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Many of the most fundamental and important “laws of nature” are conveniently
expressed as equations involving rates of change of quantities. Such equations are
called differential equations, and techniques for their study and solution are at the heart
of calculus. In the falling rock example, the appropriate law is Newton’s Second Law
of Motion:
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the real number system or, equivalently, the real line.
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The properties of the real number system fall into three categories: algebraic
properties, order properties, and completeness. You are already familiar with the
algebraic properties; roughly speaking, they assert that real numbers can be added,
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The symbol = means
“implies.”

Reaalilukujoukkoon liittyvia maarittelyja ja aksioomia

7N

-R:ssa on maaritelty aritmeettiset binaarioperaatiot "+” ja ”-”, jotka to-
teuttavat ‘normaalit’ laskulait (vaihdanta- liitanta- ja osittelulait).

-R:ssa on 0 -alkio ja 1 -alkio, jotka ovat + ja - -operaatioiden neutraalialkiot:
r+0=z1-2=u=x.

-R:ssd on madritelty unaarioperaatiot ”—" (vastaluku) ja ”-~ (kdanteis-
luku): z + (—z) =0jaz- -z =1 (z #0)

-R on jarjestetty joukko, ts. relaatiot >, <, < ja > on hyvin maaritelty.
-R toteuttaa taydellisyysaksiooman, jonka mukaan jokaisella R:n ei-tyhjalla
ylhaalta rajoitetulla osajoukolla on ns. pienin ylaraja eli supremum.

Taydellisyysaksioomasta seuraa, ettd R:ssd ei ole "aukkoja’ (kuten N:ssa,
Z:ssa ja Q:ssa). Jokaisen suppenevan reaalilukujonon raja-arvo on myos
reaaliluku. Aritmeettisena joukkona R muodostaa jarjestetyn lukukunnan.

Graafisesti R:aa kuvaa reaalilukusuora eli reaaliaksels:

-- - — i > o=

= 1.32 and
expressing

——e
es of the real
jonal number
E +/2 should !
for studying

humbers and
mple, the set
s y such that

1l numbers x
eal numbers
atisfying the
atisfying the

te endpoints
te endpoints
points.

length b —a.
te intervals.
e real line R
denote a real

\/i is rational.
fraction m/n
m? / n?=2,

m odd integer is
2 = 2n% and
t /2 could be

there can be no




4

PRELIMINARIES

The symbol == means
“implies.”

subtracted, multiplied, and divided (except by zero) to produce more real numbers and
that the usual rules of arithmetic are valid.

The order properties of the real numbers refer to the order in which the numbers
appear on the real line. If x lies to the left of y, then we say that “x is less than y” or
'y is greater than x.” These statements are written symbolically as x < y and y > x,
respectively. The inequality x < y means that either x < y or x = y. The order

; N =

SECTION P.I: Real Numbers and the Real Line 5

EXAMPLE 1 Show that each of the numbers (a) 1 .323232.-. = 1.32 and
...... ~—— (b)0.3405405405 . . . = 0.3405 is a rational number by expressing
it as a quotient of two integers.

Solution

() Tetx = 1323239 Theny — 1 = (032373 and

| Reaaliakselin vali on R:n osajoukko joka:
-sisdltdd vahintdan kaksi pistettd (reaalilukua)
-jos luvut a ja b kuuluvat ko. osajoukkoon ja a < b, niin jokainen luku z,
jolle a < z < b kuuluu siihen. o

1S revq

at lea:

denot

impor|

wl  VElin padtepiste voi kuulua ko. viliin tai olla sen ulkopuolella. Puhutaan |
.w] avoimesta, suljetusta ja puoliavoimesta valistd. Merk: suljettu vali [a,b], |
. avoin vili (a,b) ja puoliavoimet vilit [a,b) (vasemmalta suljettu, oikelta -
=% avoin vali) ja (b,a] (vasemmalta avoin, oikealta suljettu vali). Huom: [
" muunkinlaisia merkintdtapoja kdytetadn.

infini e
T

h

@) [a) b ) ~ i
o O—> .
1
f b B

T a.

that ai Is.
R

(a) tETTIITATIE, TTaT 15, ENAIg WITT am TINITE SIME o7 ZEr0s, ToT EXaMpIE,
3/4 = 0.750000.. ., or

(b) repeating, that is, ending with a string of digits that repeats over and over, for ex-
ample, 23/11 = 2.090909 ... = 2.09. (The bar indicates the pattern of repeating
digits.)

Real numbers that are not rational are called irrational numbers.

