the interior of M:

7(z,v) (z,v)
X[ o= [ X G o) ar
Now observe that

X1 (f(Vew(t)) = df odm o dpy(X 1 (z,0))
and similarly
V(f(Yaw(t)) = df o dm o dpy(V (2,0)).

But
drodpy(X 1 (z,v)) = —ais,0(t)
and
dr o dpy(V(z,v)) = bify (1),
therefore

X1 () = =3V (F (e (8).

Inserting the last expression into (9.4) we derive

7(z,v) a
Wh@ =g [ [ =5V 0) das,

[ v /T(M)gf(v (1) dt | dS,(v) =0
SoAr o b T, T

and since
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we finally obtain

o= o [ () et s

as desired.
O

REMARK 9.5. The proof above was done assuming that f € C°(M™) but we
could have carried out the same proof with f € C*°(M), i.e. smooth and supported
all the way to the boundary. This would have produced two additional boundary
terms X | (7) f (Ve (7(z,v)) and V(T)%f(’hwﬁ'(l‘, v)). However these two
terms cancel out due to the following fact that is easily checked:

(9.5) a(z,v,7(x,v))V(7) + bz, v, 7(x,v)) X (1) = 0.
Hence we get the same integral formula for f € C*°(M).
EXERCISE 9.6. Prove identity (9.5).
We now analyze the kernel w in more detail.
LEMMA 9.7. Let (M, g) be simple surface. Then
b(x,v,t) =t det(ds, exp,,).
Moreover, there exists Q € C°(TM) such that w(z,v,t) = tQ(z,tv).

PROOF. The first claim follows from what explained in the proof of Theorem
8.1 since in the notation of that proof A, (v,t) = b(x,v, ).

The second claim is essentially a corollary of Proposition 9.1. Since ay and by
are restrictions of symmetric tensors of order k and k — 1 respectively and V(ag)
and V(bg) have the same property, each one of the functions @ and %2(1’) can
be written as tQ(x,tv) with @ smooth in TM. Thus w can also be written in this

form. O

PROPOSITION 9.8. Let (M, g) be a simple surface. The operator W extends to
a smoothing operator W : L%(M) — C>(M).

Proor. We will make a change of variables that transforms the integral ex-
pression for W into something of the form

(W )(x) = /M Kz, y) () V()

with k& smooth. The change of variables is exactly the same we used in the proof
of Theorem 8.1. Using the notation from that proof we set y = ¥, (v,t) = exp,(tv)
and we see that A, (v,t) = b(z,v,t). Thus

(W 1)) = / Kz, y) () V()

M
where

w(@, ;' (y))

)= )
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Using Lemma 9.7 we can re-write this as
Q(z, exp; ' (y
Wlexpz? (y) P2

that clearly exhibits k& as a smooth function.

O

9.2.1. The adjoint W*. The adjoint of W with respect to the L?-inner prod-
uct of M can be easily computed:
LEMMA 9.9. Given h € C2°(M™) we have
W*h = (quh)O .
Proor. TODO

9.3. Fredholm formulas

THEOREM 9.10. Let (M, g) be a non-trapping surface with strictly convex bound-
ary. Then given f € C*°(M) we have

FHW2f = (X wh)
where 1
w:= S [H (lof)-]lo_sm o
and (Inf)— denotes the odd continuation of Inf to OSM.

PROOF. The proof essentially consists in applying the Hilbert transform H

twice to the equation X e f and use Proposition 6.11.
Applying H once we derive (Hf = 0):
(9.6) XHul =-wf

since (u’i Jo = 0. Applying H again we obtain

XH*w! + (X, Hu! )y =0
f

and using that H2u! = —uf we derive
(9.7) —f =Xul = (X Hu),.
Using (9.6) we see that

Hu{ ="+t

where w = [Hu!]|s_ga 0 @ € C®(8,5M). Inserting this expression into (9.7)
yields

—f = W2f = (X w)o
and the proof is completed by observing that

1
u! |osm = §(Iof)—~

EXERCISE 9.11. Using (9.6) show that Iof = 0 iff Io(W f) = 0.
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CHAPTER 10

Tensor tomography

This chapter solves the tensor tomography problem for simple surfaces. We
shall in fact prove a stronger result in which the absence of conjugate points is
replaced by the assumption that Ij is surjective.

10.1. Holomorphic integrating factors

In this section we prove an important technical result about the existence of
certain solution of the transport equation Xu = a when a € Q_; & Q; (ie. a
represents a 1-form on M). This result will unlock the solution to several geometric
inverse problems in 2D.

ProprosiTION 10.1 (Existence of holomorphic integrating factors, Part I). Let
(M, g) be a non-trapping surface with strictly convex boundary. Assume that I is
surjective. Given a_; +a; € Q_1 ® 4, there exists w € C°°(SM) such that w is
holomorphic and Xw = a_; + a1. Similarly there exists w € C°°(SM) such that

w is anti-holomorphic and Xw =a_1 + a;.

PRrROOF. We do the proof for w holomorphic; the proof for w anti-holomorphic
is analogous.

First we note that the equation 7, fo = —a1 can always be solved. Indeed this
is the case since it is equivalent to solving a 0-equation on a disc:

nifo=e20(fo)e = —ay(x1,29)e”

and so we just need to solve 9(fy) = —e*a; which is always possible by standard
complex analysis.

Since I} is surjective, there exists ¢ € C°°(SM) such that X¢ =0 and go = fo.
Hence

(10.1) X(g2+aqi+-)=n-q2=—-n4q = ar.

Next, we solve n_gg = a_1 and use surjectivity of I} to find p € C*°(SM) such
that Xp =0 and pg = go. Hence

(10.2) X(po+p2+--+)=n-po=ai.

Combining (10.1) and (10.2) and setting w = Y, < P2r + D> d2x We see that w
is holomorphic and Xw = a_1 + a;. B -

]

10.2. Tensor tomography: version I
We begin with a simple observation that holds in any dimensions.
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LEMMA 10.2. Let (M, g) be a non-trapping manifold with strictly convezx bound-
ary. If I : O (04 SM) — C>*(M) is surjective, then Iy : C®°(M) — C*(0;5M)
1s injective.

PROOF. Suppose there is f € C°(M) with Iof = 0. Since I is sujective,
there is w € C°(94+SM) such that Ifw = f, hence we can write

£ = (f, Igw) p2ar) = ({of;w)rz(a,s0m) =0

and thus f = 0.
O

The next result is the master result from which tensor tomography is derived.
It asserts, in terms of the transport equation, that I|q,, : Q, — C*(0L:SM) is
injective whenever I§j is surjective.

THEOREM 10.3. Let (M, g) be a non-trapping surface with strictly convex bound-
ary and I surjective. Let u € C*°(SM) be such that

Xu=feQ,, ulasy = 0.
Then uw =20 and f =0.
PROOF. Let r:= e~ and observe that r~ 1 Xr € Q_; & Q) since
e (e7™0) € Qyy.

By the previous proposition, there are w,w € C*(SM) holomorphic and anti-
holomorphic respectively, such that Xw = Xw = —r~!Xr. Without loss of gen-
erality we may assume that both w and w are even. A simple calculation shows
that

(10.3) X(eYru) =e“rf

with a similar equation for @. Since rf € Qg, e®rf is holomorphic and e®rf is
anti-holomorphic.
Assume now that m is even, the proof for m odd being very similar. Then we
may assume that u is odd and thus e*ru and e”ru are odd. Let
-1

q:= Z(e“’ru)k.

Using (10.3), the fact that e”rf is holomorphic and that ¢ is odd we see that
Xq=n4q-1€Q0, dqlosm =0.

(Note that u|ggar = 0 iff ugx|0SM = 0 for all k.) Since we know that I is injective
(Lemma 10.2) we deduce that ¢ = nyq—1 = 0. Hence e*ru is holomorphic and
thus ru = e~ (e“ru) is holomorphic. Arguing with @ we deduce that ru is also
anti-holomorphic and hence ru € Qy. This implies that u € €, and using that
Xu € Q,, we see that Xu = 0 and finally u = f = 0 as desired.

|

One can explicitly compute r ! X7 in the proof above using isothermal coordi-
nates in which the metric is e2*(dz? + dx3):
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10.3. TENSOR TOMOGRAPHY: VERSION II T

EXERCISE 10.4. Show that
P X = mne(\) —mn_(N).

By inspecting the proof of Proposition 10.1 show that the conclusion of Theorem
10.3 still holds if we assume that Iy is injective and there is a smooth ¢ such that
Xq =0 with go = A\. Hence surjectivity of I is only needed for the function A!

COROLLARY 10.5. Let (M, g) be a non-trapping surface with strictly convex
boundary and I§ surjective. Let uw € C*°(SM) be such that

XU:f, u|6SM:O'

Suppose fr =0 for k > m + 1 for some m € Z. Then uy = 0 for £ > m. Similarly,
if fr, =0 for k < m — 1 for some m € Z. Then u; = 0 for kK < m.

oo
m

PROOF. Suppose fr = 0 for k& > m + 1 for some m > 0. Let v := )
Using the equation Xu = f and the hypothesis on f we see that

Ug; -

Xv=n_tUpm + N—Un+1 € Lm_1 D QUp,.
Applying Theorem 10.3 to the even and odd components of v we deduce that v = 0

and thus uy, = 0 for £ > m. Similarly, arguing with ZTOO ug, we deduce that ug = 0
for k<mif f =0for k <m —1.

O

The next corollary is an obvious consequence of the previous one.

COROLLARY 10.6 (Tensor tomography, Version I). Let (M, g) be a non-trapping
surface with strictly convex boundary and I} surjective. Let u € C*°(SM) be such
that

Xu:f, u|,95M:0.
Suppose fr = 0 for |k|] > m + 1 for some m > 0. Then uy = 0 for |k| > m (when
m = 0, this means u = f = 0).