TIET VAT {—00, 00) 15 e redl Ihe

Figure P.3  Infinite intervals

=) = P o
is an interval, denoted by (—o0, 00). The symbol co (“infinity”) does not denote a real
number, so we never allow oo to belong to an interval.

! How do we know that \/5 is an irrational number? Suppose, to the contrary, that s/i is rational.
Then +/2 = m/n, where m and n are integers and n % 0. We can assume that the fraction 71/
has been “reduced to lowest terms”; any common factors have been cancelled out. Now mz/n2 =2,
som? = 2112, which is an even integer. Hence m must also be even. (The square of an odd integer is
always odd.) Since m is even, we can write 1 = 2k, where k is an integer. Thus 4k? = 272 and
n% = 2k2, which is even. Thus 71 is also even. This contradicts the assumption that «/E could be
written as a fraction 11/ 1 in lowest terms; /1 and 7 cannot both be even. Accordingly, there can be no
rational number whose square is 2.
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subtracted, multiplied, and divided (except by zero) to produce more real numbers and
that the usual rules of arithmetic are valid.

The order properties of the real numbers refer to the order in which the numbers
appear on the real line. If x lies to the left of y, then we say that “x is less than y” or
'y is greater than x.” These statements are written symbolically as x < y and y > x,
respectively. The inequality x < y means that either x < y or x = y. The order
properties of the real numbers are summarized in the following rules for inequalities:

Rules for inequalities

If a, b, and ¢ are real numbers, then:
lLa<b = atc<btc

SECTION P.I: Real Numbers and the Real Line 5

EXAMPLE 1 Show that each of the numbers (a) 1 .323232.-. = 1.32 and
...... ~—— (b)0.3405405405 . . . = 0.3405 is a rational number by expressing
it as a quotient of two integers.

Solution
(a) Letx = 1.323232... Thenx — | =0.323232...and

100x = 132.323232...=13240.323232... = 1324+ x — 1.

Therefore, 99x = 131 and x = 131/99.
(h) T et v — 0 3405405405 Then 10v — 3 405405405 and

Adretén (merk. oo):

Merkintd z — oc tarkoittaa, ettd luku = kasvaa rajatta, ts. sitd voidaan B
pitad suurempana kuin miké tahansa annettu reaaliluku. Samoin z — —o0 .
tarkoittaa, ettd luku  vahenee rajatta, ts. sitd voidaan pitda pienempénd kuin
miké tahansa annettu reaaliluku.

Huom: wvaikka oo el itse ole reaaliluku, merkitddn usein esim.
tarkoittaen (puoli)adretontd vilia {z|z € R,z > a}.

Vili (—oo0, oc) = R.

[a,00)

et
at

la, 00)

®
a

Tepeating, that is, ending with a string of digits that repeats over and OVer, Tor ex-
ample, 23/11 = 2.090909 ... = 2.09. (The bar indicates the pattern of repeating
digits.)

Real numbers that are not rational are called irrational numbers.

! How do we know that \/5 is an irrational number? Suppose, to the contrary, that \/i is rational.
Then +/2 = m/n, where m and n are integers and n % 0. We can assume that the fraction 71/
has been “reduced to lowest terms”; any common factors have been cancelled out. Now mz/n2 =2,
som? = 2112, which is an even integer. Hence m must also be even. (The square of an odd integer is
always odd.) Since m is even, we can write 1 = 2k, where k is an integer. Thus 4k? = 272 and
n% = 2k2, which is even. Thus 71 is also even. This contradicts the assumption that «/E could be
written as a fraction 11/ 1 in lowest terms; /1 and 7 cannot both be even. Accordingly, there can be no
rational number whose square is 2.
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It is important to remember that
Val = |a]. Do not write

a? = a unless you already
know that a = 0.

Figure P.6
|x — y| = distance from x to y

The Absolute Value

The absolute value, or magnitude, of a number x, denoted |x| (read “the absolute
value of x”), is defined by the formula

x ifx>0
—x ifx<0

i =

The vertical lines in the symbol |x| are called absolute value bars.

SECTIONP.I: Real Numbers and the Real Line @

Equations and Inequalities Involving Absolute Values

The equation |x|] = D (where D > 0) has two solutions, x = D and x = —D:
the two points on the real line that lie at distance D from the origin. Equations and
inequalities involving absolute values can be solved algebraically by breaking them
into cases according to the definition of absolute value, but often they can also be solved
geometrically by interpreting absolute values as distances. For example, the inequality
|x — a| < D says that the distance from x to «a is less than D, so x must lie between
a — D and a + D. (Or, equivalently, a must lie betweenx — D andx + D.) If Disa

1

[B[=3, 10/=0, |4

EXAMPLE 6 Reaaliluvun

Note that |x| = O forevery real number x, a
find it confusing to say that [x| = —x whe
is positive in that case. The symbol /a 4
of a, so an alternative definition of [x| is |x

Geometrically, |x| represents the (non
line. More generally, [x — y| represents the
x and y on the real line, since this distance

0 (see Figure P.6):

b | = x—y, ifx>y
MN=1y-x ifx<y.

1 1

Je— gyl —— |

‘ Je =yl i

1 1
0 T—y

The absolute value function has the follow
Properties of absolute values
1. | —a| = |a|. A number and its ne

a la|
2. lab| = ;aub|and|;| = oy s
of two numbers is the product (or
3. la £b| < |a| + |b] (the triangle|
sum of or difference between num|
their absolute values.

The first two of these properties can be che]
of a or b is either positive or negative. Th

x| =

[tseisarvon ominaisuuksia;

| — ]
|7y

y Y|
lr+y| <

itseisarvo (absolute value)

X

—x ;x <0

x>0

ties:

(kolmioepéyhtilo)

— o

ometrically,

because +2ab < |2ab| = 2|a||b|. Therefore, we have

la £b> = (a £ b)* = a® £ 2ab + b*
< lal® + 2lal(bl + |b]* = (la| +|5])?,

and taking the (positive) square roots of both sides we obtain |a £ b| < |a| + |b|. This
result is called the “triangle inequality” because it follows from the geometric fact that
the length of any side of a triangle cannot exceed the sum of the lengths of the other
two sides. For instance, if we regard the points 0, ¢, and b on the number line as the
vertices of a degenerate “triangle,” then the sides of the triangle have lengths |a|, ||,
and |a — b|. The triangle is degenerate since all three of its vertices lie on a straight
line.

Figure P.7  The solution set for
Example 7(b)

2 2
w=2=03{x—=2)|=3[x—=|.
pea=fp (o) =3h- 5

Thus the given inequality says that
2 1
3x=—Zi{<1 v — =< <.
x 1_ or r=3=3

This says that the distance from x to 2/3 does not exceed 1 /3. The solutions x therefore
lie between 1/3 and |, including both of these endpoints. (See Figure P.7.)
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set as an interval or union of intervals.

35 s—1|<2 36. |r+2/ <1 43. Do not fall into the trap | — a| = a. For what real numbers a
EXAMPLE 8 Solve the equation |x + 1| = |x — 3|. 37. Br -7 <2 38, 2 +5) < | " és;]}y:;luea;?;itorunﬁi F_orl Iwia: Tlr:lbcr& is it false?
X X 1 45. Show that the inequality
Solution The equation says that x is equidistant from —1 and 3. Therefore, x is e |E B I| = Lk ’2 - 5‘ =2
the point halfway between —1 and 3; x = (=1 + 3)/2 = 1. Alternatively, the given In Exercises 41-42, solve the given inequality by interpreting it la — bl > |lal — 161}
¢
€ . . - - LR . . .. -
1 Reaalilukuakselia voidaan pitaa yksiulotteisen (viivamaisen) avaruuden koor- —
= . . - - - . - .
L |
1 dinaatistona, kun esim. 0 -alkion paikka 1. origo ja akselin skaalaus .
S . __— . . . :
(mittakaava) on kiinnitetty. Ko. avaruuden mv. pisteen paikka voidaan 1
1
- e . . .. . . . . - e e called |
téalloin ilmoittaa yvhdella ainoalla luvulla, joka ilmoittaa pisteen etaisyyden s e |
then we
. upward. |
origosta. hazero) |
1
cular to |
hll ¢ the |
: re a line |
| 1 (a, b) is |
h 1 1 > We refer :
n rdinates
0 a x ordinate !
( 1
e plane; |
. h unique |
ermine a |
osopher |
EXERCISES P1 Kahd . o b vili b ed with §
a h — re using
In Exercises 1-2, express the given rational nun a‘ en pISteen a J a V nen etals) 3 On I a I * 5 we use !
repeating decimal. Use a bar to indicate the rep| pEfsion :
12 ! AR
"9 " 11 points
In Exercises 34, express the given repeating d to label
quotient of integers in lowest terms. h points
3012 4. 327 l a— bl
B 5. Express the rational numbers 1/7,2/7, 3/7 < > . These
repeating decimals. (Use a calculator to gi 1 f nt is the
decimal digits as possible.) Do you see a p; : 1 T ) mbers.
decimal expansions of 5/7 and 6/7 and che s only x
6. Can two different decimals represent the sal 0 b x
What number is represented by 0.999 ... = a
In Exercises 7-12, express the set of all real nu
the given conditions as an interval or a union of] les have
7.x>0 and x<5 8 x<2 4 — - i T = =T N s].lf,f}(:r
3= s example, we plot height versus time for a falling rock, there is no reason to place the
9 x>-5 or x<—6 10.x<-I 3L 18 —3s1=9 2 |2 l‘ = I v mark that shows 1 m on the height axis the same distance from the origin as the mark
11. v > -2 12, x <4 or x=2 'ln Exerf:ises 33-40, write the interval defined by the given that shows 1 s on the time axis.
In Exercises 13-26, solve the given inequality, giving the solution B Figure P.10  The four quadrants When we graph functions whose variables do not represent physical measurements