10.3. Tensor tomography: version II

Let (M, g) be a non-trapping manifold with strictly convex boundary. Using

the map
by : C°(S™(T*M)) — C*(SM)
we can define the geodesic X-ray transform acting on symmetric tensor of rank m
by setting
I, :=T0k, :C®(S™(T*M)) — C*®(0+SM).

When m > 1, this transform has a kernel. Indeed, if p € C°°(S™~(T*M)) is such
that p|gar = 0, then

I, (dp) = 1(L,,dp) = I1(X{,,—1p) =0,

where we used Lemma 6.13.

Tensors of the form dp with p|aar = 0 are called potential tensors.

The tensor tomography problem asks: given h € C°°(S™(T*M)) with I,,h = 0,
is it true that h = dp where p € C°(S™~1(T*M)) with p|op = 0?7

We now give a positive answer to this question in the case of surfaces with I
surjective.
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THEOREM 10.7 (Tensor tomography, Version IT). Let (M, g) be a non-trapping
surface with strictly convex boundary and I surjective. Given h € C°(S™(T*M))
with I,,h = 0, there exists p € C°°(S™ 1(T*M)) such that h = dp and p|ar = 0.

PROOF. Let f :={,,h. Since I'f = 0 we know that there exists u € C*°(SM)

such that

Xu=f,  ulosm =0.
Moreover, by Lemma 6.14 we also know that f = 0 for |k| > m+1. From Corollary
10.6 we deduce that uy = 0 for |k| > m. If m is even (resp. odd) we may take
u odd (resp. even). By Proposition 6.15 there is a unique p € C°°(S™~1(T*M))
such that u = £,,_1p. Since ulgsry = 0, ploar = 0. Finally Xu = f can be written
using Lemma 6.13 as

bpdp = Xl _1p = Lnh
and thus h = dp as desired.
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CHAPTER 11
Boundary rigidity and Lens rigidity

Let (M, g) be a compact manifold with boundary. The distance function d :
M x M — R is given by
do(w,y) = _Iaf Lo(v),
where A, , denotes the set of smooth curves v : [0,1] — M such that (0) = z and
7(1) =y and

ly(y) = / 5(8)] dt.

Suppose we know dy(x,y) for all (x,y) € IM x IM. Can we reconstruct g in
the interior of M from this information?

If ¢ : M — M is a diffeomorphism such that )]s = Id, then dy-, = d, on
OM x OM since if vy € A, ), then Yoy € Ay, and Ly 4(y) = Ly(¢p 0 7).

Thus the best we can hope for is to recover g up to an isometry that acts as
the identity on the boundary.

DEFINITION 11.1. We say that g is boundary rigid if given any other metric h
with dg|anmrxan = drlomxanr, there exists a diffeomorphism ¢ : M — M such that
Y|om = id and h = ¢¥*g.

But not all metrics are boundary rigid as the following simple example shows.

ExAMPLE 11.2. Suppose M contains an open set U on which g is very large.
Then all length minimizing curves will avoid U, and thus d, will not carry any
information about g|y. Thus we can alter g on U (but keeping it large) and not
affect d; on OM x OM. Here is a concrete example: take M to be the upper
hemisphere of §2, and let gy denote the natural metric on M. Note that dgo(x,y)
for any two boundary points is realized as the length of the shortest arc on OM
connecting x and y. Now take a non-negative function f supported on U and let
g1 = (1+ f)go. Then dgy = dg4, on OM x OM, but gy and g; are not isometric since
Vol(M, g1) > Vol(M, go).

ProroSITION 11.3. Let M be a compact manifold with non-empty boundary.
Suppose that OM is strictly convex with respect to g and g; and dy = dg, on
OM x OM. Then there exists a diffeomorphism ¢ : M — M such that |gp = id
and such that if go = ¥*g1, then galon = glom, i-e., g2(x) = g(x) on T, M x T, M
for all z € OM.
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PROOF. Let (z,v) € TOM and take a curve 7 : (—¢,&) — OM such that
7(0) = = and 7(0) = v. Since 7 takes values in M for all s € (—¢,¢) we have

dg, (,7(5)) = dg(,7(s)).
Thus (cf. Exercise 11.4 below):
_ oy Qa(@7(s)) o dg(2,7(s)
@) = iy ST gy SO

We now modify g7 so that we also have agreements of the metrics in the normal
direction. Let v(z) denote the inward unit normal with respect to g and consider
the boundary exponential map

expgy : OM xRy — M, (z,t) — exp,(tv(x))

which maps a neighbourhood of 9M x {0} diffeomorphically onto a neighbourhood
of OM. Now define
-1

¥ = expdly; o (expd,,)
where superscripts denote which metric they belong to. Then on some collar neigh-
bourhood U of OM, 9 is a diffeomorphism. We extend 1 to a diffeomorphism of M.
We claim that ¢ satisfies the requirements of the proposition. Indeed, |9y = Id
and given z € M we have

V(W) () = V0 () (D)
Differentiating with respect to t we obtain
dotp(v(2)) = v ().
Then if x € OM and v € T,,0M:
92(v, v(z)) = g1(dat)(v), dat)p (v ()

= g1(v,11(2))
=0.

Thus g2 = ¥*¢1 has unit normal equal to v and hence

g2lonm = glom-

EXERCISE 11.4. Prove the first equality in (11.1).

LEMMA 11.5. Let (M, g) be a simple manifold. Given x € M, let f: M — R
be f(y) = dg(z,y). Given (z,y) € OM x OM with x # y, let vz, be the unique
geodesic connecting x to y and let £y be its length. Then

Vf(y) = ﬁm,y(zx,y)'

‘1emma:grad—dist‘

EXERCISE 11.6. Prove the lemma.

PROPOSITION 11.7. Let g; and g2 be two simple metrics on M such that d,, =
dg, on OM x OM and gi1|onm = g2lom. Then oy, = ay,.

‘proposition:ddets‘
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PrOOF. Note that we only need to show that oy, = ag, on 04 SM since ay, :

0_SM — 04SM equals (agi|a+SM)71. Fix xz,y € OM and consider the unique
geodesic ’y;ﬂ connecting x to y. By the definition of the scattering relation

g (:I;”YZUU(O)) = (y’ryzzv,y(f:zr,y)% i = 172

Let ¢ := Ei’y = Ei’y. We are required to prove that

Yoy (0) =42, (0), Fa () =42, (0).
Let fi(y) = dg,(z,y) and h; = filoar. Then Vh;(y) is the orthogonal projection
of Vf;(y) in the hemisphere 0_S, M onto the “equatorial” unit disk in 7,0M; in
particular Vh;(y) determines V f;(y). But hy = ha, hence by Lemma 11.5

Yoy (0) =V fi(y) =V aly) =52 ,0).

To show that 4, ,(0) = 52 ,(0) we repeat the argument above only starting at y
and running the two geodesics backwards to x.
O

DEFINITION 11.8. Let (M, g) be a non-trapping manifold with strictly convex
boundary. The lens data of (M, g) consists of (74|, s, g) Where 74 is the exit
time function.

The previous proposition shows that when (M, g) is simple, dg|omxon deter-
mines the lens data.

11.0.1. Volume determination. The next proposition shows that the vol-
ume is determined by the exit time function 7, : 94 SM — R.

PROPOSITION 11.9. Let g1, g2 be two non-trapping metrics on M such that 0 M

is strictly convex with respect to both of them. If g1|on = g2|on and 7y, |0, 50 =
Tgolo, s, then Vol(M, g1) = Vol(M, gz).

ProoF. This is an immediate consequence of Santald’s formula that gives
on—1Vol(M, g;) = Vol(SM, ¢g;) = / Tg; A, 1 =1,2,
84 SM

where 0,1 is the volume of the standard (n — 1)-sphere. O

COROLLARY 11.10. Let g1, go be two simple metrics on M with the same bound-
ary distance function. Then Vol(M, g1) = Vol(M, g2).

PROOF. Proposition 11.3 shows that after applying a diffeomorphism that is
the identity on the boundary, we may assume g1|op = ga2|on- Since the boundary
distance function determines the lens data, the exit time function of both metrics
must agree and thus by the previous proposition, the volumes are the same. [

11.1. Boundary determination

THEOREM 11.11 ([LSUO03]). Let g1,g2 be two metrics on M such that OM
is strictly convex with respect to both of them. If dg, = dg, on OM x OM, then
after modifying go by a diffeomorphism which is the identity on the boundary if
necessary, g1 and go have the same C*°-jet. This means that given local coordinates
(xt,...,2") defined in a neighbourhood of a boundary point, we have D*gi|on =

D%gslon for any multi-index .
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PROOF. By Proposition 11.3 we may assume that g1]|sn = g2]/on. Moreover,
the proof of Proposition 11.3, gives that near M, g; and g, have the same normal
geodesics to the boundary. Set f := g1 — go. Consider a g;-geodesic v: [0,1] = M
connecting boundary points z and y in M (not necessarily with speed one). Then
we observe that

(11.2) | hotsma<o

since
1

1 1
‘/n@wmwmﬁ:/@m@wmwmﬁf/@mmwmwmﬁ
0 0 0

< (dgl (xay))Z - (d_f]z (x?y))Z
=0.

Fix a point p € M and consider boundary normal coordinates (u',...,u"~! 2) on
a neighbourhood U of p. By definition these are coordinates such that z > 0 on U
and OM NU = {z = 0}, and that the length element ds? of the metric g; is given
by

ds? = (g1)apdu®du® +dz*, o,f€{l,...,n—1}.

The coordinate lines u = constant are geodesics of the metric g; orthogonal to
the boundary. But we have set up the metrics g; and g, near the boundary so
that u = constant are also geodesics of the metric go. It follows that the same
coordinates are also boundary normal coordinates for go; in particular

ds3 = (g2)apdu®du® + dz*, a,p€{l,...,n—1}.
Since p was arbitrary, to prove the theorem it suffices to show that for all z €
OMNU, ke NU{0} and 1 < ,8 <n—1 we have

0fa
(11.3) aikﬂ (z) =0,

where fop = (91)ap — (92)ap- The case k = 0 is precisely the assertion that
g1lonr = g2]on and so this gives the base step for an inductive proof. Suppose that
(11.3) holds for 0 < k < [ but fails for . This implies the existence of zg € IM NU
and vy € Sy, 0M such that

alfaB
07

(xo)vg‘vg # 0.

Assume
alfaﬂ
02!
By continuity, there is a neighbourhood O C SM of (zg,vo) such that for all
(z,v) € O,

(z0)vgvl > 0.

8l f(xﬂ
07!
Since the left hand side in (11.4) is a homogeneous polynomial of degree 2, we may

assume that if

(11.4) (z)v*v? > 0.

CO = {(x,v) eTM: v#0, (z|2> eo}
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then (11.4) holds for all (z,v) € CO. Now we expand f,s in a Taylor series; using
the inductive hypothese we may write

1 8lfa5
Faplu, 2) = Il 9z

and hence shrinking O if necessary we may assume that for all (z,v) € CO we
actually have

(11.5) fop(@)v*0? > 0.

(u,0)z" +of|z]"),

Now let  : (—&,) — M be a curve such that §(0) = ¢ and §(0) = vg, and let
vr : [0,1] = M be the shortest geodesic of gy joining xq to §(7) for 7 > 0 and small.

Then
50 (1)
G”M%@J%@““

uniformly in ¢ € [0,1] as 7 — 0. Thus for sufficiently small 7 > 0, we have
(v+(t),%-(t)) € CO for all t € [0,1], and hence

1
| £ in@)e @) de >0
0
thus contradicting (11.2). If

al faﬂ
9zt
a similar contradition is obtained if we integrate f along a go-geodesic so that (11.2)
changes sign. This completes the proof.

(xo)vgvg <0

O

11.2. Rigidity in a given conformal class

In thi section we prove boundary rigidity within the conformal class of a simple
metric cf. [Cro91, Muh81, MRT78].

THEOREM 11.12. Let g1 and g2 be simple metrics on M with the same boundary
distance function. If g is conformal to g1, i.e., go = w?(x)g1 for a smooth positive
function w on M, then w = 1.

PROOF. In view of (11.4), w = 1 on the boundary of M. Next, using Proposi-
tion 11.7, we see that the scattering relations of g; and gs coincide. Let us denote
by 7 their common exit time function.

Let us show that w = 1 on the whole of M. Since geodesics on a simple manifold
minimize the energy

@m=4|wmﬂ

among all curves v : [0,T7] — M with the same endpoints we deduce for (x,v) €
8+ SM:

7(z,v)
(11.6) T(2,v) = Eg,(72,0) < Egy(Va,0) = /O W (7s,(1)) dt.



84 11. BOUNDARY RIGIDITY AND LENS RIGIDITY

Using Santald’s formula we obtain

1
Vol(M, g2) = / Tdu
8+ SM

On—1

1 7(z,v)
< { / MQ(WiU(t))dt}du
on-1 Jo,sm Jo ’
= / w?dV,".
M

On the other hand, by Holder’s inequality

(11.7)

2

2 n—2
/ WwrdVP < { / wndvgﬁ} { / dv;}} = Vol(M, go)# Vol(M, )"+,
M M M

with equality if and only if w = 1.
It follows that
n—2

(11.8) Vol(M, g2) < Vol(M, g) = Vol(M, g1) "= .

However, by Corollary 11.10, Vol(M, g1) = Vol(M, g5), which implies that (11.8)
holds with the equality sign. This means that (11.7) holds with the equality sign.
Thus, w = 1.

O

11.3. Scattering rigidity

In what follows we shall assume that (M, g1) and (M, g2) are non-trapping
surfaces with strictly convex boundary such that g1]|op = g2|lonr. Given a function
¢ € C(91SM) we denote by @i the function uniquely determined by X, s =
0 and @i g, s = .

Recall that the scattering relation is a smooth map ay4 : 04SM — 0_SM
that extends to a diffeomorphism oy : 0SM — 0SM such that oz§ = id. Note
that if ag, = g, then oo |asar = @l |gsas since phoi|g sy = po ag,. Thus the
scattering relation determines the boundary values of invariant functions.

Observe that if ay, = ag,, then C°(04SM) is the same space for both metrics
since it only depends on a.

Recall that the Dirichlet-to-Neumann map Ay : C®°(OM) — C*°(0M) is de-
fined as follows. Given f € C°°(0M), consider the unique harmonic extension u of
f to (M, g) and set

Ayf = du(v)|om-
We are now ready to show:

THEOREM 11.13. Let (M, g1) and (M, g2) be non-trapping surfaces with strictly
convex boundary, I§ surjective and gilom = galom- If agy = gy, then Ay, = Ay, .

Proor. First we show that a4 controls the Fourier series of invariant functions
(here holomorphic means fibre-wise holomorphic), in other words, if oy, = g, , then

@*n holomorphic in (M, g1) = "2 holomorphic in (M, go).

(Note that (P is smooth iff o2 is.) Indeed, let
-1

wi= Y (ot

— 00
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Then w|ssy = 0 since @fo1 is holomorphic and the boundary values of invariant
functions are the same. Since

X!sz = N+,92W—1 + N+,92W—2

splitting into even and odd components and applying Theorem 10.3 we deduce that
w = 0.

Next show that a, determines the boundary values of holomorphic functions in
M (here holomorphic means with respect to € M), in other words, if ay, = a,,
then

h holomorphic in (M,¢g;) = 3 h holomorphic in (M, g2) with iL|a]V[ = hlonm-

Given h is holomorphic in (M, g1) use surjectivity of I to choose w with X ,w =0
and wy = h. Replacing w by its holomorphic projection if necessary, we have
that w = @fn is fibre-wise holomorphic and (p%1)g, = h. Then also @fs is
fibre-wise holomorphic and X, @2 = 0, so 17— 4, (¢%2)g 4, = 0. This means that
h = (¢b92)g 4, is holomorphic in (M, go) and it has the same boundary values as h.

The fact that boundary values of holomorphic functions in (M, g1) and (M, g2)
coincide is just another way of saying that Ay, = Ag,,. If f € C®(0M), let u
be the harmonic extension of f in (M, ¢g1), let v be a harmonic conjugate of u in
(M,g1) and let h = u + iv. Then there is h = @ + i0 holomorphic in (M, g3)
with l~z|aM = hlopr. Then if v; denotes the rotation of v by m/2 according to the
orientation, holomorphicity of A and h implies

du(v) = dv(vy),
diu(v) = do(v).
Thus
Mg f = du(v) = dolw1)
=do(vy) = dua(v)
= Ang'

The equality dv(v,) = do(v,) holds because v|onr = 0lgar-

11.4. Royden’s proof [Roy56]

We now wish to study the consequences of Theorem 11.13. We note that a
metric g on M makes M into a compact Riemann surface with boundary. As we
saw in the proof of the theorem, oy determines the boundary values of holomorphic
functions on M. Let A; denote the ring of holomorphic functions in (M, g;) (smooth
all the way up to the boundary). The proof of Theorem 11.13 gives a map F :
Ay — Ay by setting F(h) = h. Tt is immediate to check that this map is a ring
isomorphism mapping constant functions to constant functions.

We now invoke the following fact about the ring A; this should hold given the
comments in [Roy56, Page 272].

PROPOSITION 11.14. An ideal I is an ideal consisting of all functions which
vanish at some point x € M if and only if it is the kernel of a homomorphism

7w : A — C such that 7(¢) = ¢ for all complex constants c.
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We now follow the proof of [Roy56, Theorem 1]. Let © € M and denote by
I, the ideal consisting of all functions in Ay that vanish at z. By Proposition
11.14 there is a homomorphism 7 : Ay — C which preserves constants and whose
kernel is I,. Now mo F': A3 — C is a homomorphism preserving constants and by
Proposition 11.14, its kernel is an ideal I, in A;. This defines a map ¢ : M — M,
by setting ¢(x) = y. (For this map to be well-defined we need to note that given x
there is a holomorphic function that vanishes only at z.)

Let h € Ay and suppose F'(h)(x) = c. Then F(h) —c € I, and h — ¢ € L)
Thus the value of h at () is also ¢, and thus F(h) = h o 9. Note also that since
F(h)|om = hlonr, the map ¥ must be the identity on OM. It is also straightforward
to check that 1) is unique: if ¢ is another map such that F(h) = hot = ho ¢ for
all h and ¢¥(x) # ¢(z) for some z we could construct a function h with different
values at these points and arrive at a contradiction.

Let us prove that v is continuous. Consider a sequence z,, — x and suppose by
contradiction that 1 (xz,,) does not converge to ¢(x). We may consider a subsequence
still denoted x,, such that ¥(z,) — z # ¥(z). Let h € A; such that h(¢(z)) =0
and h(z) # 0. Then F(h)(z,) — F(h)(x) = 0, while h(¢(x,)) — h(z) # 0, a
contradiction since F'(h) = h o). Thus ) must be continuous.

Let = be a point in the interior of M and let h € A; be such that it has a simple
zero at ¢(x). Set g := F(h). Then there is a neighbourhood U of ¢(x) in which
his 1 — 1. Take a neighbourhood V of z such that V C ¢ ~1(U) and such that
g(U) C h(U). Then in V we can represent 1) by h~1og and hence 1 is holomorphic.