33 xf<2 34. x| <2 and when we draw figures in the coordinate plane to study their geometry or trigonom-
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SECTION P.2:  Cartesian Coordinates in the Plane 11

35. |s—1|<2 36. |r+2{ <1 43. Do not fall into the trap | — a| = a. For what real numbers a

i is this equation true? For what numbers is it false?
8 Solve the equation [x + 1| = |+ — 3|. Salu qu 8

37, Bx =7 <2 38. 12x +5| <1 A4 e 11—y s

Solution TH
the point half|
equation sayg
equations has|

EXAMPLE

Solution W

‘ 2
5-%
x

In this calculg
than split it u
how the vario|
negative num
which both si
(1/4,1).

EXERCISES P1

In Exercises 1-2, express the given rational number as a
repeating decimal. Use a bar to indicate the repeating digits.

2 1

1. - 2. —
9 11

In Exercises 34, express the given repeating decimal as a

quotient of integers in lowest terms.

3. 012 4. 327

5. Express the rational numbers 1/7,2/7, 3/7, and 4/7 as
repeating decimals. (Use a calculator to give as many
decimal digits as possible.) Do you see a pattern? Guess|
decimal expansions of 5/7 and 6/7 and check your guess

6. Can two different decimals represent the same number?
What number is represented by 0.999. .. = 0.9?

In Exercises 7-12, express the set of all real numbers x satisf]
the given conditions as an interval or a union of intervals.

7.x>0 and x <5 8 rx<2 and x=>-3
9. vx>-5 or x<—-6 10. x < -1
11. x> -2 12, x <4 or x=>2

In Exercises 13-26, solve the given inequality, giving the soly
set as an interval or union of intervals.

Tason karteesiset koordinaatit

Tasoa puolestaan voidaan pitda kaksiulotteisena avaruutena, jolle voidaan
muodostaa koordinaatisto kahdesta toisiaan vastaan kohtisuorassa olevasta
reaalilukuakselista (kiinnittamalld origon paikka ja akselien mittakaavat).
Jos akselit nimetdéan vaikkapa z- ja y -akseleiksi, voidaan ko avaruuden
mielivaltainen piste ilmaista kahden luvun avulla lukuparina (z,y). Siten
esim. lukupari (2, —1) esittdd pistettd, jonka paikan kohtisuora projektio
x -akselille on 2 yksikén pédédssa origosta sen positiivisella puolella ja sen
kohtisuora projektio y -akselille on 1 yksikon paéssé origosta sen negatii-
visella puolella. Luvut 2 ja -1 ovat ko. pisteen z- ja y koordinaatif. Nain
muodostettua koordinaatistoa sanotaan karteesiseksi koordinaatistoksi.

-——----9

/’. | | >X
Origo, (0,0) : T

TR *(2,-1)

hlar |
led
the |
we |
hrd. |
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N
Ay =5 \ X
AG, -3)
TlAx=—4
Figure P.11  Increments in x and y

0(x2,y2)

1Ay=ya—y
!

o
(o) Av=won Chaan

|

Figure P.12  The distance from P to Q is

(x2 —x1)2 + (52 — y1)?

etry, we usually make the scales identical. A vertical unit of distance then looks the

SECTION P.2:  Cartesian Coordinates in the Plane

13

same as a horizont
that are supposed tt
supposed to be equ
such as the relatiof
equal scales are usq

Computer and
scales on machine
tances, slopes, and
rectangular or ever
Circumstances like
High-quality comp
to compensate for s
to horizontal scale
range. When using|
configuration so th:
be equal.

Increments ang

When a particle mg
called increments.
point from the coof
change in the valug
XIS Ax =x3 — x]

EXAMPLE 1

Solution The inc

Ax=-1-3

If P(xy, y1) and Q
the hypotenuse of
CQ of the triangle

|Ax| = |x2 —

These are the hori]
Pythagorean Theor|
of these lengths.