Finally to conclude that ¢ : (M, ga) — (M, g1) is a conformal equivalence,
observe that F' is an isomorphism, hence its inverse induces a holomorphic map )’
such that 1) o ¢’ induces the identity map in A; and by uniqueness ¢ o 1)’ is the
identity.

Hence combining the argument above with Theorem 11.13 we have proved:

THEOREM 11.15. Let (M, g1) and (M, g2) be non-trapping surfaces with strictly
convex boundary, I§ surjective and gilonm = g2lom- If ag, = ag,, then there exists

a conformal equivalence v : (M, g1) — (M, g2) such that ¥|on = id.

11.4.1. Using Royden’s result directly. We might wish to avoid checking
Proposition 11.14 and use [Roy56, Theorem 1] directly for open surfaces as follows.
The following argument requires to know that g; and g, have the same C'*°-jet at
the boundary, something that we might eventually prove elsewhere. Consider M

inside an open surface S. Extend the metrics g1 and g smoothly and equally
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outside M. Hence we have two open Riemann surfaces (.5, j1) and (.S, j2), where j;
is the complex structure associated with g;. Clearly j; = js outside M. Let A(S, j;)
denote the ring of holomorphic functions of (S, j;). We will define an isomorphism
F : A(S,j1) — A(S,j2) using the fact that j; and j, have the same boundary
values for holomorphic functions in M. Consider h € A(S, j1) and restrict it to M.
We know there exists a holomorphic function h in (M, j3) such that hlopr = iL\aM.
Define a function

(11.9) hs(z) == { Zgg 22?\ "

The function hg is clearly continuous since h and h agree on 0M. Moreover, hg is
jo-holomorphic in S\ M. Since M is removable, we deduce that hg € A(S, j2).
Define F'(h) := hs. Now it is straightforward to check that F is an isomorphism
since the roles j; and js can be swapped. Moreover, F' maps constants to constants.
Hence by [Roy56, Theorem 1], there is a unique conformal equivalence v : (S, j2) —
(S,41) such that F(h) = h o). Since h and hg agree on the complement of the
interior of M, v must be the identity on that set.

11.5. Boundary rigidity for simple surfaces
We are now ready to prove the main result of this chapter.

THEOREM 11.16 (Pestov-Uhlmann [PUO05]). Let g1 and g2 be two simple met-
rics on a surface M with the same boundary distance function. Then there exists
a diffeomorphism 1 : M — M such that Y|gar = id and go = ¥*g1.

PROOF. After applying a diffeomorphism if necessary we may assume by Propo-
sition 11.3 that ga|anr = g1]oar. We also know that on a simple manifold I is sur-
jective by Theorem 8.6. Since the boundary distance function determines the lens
data, we may apply Theorem 11.15 to deduce that there exists a diffeomorphism
¥ M — M such that 9|sy = Id and go = w?¥* g1, where w is a smooth positive
function. Finally Theorem 11.12 gives w = 1 and the proof is completed.

O

11.6. Relation to Calderdn problem in 2D.

Linearized Calderén? We know how to solve this (it is in an old file)
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CHAPTER 12

Attenuated geodesic X-ray transform

12.1. Novikov’s formula? Finch’s survey

12.2. Salo-Uhlmann result, attenuation of the form
a(xz) + 0,(v) € GL(1,C)

In this section we consider the case when the attenuation A is scalar and has
the special form A(z,v) = a(x) + 0, (v) where a € C*°(M,C) is a function and 6 is
a smooth complex-valued 1-form. Since we are working in two dimensions, we may
equivalently say that we shall consider attenuations for which

A=a_1+ag+a1 € Q_1 DN DN

We will consider first the case ag = 0 (i.e. purely a 1-form). In this setting we can
prove a fairly general result:

THEOREM 12.1. Let (M, g) be a non-trapping surface with strictly convez bound-
ary and I surjective. Let 6 be any smooth complex-valued 1-form. Then Iyyg is
injective.

PROOF. Suppose there is a smooth f € Qg such that Iy gf = 0. By Theorem
5.10 there is a smooth function w such that Xu + fu = —f and u|gspr = 0. Since
X +6 maps even (odd) functions to odd (even) and f € Qy we may assume without
loss of generality that u is odd.

Using Proposition 10.1 we know that there exists w holomorphic and even with
Xw = 6. Thus we may write

(12.1) X(e"u) =" (Xw)u+ Xu) = —fe.

Note that e”u is odd and consider
-1

q:= Z(e“’u)k.

Since fe is holomorphic, (12.1) gives
Xq=mn1q9-1 € Qo.

But glasar = 0, hence injectivity of Iy gives ¢ = 0. This means that e“u is
holomorphic and thus u is holomorphic. Using Proposition 10.1 again but with w
anti-holomorphic we deduce that u is also anti-holomorphic. Since we assumed u
odd we must have © = 0 and thus f = 0 as claimed.

|

This result has the following important corollary.

89
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COROLLARY 12.2. Let (M,g) be a simple surface and let § be a smooth
complex-valued 1-form. Then, given f € C°°(M,C) there exists u € C*°(SM,C)
such that

{ Xu+0u=0,
ug = f

ProOF. Consider any smooth function R : SM — C\{0} such that X R+6R =
0 and set W = R. Then by Remark 5.15 injectivity of Iy ¢ is equivalent to injectivity
of Ip,w. Combining Theorem 12.1 with Corollary 8.10 we deduce right away the
existence of u as claimed.

O

The next theorem may be seen as the dual statement at the level of the trans-
port equation to the injectivity of the geodesic X-ray transform on the spaces 2.

THEOREM 12.3. Let (M,g) be a simple surface. Given f € Qy there exists

u € C*®(SM) such that
Xu =0,
{ ug = f

PRrROOF. Let r := ¢ € Q. Then 6 := rilX(r) € Q_1PQ is a 1-form. By
Corollary 12.2, there exists a smooth u such that Xu+6u = 0 and ug = r~1f € Qq.
Now observe

X(ru) =r(Xu+0u) =0

and since (ru)y = rug = f € Qi the theorem is proved.
O

Armed with this theorem we can now prove the existence of holomorphic inte-
grating factors for a € O (M, C):

ProrosITION 12.4 (Existence of holomorphic integrating factors, Part II). Let
(M, g) be a simple surface. Given a € g, there exists w € C°(SM) such that w
is holomorphic and Xw = a. Similarly there exists w € C*°(SM) such that @ is
anti-holomorphic and Xw = a.

PRrROOF. We do the proof for w holomorphic; the proof for w anti-holomorphic
is analogous.

First we note -as in the proof of Proposition 10.1- that the equation n_f; = a
can always be solved. Indeed this is the case since it is equivalent to solving a
O-equation on a disc:

n-fi=e20(fe*) =a
where f; = fe. Hence we just need to solve 9(fe!) = e?*a which is always
possible by standard complex analysis.

Next, using Theorem 12.3 there is a smooth function u such that X« = 0 and
uy = fi1. Now take w = u; + uz +us +.... Then Xw = n_u; = a and w is the

desired holomorphic integrating factor.
O

We now state the final version on the existence of holomorphic integrating
factors.
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ProrosITION 12.5 (Existence of holomorphic integrating factors, Final ver-
sion). Let (M, g) be a simple surface. Given a = a_1 +ap+a—1 € Q_1 BNy ® Ny,
there exists w € C°°(SM) such that w is holomorphic and Xw = a. Similarly there
exists w € C*°(SM) such that @ is anti-holomorphic and X = a.

PRrROOF. This is a direct consequence of Propositions 10.1 and 12.4. (|
We can now prove the main result of this section.

THEOREM 12.6. Let (M,g) be a simple surface. Let a = a_1 + ap + a_1 €
Q1B Qo ® Q. Then Iy, is injective.

PRrROOF. This proof is very similar in spirit that of Theorems 12.1 and 10.3.
Suppose there is a smooth f € Qg such that Iy, f = 0. By Theorem 5.10 there is
a smooth function u such that Xu + au = —f and u|asy = 0.

Using Proposition 12.5 we know that there exists w holomorphic with Xw = a.
Thus we may write

(12.2) X(e"u) = e (Xw)u+ Xu) = —fev.

Consider
1

q:= Z(e“’u)k.

Since fe™ is holomorphic, (12.2) gives
Xq=n+q-2+119-1 € Q1 .

But ¢|gsar = 0, hence splitting into even and odd degrees, Theorem 10.3 gives that
q = 0. This means that e"u is holomorphic and thus w is holomorphic. Using
Proposition 12.5 again but with @ anti-holomorphic we deduce that u is also anti-
holomorphic. Hence u = ug. To complete the proof we need to show that ug also
vanishes (and hence f = 0 as well).

Going back to the transport equation Xu+ au = —f we see that if we focus on
degree —1 we have 1_ug+a_jug = 0 with ug|sasr = 0. Solve for b € Qp, n_b=a_;.
Then

n_(eug) = 0
and ePuq is a holomorphic function on M that vanishes on the boundary, so it must
be zero everywhere.
O

12.3. Relation to Boman’s results, analiticity, counterexamples

12.4. Open problem with polynomial attenuation
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CHAPTER 13

Non-abelian X-ray transforms

Let (M,g) be a non-trapping manifold of dimension d with strictly convex
boundary dM. Consider a matrix attenuation 4 as in Section 5.3, namely, let
A SM — C™ ™ be a smooth function. Consider (M, g) isometrically embedded in
a closed manifold (NN, g) and we extend .4 smoothly to N. Under these assumptions
A on N defines a smooth cocycle over the geodesic flow ¢; of (N, g). Recall that
the cocycle takes values in the group GL(n,C) and is determined by the following
matrix ODE along the orbits of the geodesic flow

d
£C(a:,v,t) + A(p(z,0))C(z,v,t) =0, C(z,v,0) =1d.
In Lemma 5.6 we have seen that the function
U+ (Iv U) = [C(Ia v, T(‘Ta U)]71

solves

(13.1) { XUy + AU, =0,

Uyilo_sm = 1d.

DEFINITION 13.1. The scattering data of A is the map C4 4 : 0L5SM —
GL(n,C) given by

Cpq = l[+‘3+sﬂ4.

We shall also call C'4 4 the non-abelian X-ray transform of A.

Note that C4 4 € C*°(0;SM,C"*™). We can also consider the unique solution
of

(13.2) { XU_+AU_ =0,

U_lo,snm =1d
and define scattering data C4,_ : _SM — GL(n,C) by setting
CA.,— = Uf‘B_S]\/L
Both quantities are related by
(13.3) Ca_=[Csus] o
EXERCISE 13.2. Prove (13.3).

From now on we shall only work with C 4 1 and we shall drop the subscript +
from the notation.
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13.1. Pseudo-linearization identity

Given two A,B € C*°(SM,C"*™) we would like to have a formula relating
C 4 and Cp with certain attenuated X-ray transform. We first introduce the map
E(A,B) : SM — End(C"*™) given by

E(A,B)U := AU — UB.

Here, End(C™*™) denotes the linear endomorphisms of C™*™.

PROPOSITION 13.3. Let (M, g) be a non-trapping manifold with strictly convex
boundary. Given A, B € C*°(SM,C"*"), we have
(13.4) CaCg' =1d+ Ipa 5 (A—B),
where Ip(4,5) denotes the attenuated X-ray transform with attenuation F(A, B)
as defined in Definition 5.7.

ProOOF. Consider the fundamental solutions for both A and B, namely
XU+ AU4 =0,
Ualo_sm = 1d,

and
XU+ AUg =0,
Uslo_sm = 1d.

Let W :=UaUg ! _1d. A direct computation shows that
XW+ AW —WB=—(A-B),
LVW375A4== 0.

By definition of Ig(4,5) we have

Ipan)(A—B)=Wlo, smu

and since by construction W|s, spr = CaCyx 1 _1d, the proposition follows.

REMARK 13.4. Note that the function U := UAUg1 satisfies

B=U"'XU+U~'AU,
Ulo_ s = 1d.

Using this identity we can establish when two attenuations A, B € C*°(SM,C"*"™)
have the same non-abelian X-ray data:

PRroOPOSITION 13.5. Let (M, g) be a non-trapping manifold with strictly convex
boundary. Given A,B € C*(SM,C"*"), we have C4 = Cp if and only if there
exists a smooth U : SM — GL(n,C) with U|sspy = Id and such that

B=U"'XU+UtAU.

PrOOF. If such a smooth function U exists it is straightforward from the def-
initions that C4 = Cx. Indeed the function V = UUpg satisfies XV + AV =0
and V]s_gsy = Id and thus V = U4 and consequently C4 = Cg. Conversely, if
the non-abelian X-ray transforms agree, the function W in the proof of Proposition
13.4 has zero boundary value and by Theorem 5.10 is must be smooth. Hence
U =W +1d is smooth and by Remark 13.4 it satisfies the required equation.
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d

EXERCISE 13.6. Consider the Hermitian inner product on the set of n x n
matrices C"*™ given by (U,V) = trace(UV*) where V* denotes the conjugate
transpose of V. Show that the adjoint of E(A, B) with respect to this inner product
is

[E(A,B)]*U = E(A*, B*)U.
Conclude that if both A and B are skew-hermitian, i.e. A* = —A and B* = —B,
then £* = —F as well.

13.2. Elementary background on connections

Consider the trivial bundle M x C". For us a connection A will be a complex
n X n matrix whose entries are smooth 1-forms on M. Another way to think of A
is to regard it as a smooth map A : TM — C™*™ which is linear in v € T, M for
each x € M.

Very often in physics and geometry one considers unitary or Hermitian con-
nections. This means that the range of A is restricted to skew-Hermitian matrices.
In other words, if we denote by u(n) the Lie algebra of the unitary group U(n),
we have a smooth map A : TM — u(n) which is linear in the velocities. There is
yet another equivalent way to phrase this. The connection A induces a covariant
derivative d4 on sections s € C*°(M,C"™) by setting das = ds + As. Then A be-
ing Hermitian or unitary is equivalent to requiring compatibility with the standard
Hermitian inner product of C™ in the sense that

d(s1,52) = (das1,s2) + (s1,da52)

for any pair of functions s1, so.
Given two unitary connections A and B we shall say that A and B are gauge
equivalent if there exists a smooth map u : M — U(n) such that

(13.5) B =utdu+u "t Au.
The curvature of the connection is the 2-form F4 with values in u(n) given by
Fpo:=dA+ANA.
If A and B are related by (13.5) then:
Fg=u"'F4u.

Given a smooth curve « : [a,b] — M, the parallel transport along v is obtained by
solving the linear differential equation in C™:

$+ A(v(t),¥(t))s =0,
(13.6) { s(a) =w e C™.
The isometry Pa(y) : C* — C" is defined as Pa(y)(w) := s(b). We may also
consider the fundamental unitary matrix solution U : [a,b] — U(n) of (13.6). It
solves
U+ A(y(8), 4(t)U =0,
(13.7) { U(a) = 1d.
Clearly Pa(v)(w) = U(b)w.
A connection A naturally gives rise to a matrix attenuation of a special type
simply setting A(z,v) := A(z,v). Note that since A is a matrix of 1-forms, it is



section:auxback‘

lemma:bracketsA‘

96 13. NON-ABELIAN X-RAY TRANSFORMS

completely determined by its values on SM. The scattering data C's4 : 0L M —
GL(n,C) encapsulates the parallel transport of A along geodesics running between
boundary points.

13.3. Structure equations including a connection

In this section we consider an oriented Riemannian surface (M, ¢g) and a connec-
tion A on the trivial bundle M x C™. Recall that the metric g induces a Hodge star
operator x acting on forms. If we regard connections as functions A : SM — C™*"
with A € Q_1 & Qy, then xA = —V A. If iv denotes rotation of v € T, M by /2
according to the orientation of the surface (or multiplication by ¢ using the complex
structure induced by g), then VA(x,v) = A(z,iv) = — x A(z,v).

The main purpose of this section is to establish the following lemma that de-
scribes backet relations when X is replaced by X + A and X | by X, + xA. Here
we understand that A and xA act on functions by multiplication.

LEMMA 13.7. The following equations hold:
[V, X + Al = —(X L +xA)
V, X ++Al=X+A
[X+A X, +%4] = —KV — xFg4.

PROOF. Let us recall the standard brackets:

V,X]=-X1
V,X.]=X
IX,X.] = —KV.

Hence the first two bracket relations in the lemma follow from [V, A] = V(A) = —xA
and [V,xA] = —V?2(A) = A. To check the third and last bracket it suffices to prove
that
(13.8) *Fq =X (A) — X(xA) + [*A4, A].
Glven a unit norm vector v € T, M, {v,iv} is a positively oriented orthonormal
basis. Thus
*Fy(x) = Fa(v,iv) = dA(v,iv) + (AN A)(v,iv) = dA(v,iv) + [A(v), A(iv)].
But [*A4, A](x,v) = [-A(iv), A(v)], and thus to complete the proof of (13.8) we just
have to show that
X (A)(z,v) — X(*xA)(z,v) = dA(v, ).
Let m : SM — M be the canonical projection. Recall that dm(X(x,v)) = v and
dm(X 1 (x,v)) = —iv. Consider 7*A and note (using the standard formula for d
applied to 7 A):
d(r"A)(X, X)) =Xm"A(X ) - X1 (n"A(X)) — " A([X, X 1]).
By the structure equations, the term [X, X ] is purely vertical, hence it is killed
by 7*A. Next note that 7* A(X | )(z,v) = A(—iv) = (xA)(v) and 7*A(X) = A(v).
Finally since

d(m*A)(X, X 1) = 1 dA(X, X1 ) = dA(dr(X),dr(X1)) = —dA(v, iv)
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we are done.
O

Given a connection A € Q_1 BN, we writeitas A = A_1+ Ay with Ay € Q4.
We can consider modified operators

Pt =1t + Aga.
Clearly X + A = pu4+ + p—. These operators also satisfy nice brackets relations:
LEMMA 13.8. The following bracket relations hold

. )
s, iV] = g, i p] = SEV 4 xF).
Moreover
P Qe = Qeyr,  po Qe — Qe
and if A is unitary (p4)* = —pr.

PROOF. We only prove the relation [py,pu_] =
as exercise. First we note that

(KV + xFy), the rest is left

i
2

(X + A) (X, +*A)
: .

Ht =

Hence )
7

[y, ] = §[XL +xA, X + A]

and the desired relation follows from Lemma 13.7.
O

EXERCISE 13.9. Show that X + A maps even functions to odd functions and
odd functions to even functions.

EXERCISE 13.10. If H denotes the Hilbert transform, show that for any smooth
function v € C*°(SM,C"):

[H, X + Alu = (X1 +*A)(uo) + (XL +*4)(w))o-

13.4. Scattering rigidity for connections

In this section we would like to consider the following geometric inverse prob-
lem: is a connection A determined by C'4?

Right away, we see that the problem has a gauge: if u: M — GL(n,C) is a
smooth map with u|ga; = Id, then

Cu*1d1l,+uf1Au = (4.
Our goal would be to show:

THEOREM 13.11. Let (M, g) be a simple surface and let A and B be two unitary
connections with C4 = Cp. Then there exists a smooth uw : M — U(n) with
uloar = Id such that B = v~ tdu + v~ ! Au.