Distance formni

The distance /|

D=,/(A

EXAMPLE 2
V=1 =372 4

Kahden pisteen vilinen etaisyys.

Olkoon tason pisteen P, koordinaatit (z,,y;) ja pisteen P, koordinaatit
(x9,1,). Pisteiden P; ja P, vélinen etéisyys

Dy = V/({BaP + By,

missa

Ax
Ay

Iy — I

Y2—1u

(1)

ovat (koordinaattien) muutokset |. siirtymdat pisteestd P; pisteeseen Ps.

y 4

(X15¥1)

(X2,¥2)

AX

Ay

pf

T

2)
he
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etry, we usually make the scales identical. A vertical unit of distance then looks the
same as a horizontal unit. As on a surveyor’s map or a scale drawing, line segments
that are supposed to have the same length will look as if they do, and angles that are
supposed to be equal will look equal. Some of the geometric results we obtain later,
such as the relationship between the slopes of perpendicular lines, are valid only if \/(-\' —0)2+(y—-0)2= \/x2 +y%
equal scales are used on the two axes.

EXAMPLE 3 The distance from the origin O(0, 0) to a point P(x, y) is

Computer and calculator displays are another matter. The vertical and horizontal @
scales on machine-generated graphs usually differ, with resulting distortions in dis- FEFTTTTITITTOITITITOTISTIOSSOSSSSSSSSSSS s
tances, slopes,
reclangular or g . - - - - - - Ll . - £
Gomnes) Koordinaatiston kaytto yhtalon ratkaisujoukon tai funktion |
High-quality c? . N . N
1 t
sl kuvaajan esittamiseen.
range. When u;
configuration si
be equal. . . . ey e
Esim: Tason pisteet (z,y), jotka toteuttavat yhtélon z + 1 =y + 2.
Increments ) )
y When a particle
called incremer
BEL2) }b\ point from the
N change in the v
X is Ax = x3 -
Ay =S5 %
AG,-3) EXAMPLE se
TlAx=—4 ——— ie
Figure P.11  Increments in x and y Solution The on
Ax = -1 L
—_— 4
If P(xy, y1) an | ity
the hypotenuse T
C Q of the trian| _1 261)
|Ax| = |xo] es
H).
These are the ia
Pythagorean TH
Y of these length e
0(x2,52) Distance fq
The distan =
Ps.
D= he)
. Huom: T&ma4 on samalla funktion f(z) = z—1 kuvaaja joka muodostetaan
|
Figure P.12  The distance from P to Q is asettalnalla y S— f (z) .
D =/(x—x)? + (2 = y1)? EXAMPLE
\/(Al =324+ Q2-(-3))= \/(—4)2 + 52 = +/41 units. | has the same value for every choice of two distinct points P;(x;, y1) and P2(x2, y2)

on the line. (See Figure P.15.) The constant m = Ay/Ax is called the slope of the
® nonvertical line.
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Figure P.20 Circle
G-+ -3)7=4

Figure P.21 Circle
G+ (- 12 =7

exterior

Figure P.22  The interior of a circle

(darkly shaded) and the exterior (lightly

shaded)

the equation of the circle of radius

Ja—h)2+ @ —-k?=a.

A simpler form of this equation is

Standard equation of a circ!
The circle with centre (h, k) 4

=+ -k*=d

In particular, the circle with ce

The circle wit
equation (x —

EXAMPLE 1

“rvampie 9 Thecircle ha
M_Ei the point (—2

If the squares in the standard equ|
and all constant terms collected o

x% —2hx +_\v2—2ky=aZ :
A quadratic equation of the form
X2 + y2 +2ax +2by =c¢

must represent a circle, a single

complete the squares on the left s
terms of the square (x +a)? = x?
square of the x terms. (Note that g
add b? to both sides to complete t

x+a)l+@+b?=c+d

Ifc+a?+b? > 0, the graphisac|
If ¢ +a% 4 b* = 0, the graph cons
no points lie on the graph.

Find the cent

EXAMPLE 3

Solution Observe thatx”—4x a
x2—4x +4,and y2 + 6y are the
Hence we add 4 + 9 to both sides|

2 —dx+4+y*+6y+9

This is the equation of a circle wi

The set of all points inside a circ
an open disk. The set of all point;
(See Figure P.22.) The interior
closed disk, or simply a disk. Th
=+ —k?<d

represents the disk of radius |a| ¢f

Tavallisimmat toisen asteen yhtalot ja niiden kuvaajat.

a) Parabeli:
y=az’+br+c

b) R -siteinen ympyra. Keskipiste (zg, yo):
(z —z0)’ + (y —90)* = R*

c) Ellipsi. Keskipiste (zq, yo):
x - zO / - 0 /
_)2 L (u)z =1

( a b
d) Hyperbeli. Keskipiste (symmetriapiste) (zo, yo):

(

2"'_:UO):Z_(y_yﬂ)‘z=].

a b

ity
3.)
(c

int

Iso

tric
the
ard

ive

n.)