From Proposition 13.5 we know that C4 = Cg means that there exists a smooth
U:SM — U(n) such that Ulpsy = Id and

B=U"'XU+U"'AU.
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Notice the similarity of this equation with our goal, which is to show that
B =vu"tdu+utAu.

In fact if U only had dependence on z and not on v, then U = u, XU (z,v) = dyu(v)
and we would be done. We will accomplish this for a simple surface. We start by
rephrasing our problem in terms of an attenuated ray transform. Showing that
U depends only on x is equivalent to showing that W = U — Id depends only
on x. But as we have seen, W is associated precisely with the attenuated X-ray
transform /(4 p)(A— B) and if C4 = Cp, then this transform vanishes. Note that
A—BeQ_1®0.

Hence, making the choice to ignore the specific form F(A, B) but noting that
it is unitary by Exercise 13.6, it suffices to show:

THEOREM 13.12. Let (M, g) be a simple surface and let A be a unitary connec-
tion. Suppose there is a smooth function u: SM — C™ such that

Xut+tAu=feQ_ 180,
u|aSM =0.
Then u = ug and f = daug = dug + Aug with uglaar = 0.

We will prove this theorem in the next section.

13.5. Proof of Theorem 13.12

The first key ingredient is an energy identity which generalizes the standard
Pestov identity from Proposition 4.12 to the case when a connection is present.
Recall that the curvature F'4 of the connection A is defined as Fy = dA+ AN A
and xF'4 is a function xF4 : M — u(n).

LEMMA 13.13 (Energy identity). If u : SM — C" is a smooth function such
that u|lgsyr = 0, then

(X 4+ A)Vu|? — (K Vu, Vu) — (xFau, Vu) = ||[V(X 4+ A)(u)]|* = (X + A)ul]?.

PrROOF. We adopt the same approach as in the proof of Proposition 4.12 we
define P = V(X + A). Since A is a unitary connection, A* = —A and hence
P* = (X + A)V. Let us compute using the structure equations from Lemma 13.7:

[P*,Pl=(X+AVV(X+A) -V(X+AX+AV
=V(X+AV(X+A)+ (XL +xA)V(X + A)
— VX +AV(X+A) - V(X +A)(XL +*A)
=V[X, ++A, X + A — (X + A)? = (X + A)? + VKV +xF4V.
The identity in the lemma now follows from this bracket calculation and
1Pull* = | P*ul® + ([P*, Plu, u)
for a smooth u with u|gsar = 0. O

REMARK 13.14. The same Energy identity holds true for closed surfaces.

To use the Energy identity we need to control the signs of various terms. The
first easy observation is the following;:
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LEMMA 13.15. Assume (X +Au=f=f 14+ fo+ L €0 1DQ®Q. Then
V(X + Aul® = (X + A)u)? =~ fol* < 0.

lemma:easy

PRrOOF. It suffices to note the identities:
V(X + Aull®> = V(o + I = I —if 1+ ifall® = |l + 1217

I£I1Z = 11+ full* + 1 fol.
O

Next we have the following lemma due to the absence of conjugate points on
simple surfaces (compare with Proposition 4.13).

LEMMA 13.16. Let M be a compact simple surface. If u : SM — C™ is a
smooth function such that u|lssyr = 0, then

(X + A)Vu||* - (K Vu, Vu) > 0.

Proor. Consider a smooth function a : SM — R which solves the Riccati
equation X (a) + a®? + K = 0. These exist by the absence of conjugate points. Set
for simplicity ¢ = V(u). Clearly ¢|sspr = 0.

Let us compute using that A is skew-Hermitian:

lemma:nonconj

(X +A)(@) — a2
= (X + A @)]En — 2R((X + A) (), a)er + a® [P

= (X + A (@)[En — 20R(X (), ¥)en + a®[¥]En.

Using the Riccati equation we have

X(aly?) = (=a® = K)[Y[* + 2aR(X (¢), ¥)cn
thus
(X +A) (@) — algn = (X + A)(@)2 — K[P]E — X(aly)[En).
Integrating this equality with respect to dX? and using that ¢ vanishes on 9(SM)
we obtain

I(X + ) (@)° = (Ko, ) = (X + A) (%) — av||* > 0.
O

‘We now show:

THEOREM 13.17. Let f: SM — C™ be a smooth function. Suppose u : SM —
C™ satisfies
{ Xu+ Au = f,
ulosm = 0.
Then if fr. =0 for all k < —2 and i x Fa(x) is a negative definite Hermitian matriz
for all x € M, the function u must be holomorphic. Moreover, if fr = 0 for all
k > 2 and i x Fa(x) is a positive definite Hermitian matriz for all x € M, the

function uw must be antiholomorphic.
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PROOF. Let us assume that fi = 0 for £ < —2 and i % F4 is a negative definite
Hermitian matrix; the proof of the other claim is similar.

Let q := Z:io up. We need to show that ¢ = 0. Since A = A_; + A; and
fr =0 for k < —2, we see that (X + A)g € Q_; ® Qp. Now we are in good shape
to use the Energy identity from Lemma 13.13. We will apply it to ¢, note that
qlasy = 0. We know from Lemma 13.15 that its right hand side is < 0 and using
Lemma 13.16 we deduce

(%Fyv,Vv) > 0.

But on the other hand

—1
(xFpv, Vo) = —4 Z k(i x Faug, ug)
k=—o00

and since i x Fl4 is negative definite this forces ugx = 0 for all £ < 0.

We are now ready to complete the proof of Theorem 13.12.

Proor. Consider the area form w, of the metric g. Since M is a disk there
exists a smooth 1-form ¢ such that wy = dy. Given s € R, consider the Hermitian
connection

As = A —ispld.
Clearly its curvature is given by
F‘A5 = FA — iswgld

therefore
i*FAS =ix Fy +sld,
from which we see that there exists so > 0 such that for s > sg, @ x Fla, is positive
definite and for s < —sq, @ x Fla, is negative definite.
Let e be an integrating factor of —isp. In other words w : SM — C satisfies
X (w) = ip. By Proposition 10.1 we know we can choose w to be holomorphic or
antiholomorphic. Observe now that us := e*“u satisfies us|aspr = 0 and solves

(X + As)(us) = e* f.

Choose w to be holomorphic. Since f € Q_; & Q;, the function e*™ f has the
property that its Fourier coefficients (e*" f); vanish for k& < —2. Choose s such
that s < —sp so that i F4, is negative definite. Then Theorem 13.17 implies that
us is holomorphic and thus u = e™*"u, is also holomorphic.

Choosing w antiholomorphic and s > sg we show similarly that u is antiholo-
morphic. This implies that v = wo which together with (X + A)u = f, gives
d?.to + AUQ = f O

13.6. An alternative proof of tensor tomography

In this section we shall use the ideas from the previous section to give an
alternative proof of Corollary 10.6 for the case of (M, g) a simple surface.
Corollary 10.6 is an immediate consequence of the next two results.

PROPOSITION 13.18. Let (M, g) be a simple surface, and assume that u €
C>*(SM) satisfies Xu = —f in SM with u|pspr =0. If m >0 and if f € C*(SM)
is such that f =0 for k < —m — 1, then up = 0 for &k < —m.
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PROPOSITION 13.19. Let (M,g) be a simple surface, and assume that u €
C>(SM) satisfies Xu = —f in SM with u|psys = 0. If m > 0 and if f € C>(SM)
is such that fr =0 for £k > m + 1, then uy = 0 for k > m.

Below we will use the operators py introduced in Section 13.3. Recall that
when A is unitary

(13.9)  (pzu,v) = —(u, pzv), u,v € C(SM) with u|apsy =0 or v|gsp = 0.

We also have commutator formula from Lemma 13.8:
)
(13.10) (g, p—]u = Q(KVu—i— (xFa)u).

We will only prove Proposition 13.18, the proof of the other result being com-
pletely analogous.

PROOF OF PROPOSITION 13.18. Assume that f is even, m is even, and wu is
odd. Let wy be the area form of (M, g) and choose a real valued 1-form ¢ with
dy = wy. Consider the unitary connection

Az, v) := isp.(v)

where s > 0 is a fixed number to be chosen later. Then ixF'y = —s. By Proposition
10.1, there exists a holomorphic w € C*°(SM) satisfying Xw = —ip. We may
assume that w is even. The functions @ := e*“u and f := e*" f then satisfy

(X +A)i=—fin SM, ilpsy =0.

Using that e** is holomorphic, we have fk =0 for kK < —m — 1. Also, since e*¥ is
even, f is even and @ is odd. We now define

—m—1

V= Z U -

k=—o0

Then v € C*(SM), v|psm = 0, and v is odd. Also, (X + A)v) = pyvg—1 +
p—vpt1- k< —m—2o0nehas (X+A)v)r = (X+A)0), =0,andif k > —m+1
then ((X 4+ A)v)y = 0 since v; = 0 for j > —m. Also ((X + A)v)_,,—1 = 0 because
v is odd. Therefore the only nonzero Fourier coefficient is ((X + A)v)_,,, and

(X + A0 = pyv_pm_1 in SM, v|psy =0.
We apply the Energy identity in Lemma 13.13 with attenuation A to v, so that
(X + AVo|® = (KVu, Vo) + FaVou,v) + (X + A)o|® — [V (X + A)|* = 0.
We know from Lemma 13.16 that if (M, g) is simple and v|gspys = 0, then

(13.11) (X + A)Vo|*> = (KVov, V) > 0.

We also have
—m—1 —m—1

(13.12) (*FaVo,v) == Y ilk|(xFavi,ve) =s Y [k[]|ve]|*.
k=—o00 k=—o00

For the remaining two terms, we compute

1CC -+ A)ol® = VX + Aol® = g vmm1|* = m? [l psv_m ],
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If m = 0, then this expression is nonnegative and we obtain from the energy identity
that v = 0. Assume from now on that m > 2. Using (13.9), (13.10), and the fact
that vg|ssa = 0 for all k, we have

s orll® = lla—oxll + 5 (vak+(*FA)UkaUk)

= el = Sl 5 (g, we).
If £k < —m — 1 we also have
pPiVk—1 + p—vps1 = (X + A)v), = 0.
We thus obtain
1+ A)l® = VX + Apl® = =(m® = Dllprv—mi |

m+1
~? = 1) vl = Sl P )|

m+1
= —(m* 1) [Iluw-m—sll2 ||v-m )2 + (K1, V- 1)}
2 S 2 2
—(m*-1) [uuvmn = (o=t I + o-m—s]®)

m—+1 m+ 3
t—5— (KU1, Ve 1)+T(me 35 V—yn— 3)}

Continuing this process, and noting that u_vx — 0 in L?(SM) as k — —oco (which
follows since p_v € L?(SM)), we obtain
(13.13)

1+ A)o® = [V (X + Ayl

SZIIkaI

Collecting (13.11)—(13.13) and using them in the energy identity implies that

-1
( supK) Skl

If we choose s > ™= sup,, K, then both terms above are nonnegative and there-
fore have to be Zero It follows that v = 0, so @, = 0 for £ < —m — 1 and also
ug =0 for k < —m — 1 since u = e~ *"u where e™*" is holomorphic.

Uk).

O

13.7. General skew-Hermitian attenuations

Remarkably, many aspects of the arguments done in the previous sections work
for general attenuations A : SM — C™*"™ as long as A* = —A. We begin with the
Pestov identity. Define

(13.14) Fu:=XV(A)+ X1 (A)+[AV(A),
(13.15) o(A) == =VZA) - A.

LEMMA 13.20 (Energy identity). Let (M, g) be a compact oriented Riemannian
surface with boundary. Assume A € C®(SM,C"*"™) is skew-Hermitian, i.e. A=
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—A. Ifu: SM — C"™ is a smooth function such that ulpsy = 0, then
(X + A Vul? = (K Vu, V) = (Fau, Vu) + (X + A)u, p(A)u)
= [V(X + A )] ~ [I(X + A)ulf*.

PROOF. If we let G := X + A, then routine calculations show
[V.G] = —(X1L = V(A4):=-G.
[V.G1] =G +p(A)
[G,G,]=—-KV — F4.

We adopt the standard approach (as in the proof of Proposition 4.12) and define
P =VG@G. Since A* = —A we have P* = GV. Using the bracket relations above we
compute:

[P*,P]=GVVG - VGGV
=VGVG+ G VG-VGVG - VGG,
=VI[GL,G] - G* - p(A)G = —G? — p(A)G + VKV + V4.
The identity in the lemma now follows from this bracket calculation and
|Pul® = | P*ul® + ([P*, Plu,u)
for a smooth u with u|ssar = 0. |

LEMMA 13.21. Let M be a compact simple surface and A : SM — C™*"™ such
that A* = —A. If u: SM — C™ is a smooth function such that ulpsy = 0, then

(X + A)Vul* - (K Vu, Vu) > 0.

lemma:nonconjv2

The proof of this lemma is exactly the same as the proof of Lemma 13.16.
Finally, in Lemma 13.15 we may replace A by A without trouble.

We can now interpret the quantities (13.14) and (13.15) as naturally appearing
as curvature terms of a suitable connection in SM.

Consider the co-frame of 1-forms {w1,ws, ¥} dual to the frame of vector fields
{X, X, ,V}. The structure equations (3.5), (3.6) and (3.7) imply

eq:structurel | (13.16) dwi = =1 Awa
eq:structure2 | (13.17) dws =Y N wy
eq:structure3| (13.18) dip = Kwi A wo

Given A € C*(SM,C"*") with A* = —A we define a unitary connection A
on SM by setting
A:=Aw —V(A)ws.

EXERCISE 13.22. If A is a connection in M, show that
A = Awp — V(A)w,.
LEMMA 13.23. With A defined as above we have
Fy = —Fjqw Aws + @A) A wa.
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PROOF. Recall that Fy = dA + A A A. We compute
ANA = (Aw; = V(A)wa) A (Awy — V(A)ws) = —[A, V(A)] w1 A wa.
Next note
dA = X | (A)ws Awy + V(A Awy + Adw;
— XV (A)wi Awy — V(A Awy — V(A)dws.
Using the structure equations (13.16) and (13.17) we see that
dA = —(XV(A) + X1 (A)w; Aws — (V2(A) + A A ws

and the lemma follows.

13.8. Injectivity for connections and Higgs fields

We now wish to extend the key Theorem 13.12 to include a Higgs field. For
us this means an element ® € C°(M,C"*™). We will assume that & is skew-
Hermitian, i.e. ®* = —®.

THEOREM 13.24. Let (M, g) be a simple surface, A a unitary connection and
® a skew-Hermitian Higgs field. Suppose there is a smooth function u: SM — C™
such that

u|35M = 0
Then u=ug and f = daug + Pug = dug + Aug + Pug with ugloy = 0.

Proor. We will prove that u is both holomorphic and antiholomorphic. If this
is the case then u = ug only depends on z and ug|gp = 0, and we have

dug + Aug = f_1 + f1, Pup = fo.

The first step, as in the proof of Theorem 13.12, is to replace A by a connection
whose curvature has a definite sign. We choose a real valued 1-form ¢ such that
dy = wy, and let

{ Xu+ (A+Qu=fecQ 10,

Ag = A+ ispld.

Here s > 0 so that A, is unitary and i Fia, = ix F4 —sld. We use Proposition 10.1
to find a holomorphic scalar function w € C*°(SM) satisfying Xw = —ip. Then
ug = e’Wu satisfies

(X + A+ P)u, = —e** f.
Let v := Z:io(us)k Since (e®” f) =0 for k < -2

(X + Ay + ®)v € Q_y & Q.

Let h:=[(X + A, + @)v]o.
We apply the Energy identity in Lemma 13.20 with attenuation A := A, + ®
to the function v, which also satisfies v|psp = 0 to obtain

pestov_higgs_identity | (13.19)

(X + A+ @) (V) |* = (K V(0), V(0) +[[(X + A+ ®)o]|* = [V[(X + As+ )] ||
— (*Fa,v,V(v)) = R((*da,P)v,V(v)) — R(Dv, (X + As + P)v) = 0.
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Note that ¢(A) = —® and Fq = *Fa, + *da, P, where da, @ = d® + [A,, D]. It
was proved in Lemmas 13.15 and 13.21 that

(13.20) I(X + A + @) (Vo) |* = (K V(v),V(v)) >0,
(13.21) (X + A + @)v]* = V(X + A + ®)o]|* = [|2]* > 0.

The term involving the curvature of A, satisfies
(13.22)
-1 -1
R Fa V@) = S [k~ k Fayve, ) = (5 — [Fallen) 3 IEllogl.

k=—o0 k=—o0

Here we can choose s > 0 large to obtain a positive term. For the next term
in (13.19), we consider the Fourier expansion of da,® = da® = a; + a_; where
a+1 € Q1. Note that xdga® = —V(da®P) = —iay + ia—;. Then, since vy = 0 for
k>0,

-1
((xda®)v,V(v)) = Z (—ia1vg—1 + ia_1Vk41), ikvg)
k=—o0
-1

Z |E| [(a1vk—1,vk) — (@—1Vk41,Vk)] -

k=—o0

Consequently

(13.23) R((xda®@)v, V(v)) < Cao i 1&g 1>

k=—o00

The last term in (13.19) requires the most work. We note that vy, = 0 for k > 0
and that (X 4+ As + ®)v € Q_1 ® Q. Therefore

(Pv, (X + A5 + P)v) = (Pv_1, (X + 45+ P)v)_1).

Recall that we may write X =ny +7n_ where ny = (X +iX1)/2: Qr — Qi1 and
N = (X —iX1)/2:Q — Q1. Expand A = A1+ A_; and ¢ = 1 + ¢_1 s0
that A, = (A1 +isp1ld) + (A—1 + sip_11d) := a1 + a_ where a; € ;. Since A,
is unitary we have a}; = —ax1.

The fact that (X + As + ®)v € Q_1 & Qp implies that

N4v—2 +a1v_g + Pv_g = (X + 4; + P)v)_q,
NiV_f—1+ @1V_f—1 +N-V_py1 +a1V_p11 + Pv_f =0, k> 2.