24  PRELIMINARIES

DEFINITION,

A .R(f)‘>

Figure P.35 A function machine

so we say that th
how to calculate
value of the radi

The set of 4
function. The sef
circles cannot hd
function are both

The domain
they do not have
domains and ran

In calculus
ular formula in n

y = f),

which we read
mathematician
x, called the ind|
and y, the depen
range of f.
F-=—===-=

A function f
| in § to each el

In this definition
range R(f) of f|
of a function f 4
in its range whe
There are se|
that converts any
(a) by a formu
value of the|
(b) by a formul
function; or|
(c) by a mappir|
In this book we
should call a fun|
at the point x.
f(x) in order to
to use the same
circular area fur
the latter case
the function.

EXAMPLE 1

4
V(r) = 571
for r = 0. Thus
4
Vi(3) = 37

Note how the v
function to obta

Funktio.

Maéritelmé: Funktio f on joukolta D joukolle S maééritelty kuvaus, joka
liitta4 jokaiseen D:n alkioon z joukon S yksikasitteisen alkion f(x).

-Joukkoa D, jota merkitdan usein D(f), kutsutaan funktion f 1ahto- eli
maarittelyjoukoksi (Engl. domain).

-Joukkoa S, kutsutaan funktion f maalijoukoksi.

-Funktion arvojoukko R(f) (Engl. range) on S:n osajoukko, joka koos-
tuu kaikista f:n arvoista, ts. R(f) = {f(z)|z € D(f)}

Funktion tdydelliseen maarittelyyn kuuluu siis:

e Kuvaussaanto (joka voidaan antaa mv. tavalla, vaikkapa sanallisesti -
yleensé se kuitenkin annetaan matemaattisena kaavana.)
e Madrittelyjoukko D( f)
e Maalijoukko S (huom: maéérittelyjoukko ja kuvaussdanto kiinnittavét
arvojoukon R(f) C S)
Huom: Maarittely- ja maalijoukkoja el kdytdnnossd aina erikseen ker-
rota funktion maarittelyn yhteydessi jos ne ovat asiayhteyden perusteella
ilmeisid.

f
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Table 1.

y=fx)
-2 4
-1 1
0 0
1 1
2 4

Figure P.36
(a) Correct graph of f(x) = x2
(b) Incorrect graph of f(x) = x?

SECTION P4: Functions and Their Graphs 27

Funktion kuvaaja. /

Rajoitutaan seuraavassa yhden reaalimuuttujan reaaliarvoisiin funktioihin

£\

A\ 54 o ) o

; @)

Tulkitaan kuvaus seuraavaksi siten, etta lahtojoukkona on tason karteesisen
koordinaatiston z -akseli ja maalijoukkona sen y -akseli. Funktion f ku-
vaaja on pistejoukko {(z,y)|z,y € R,y = f(z)}

R4 y A .

f@)4
\ - |

-O >
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b

y=1-x2

‘_ i l 1 .
[ H
5 i

b -y=—\/l—xz

Figure P.49 The circle x2 + y2 = 1is not:

the graph of a function

DEFINITION, | Evenand

2—x

EXAMPLE 8 Sketch the graph of the function f(x) =

x=1

SECTION P4: Functions and Their Graphs 29

= ) Y

Solution 1t
graph. To seq

crpe - Funktion symmetrioista.

x—1
Thus, the gra

unit. See Fig Funktio f: ]R —> R on

Not ever;

avoeu @ Symmetrinen eli parillinen jos f(—z) = f(z)

of a function
vertical line xj

<2 e Antisymmetrinen eli pariton jos f(—z) = — f(z)

intersect it tw]

y=V1]

som Parillisen funktion kuvaaja on peilaussymmetrinen y -akselin suhteen.

1 Evenand (
It often happ
| simplest kind|
1

I | Suppose th
an even ful

o Y= c.os(:z:) >
wesyad parillinen

™ y = sin(z)

pariton.

fl==x

The names e:
ey x‘z, x9
...are odd fu

Since (—
absolute valul

line drawn fr
the other sideg

from a point

seeoiveol  etrinen origon suhteen.

atx = 0, thel

If £ (x) §

T

N

mee [UNKtiolla voi olla myos muita symmetrioita, esim peilaussymmetria mv.
mel suoran tai pisteen suhteen. Huom: Parittoman funktion kuvaaja on sym-

nction
shows
about
and 1
[(UR))

mirror
from a
A point
if L is

is the

of the

to
to
to
to

ng

or —5 f(x). Sums (and differences) of even functions are even; sums (and differences)
of odd functions are odd. For example, f(x) = 3x* — 5x2 — 1 is even, since it is the
sum of three even functions: 3x4, —5x2, and —1 = —x0. Similarly, 453 — (2/x) is an
odd function. The function g(x) = x? — 2x is the sum of an even function and an odd
function and is itself neither even nor odd.

EXAMPLE 9 Describe and sketch the graph of y = +/2 — x - 3.

Solution The graph of y = /2 —x is the reflection of the graph of y




28 PRELIMINARIES

SECTION P4: Functions and Their Graphs 29

~_ X N I
Jaksollinen funktio. f
Funktio f: R — R on jaksollinen, jos on olemassa luku A jolle
f(z + A) = f(z) kaikille z:n arvoille. Funktion jakso on pienin positii-
f | vinen luku A, joka toteuttaa tdman ehdon. 13532
7| Huom: jos y.o. jaksollisuusehto patee luvulle A, niin se patee myos jokaiselle o
S 0 luvulle nA, n € Z. ]\

Figure P.49  The circle x2 + y2
the graph of a function

DEFIN

v

2.57

<7

—>

) =

( > ‘i:sLthe

\/ \ /\ n
t t o t g + —>
5 0 25 5 75 1

X

0

side of the origin, come to another point on the graph. If an odd function f is defined
atx = 0, then its value must be zero there: f(0) = 0. (See Figure P.50(b).)

If f(x) is even (or odd), then so is any constant multiple of f(x) such as 2 f(x)
or —5 f(x). Sums (and differences) of even functions are even; sums (and differences)
of odd functions are odd. For example, f(x) = 3x* — 5x2 — 1 is even, since it is the
sum of three even functions: 3x4, —5x2, and —1 = —x0. Similarly, 453 — (2/x) is an
odd function. The function g(x) = x? — 2x is the sum of an even function and an odd
function and is itself neither even nor odd.

reflecting the graph of the equation in the line y = b/2.
5. Interchanging x and y in an equation in x and y corresponds to reflecting
the graph of the equation in the line y = x.
EXAMPLE 9 Describe and sketch the graph of y = /2 — x - 3.

Solution The graph of y = /2 —x is the reflection of the graph of y = /x
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and uses g(x) = 0 in the plot. This seems to happen between about —0.5 x 10~'6
and 0.8 x 1070 (the coloured horizontal line). As we move further away from the
origin, Maple can tell the difference between 1 + x and 1, but loses most of the
significant figures in the representation of x when it adds 1, and these remain lost when
it subtracts | again. Thus the numerator remains constant over short intervals while the
denominator increases as x moves away from 0. In those intervals the fraction behaves
like constant /x so the arcs are hyperbolas, sloping downward away from the origin.
The effect diminishes the farther x moves away from 0, as more of its significant figures
are retained by Maple. It should be noted that the reason we used the absolute value
of 1 4 x instead of just 1 + x is that this forced Maple to add the x to the 1 before
subtracting the second 1. (If we had used (1 4+ x) — 1 as the numerator for g(x), Maple
would have simplified it algebraically and obtained g(x) = 1 before using any values
of x for plotting.)

9

In later chapters we will encounter more such strange behaviour (which we call
numerical monsters) in the context of calculator and computer calculations with
floating point (i.e. real) numbers. They are a necessary consequence of the limitations
of such hardware and software, and are not restricted to Maple, though they may
show up somewhat differently with other software. It is necessary to be aware of how
calculators and computers do arithmetic in order to be able to use them effectively
without falling into errors that you do not recognize as such.

One final comment about Figure P.55: the graph of y = g(x) was plotted as
individual points, rather than a line as was y = 1, in order to make the jumps between
consecutive arcs more obvious. Had we omitted the style= [point, line] option
in the plot command, the default line style would have been used for both graphs and
the arcs in the graph of g would have been connected with vertical line segments. Note
how the command called for the plotting of two different functions by listing them
within square brackets, and how the corresponding styles were correspondingly listed.

EXERCISES
In Exercises 1-6, find the domain and range of each function.
2 f)=1-yx
4. Fxy=1/(x— 1)

1.
&b

. h(t) =

fx)y=1+x2
Gx) =+/8—2x

t
V2 —1

y = f(x)? Why?