Note that (n+a,b) = —(a,nxb) when a|y(sar) = 0. Using this and that ® is skew-
Hermitian, we have

R(Pv_1, (X + As + P)v)—1) = R(Pv_1,n1v_9 + a1v_g + Dv_1)
=R [(n-v-1,®0_2) = (1-@)v_1,0-2) + (@v_1, a10-2) + |[Pv_ ]
We claim that for any N > 1 one has

R(Pv_1, (X +As + P)v)_1) =pn +an
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where

py = (=) TIRO v, Doy ),

N
%Z ((n-®)v_j,v_j_1) + (—1)7 " H(@v_j, arv_j_1) + (1) | @v_; ]
j=1

N-1
—|—§RZ (a—qv_j, Dv_j;_q).
Jj=1

We have proved the claim when N = 1. If N > 1 we compute
py = (—D)VR((ny +a)v_n_o+a_1v_y+Pv_y_1,Pv_N_1)
= (—D)"R[(Pv_n—2,m-v_N-1) — (v_n—2, (n-P)v_N_1)
+ (av_N—2+a_1v_n + Pv_N_1, @U—N—l)]
=PN+1 T 4N+1 — 4N-

This proves the claim for any N.
Note that since [|[n_v||* = Y3||n_vk||?, we have n_vj, — 0 and similarly v, — 0
in L2(SM) as k — —oo. Therefore py — 0 as N — oo. We also have

N

lanll < Co Y lloel® + > (=1 (la—1, ®Jo—j,0-j-1)| < Cap Y_llvrl”.

j=1

Here it was important that the term in a_; involving s is a scalar, so it goes away
when taking the commutator [a_7, ®]. After taking a subsequence, (qy) converges
to some ¢ having a similar bound. We finally obtain

(13.24) R(Dv, (X + A, + ®)v) = lim (py +qn) < Cae »_[vxl’.
N—oo

Collecting the estimates (13.20)—(13.24) and using them in (13.19) shows that
-1

0> [|h]* + (s = Caw) Y Ikloxl”.

k=—o00

Choosing s large enough implies vy, = 0 for all k. This proves that us is holomorphic,
and therefore u = e™*“u, is holomorphic as required. (Il

We now rephrase Theorem 13.24 as an injectivity result for a matrix attenuated
X-ray transform. We let A(z,v) := Az(v) + ®(z) and we let [4 ¢ = I4 be the
associated attenuated X-ray transform.

THEOREM 13.25. Let M be a compact simple surface. Assume that f: SM —
C™ is a smooth function of the form F(x)+ a(v), where F : M — C™ is a smooth
function and « is a C"-valued 1-form. Let also A be a unitary connection and ® a
skew-Hermitian matriz function. If I4 o(f) =0, then F' = ®p and oo = dap, where
p: M — C™ is a smooth function with ploy = 0.

PROOF. If I4 5(f) = 0, we know by Theorem 5.10 that u/ is C* and satisfies
(X+A+0)w/ =—fcQ 100N
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with u/|gsas = 0. Thus by Theorem 13.24, v/ only depends on x and upon setting
p = —ug, the result follows.
O

13.9. Scattering rigidity for connections and Higgs fields

In this section we extend the scattering rigidity result for unitary connections
in Theorem 13.11 to pairs (A, ®), where A is a unitary connection and ® is a
skew-Hermitian matrix valued function. We let C4. ¢ = C4 be the scattering data
associated with the attenuation A(x,v) = A,(v) + ®(x).

THEOREM 13.26. Assume M is a compact simple surface, let A and B be two
unitary connections, and let ® and VU be two skew-Hermitian Higgs fields. Then
Ca.e = Cp g implies that there exists a smooth v : M — U(n) such that ulapy = 1Id
and B=vu"tdu+utAu, ¥ = v ' ®u.

Proor. From Proposition 13.5 we know that C'4.¢4 = Cp ¢ means that there
exists a smooth U : SM — U(n) such that Ul|gsy = Id and

(13.25) B=U"'XU+U'AU,

where B(z,v) = By (v) + ¥(z). We rephrase this information in terms of an atten-
uated ray transform. If we let W = U — Id, then Wssn = 0 and

XW+ AW —WB=—(A— B).

Hence W is associated with the attenuated X-ray transform 4 5)(A — B) and if
Ca,6 = Cp,w, then this transform vanishes. Note that A — B € Q_1 ® Qo © Q4.
Hence, making the choice to ignore the specific form E(A, B) but noting that
it is unitary by Exercise 13.6, we can apply Theorem 13.24 to deduce that W only
depends on . Hence U only depends on x and if we set u(x) = Up, then (13.25)
easily translates into B = v 'du + v 'Au and ¥ = v~ '®u just by looking at the
components of degree 0 and =+1.
(]

REMARK 13.27. Note that the theorem implies in particular that scattering
ridigity just for Higgs fields does not have a gauge. Indeed, if Cp = Cy, where ®
and ¥ are two skew-Hermitian matrix fields, Theorem 13.26 applied with A = B =0
implies that v = Id and thus & = V.

13.10. Matrix holomorphic integrating factors

Unfortunately, it is not possible to extend the proof of Theorem 13.24 to the
case of non skew-Hermitian attenuations. The main issue is that the Pestov identity
given by Lemma 13.20 has a particularly nice form when A is skew-Hermitian.
While it is possible to derive a general Pestov identity, new terms appear and there
is a priori no clear way as to how to control them.

An alternative approach would be to try to prove the existence of certain matriz
holomorphic integrating factors. Note that the proof of Theorem 13.24 uses the
existence of scalar holomorphic integrating factors. In this section we try to explain
the main difficulties with this approach and state some open problems.

We start with a general definition.
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DEFINITION 13.28. Let (M, g) be a compact oriented Riemannian surface and
let A € C®°(SM,C"*™) be given. We say that R : SM — GL(n,C) is a matriz
holomorphic integrating factor for A if

(1) R solves (X + A)R = 0;
(2) Both R and R™! are fibre-wise holomorphic.

There is an analogous definition for anti-holomorphic integrating factors. The
existence of these integrating factors imposes conditions on A:

LEMMA 13.29. If A admits a holomorphic integrating factor then A € @p>_18.

If A admits both, holomorphic and anti-holomorphic integrating factors, then A €
Q16 QP Q.

PROOF. This follows right away from writing A = —X(R)R™!, since R~! is
holomorphic and X (R) € @r>_1€%. The second statement in the lemma follows

immediately.
d

Thus if we wish to use holomorphic and anti-holomorphic integrating factors
the attenutation A must be of the form A(z,v) = A,(v) + ®(x) where A is a
connection and ® a matrix-valued field. The relevance of these type of integrating
factors can be seen in the following proposition.

ProPOSITION 13.30. Let (M, g) be a non-trapping surface with strictly convex
boundary such that Iy is injective and I; is solenoidal injective. Let (A, ®) be a
pair given by a connection A and a matrix valued field ®. If (A, ®) admits holo-
morphic and anti-holomorphic integrating factors, then I4 ¢ has the same kernel
as in Theorem 13.25.

PROOF. Assume there is a smooth u € C*°(SM,C™) such that u|gspr = 0 and
(X+A4+P)u=—f€Q_1DQ DN. We wish to show that u = ug. For this it is
enough to show that u is both holomorphic and anti-holomorphic.

Let R be a matrix holomorphic integrating factor for A + ®. Since R~' solves
XR™!'— R Y(A+ ®) = 0 a computation shows that

X(R™'u)=—-R7'f.

Since R~! is holomorphic, (R™! f); = 0 for k < —2. Thus if we set v = E:;(R_lu)k,
then v|pspr = 0 and
XveQ_ 18 Q.

Using the hypotheses on Iy and I;, we deduce that v = 0 and thus R~'w is holo-
morphic. Tt follows that « = RR™'u is also holomorphic since R is holomorphic.
An analogous argument using anti-holomorphic integrating factors shows that
u is anti-holomorphic and hence u = ug as desired.
O

We can now state the following open problem.

Open Problem. Let (M, g) be a simple surface and let (A, ®) be a pair, where
A is a connection and @ is a matrix field. Do holomorphic (anti-holomorphic)
integrating factors exist for (A4, ®)?

Note that Proposition 12.5 gives a positive answer to this question when n = 1.
It suffices to take R := e~ where w is given by the proposition. In the non-abelian
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case n > 2 we can no longer argue using an exponential. While we can certainly find
a holomorphic matrix W such that XW = A 4 ®, the exponential of W might not
solve the relevant transport problem since XW and W do not necessarily commute.

EXERCISE 13.31. Show that for any W € C*°(SM,C"*") we have
1
eV X(e™W) :/ e W(XW)eW ds.
0

13.10.1. On the group of invertible first integrals. In this subsection we
study the group of all smooth R : SM — GL(n,C) such that XR = 0 for (M, g) a
simple surface.

We start with an auxiliary lemma.

LEMMA 13.32. Let F : M — GL(n,C) be such that n_F = 0. Then we can

write F' as

F=F - F
where each Fj : M — GL(n,C) has the property that n_F; = 0 and |Id—F;(z)| < 1
forallz e M and 1 < j<r.

PROOF. (Sketch) The set G of all F : M — GL(n,C) with n_F = 0 clearly
forms a group. In fact it is a connected topological group with the supremum norm.
Such groups are generated by any open neighbourhood of the identity. Considering
a neighbourhood of the form

U={FeG: ||[F-1d|,. <1}

the result follows.
O

We now prove:

THEOREM 13.33. Let (M,g) be a simple surface and let F : M — GL(n,C)

with n_F = 0 be given. Then there exists a smooth R : SM — GL(n,C) such that
(1) XR=0and Ry =F.
(2) Both R and R~ are fibre-wise holomorphic.

Proor. By Lemma 13.32 we may write F' = F} --- F,. where each F; : M —
GL(n,C) is such that n_F; = 0 and |Id — F}(z)| < 1 for all z. Hence we can write
F; = ef%, where P; : M — C™*" is such that n_P; = 0. By the surjectivity of
1§, there is a smooth W; such that XW; = 0, W is fibre-wise holomorphic and
(Wj)o = P;. Now set

R:=eV1...eWr,
We claim that R has all the desired properties. Since each "7 is a first integral,
so is R. By construction, each e"i is holomorphic, hence so is their product. Since
R—l — e—WT . e—Wl

)

it follows that R~! is also fibre-wise holomorphic. It remains to prove that Ry = F.
But since R is holomorphic we must have

R() = (eW1)0 v (GW")O.

But for each j, (e"i)y = eWi)o = i = F; and the theorem is proved.

13.11. Carleman estimates in 2D? Stability estimate?
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