Y graph (a)

graph (a) graph (b}

6. g(x) = P R =

. Which of the graphs in Figure P.56 are graphs of functions

y

graph (b} y ¥

Jx =2 & 23

graph (c) graph (d)

A

x

graph (c)

5 /] 1

In Exercises 11-22, what (if any) symmetry does the graph of f
possess? In particular, is f even or odd?

1. fe)=x"+1

3. f0) =5
1

15. f(x) = P

17. f(x) =x>—6x

19. f(x) = x|

21. f(x)=v2x

12. f(x) = HStx
1

M. f(x)=—
x2—1

1
16. f(x) = m
18. f(x)=x-2
20. f(x)=|x+1]

22, f(x)=+(x—-1)2?

Sketch the graphs of the functions in Exercises 23-38.

23. f(x) = —x*

25. f(x)=(x —1)?

27. fx)=1-x*
29. f(x)=Vx+1

31 f(x) = —Ix|
33, f()=Ix 2|
2
35, f(x) = 12
3. fr) = ﬁ

24. f(x)=1-x*

26. f(x)=(x—1)+1
28. f(x) = (x +2)°
30. f)=vx+1
32, fix)=Ix| -1

3. f(x)=1+|x-2|

1
36. f(x)= T

X

38. f(r) =

I=v

In Exercises 3946, f refers to the function with domain [0, 2]

and range [0, 1], whose graph is shown in Figure P.58. Sketch the

graphs of the indicated functions and specify their domains and

ranges.

39. f(x)+2

40. f(x)—1

SECTIONP.5:  Combining Functions to Make New Functions 33

41, f(r+2) 2. fo-1)
3. () 4. f(—v)
45. f(4—x) . 46. | — f(1 —x)
4
|
(€5 10)

Figure P.58

It is often quite difficult to determine the range of a function
exactly. In Exercises 4748, use a graphing utility (calculator or
computer) to graph the function f, and by zooming in on the
graph determine the range of f with accuracy of 2 decimal places.
x+2 x=—1
x2+2x 43 X240
In Exercises 49-52, use a graphing utility to plot the graph of the
given function. Examine the graph (zooming in or out as
necessary) for symmetries. About what lines and/or points are the
graphs symmetric? Try to verify your conclusions algebraically.
249, fy=x*—6 +9x2 1

B47. f0)= 248 )=

. : _3—1\'+.\‘2
&= 50. f('\)_—2—2v+x2
. vy Xl =) L 2x% + 3x
as 51, f(")*vi‘,_z as 52. f(.\)_.—~—\_2_'_4-\_+5

53. What function f (x), defined on the real line R, is both even
and odd?

Combining Functions to Make New Functions

Functions can be combined in a variety of ways to produce new functions.

We begin by examining algebraic means of combining functions, that is, addition,
subtraction, multiplication, and division..

Sums, Differences, Products, Quotients, and Multiples

Like numbers, functions can be added, subtracted, multiplied, and divided (except
where the denominator is zero) to produce new functions.

DEFINITION

If f and g are functions, then for every x that belongs to the domains of both f

) graph (d)

-

X

Figure P.56

Figure P.57
8. Figure P.57 shows the graphs of the functions: (i) x — x*,
(i) x* —x% (i) x(1 —x)%, (iv) x% — x>, Which graph
corresponds to which function?
In Exercises 9-10, sketch the graph of the function f by first
making a table of values of f(x)atx =0, x = +1/2, x = 1,
x ==x3/2,and x = £2.

9. fx)=x* 10. f(x)=x213

and g we define functions f + g, f — g, fg, and f/g by the formulas:
(f +8)(x) = f(x) + g(x)

(f —&)x) = f(x) — gx)
(fe)(x) = f(x)g(x)

g) )
(g W=

where g(x) # 0.




Yhdistetty funktio (Composite function).
Olkoon f: R — R ja g: R — R funktioita. Maéritellaén:

foglz) = flg(z))

Néin médritelty kuvaus on funktio f o g: R — R, ja sitd nimitetdén f:n
ja g yhdistetyksi funktioksi. Funktiota f kutsutaan yhdistetun funktion
ulkofunktioksi ja funktiota g sen sisafunktioksi.

Esim: f(z) =z —1, g(z) = ? silloin:

fog(z) = 22 -1
gof(z) = (x—1) =z*-2z+1
gog(z) = (z%? =2
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y=H()
Y=l
14
y—=10
X
Figure P.61 The Heaviside function
¥
= |
it b
X
= —1
: =]
y = sgn(x)
Figure P.62 The signum function

Because the resulting function, x. is defined for all real x, we might be tempted to say
that the domain of G o G is R. This is wrong! To belong to the domain of G o G, x
must satisfy two conditions:

(i) x must belong to the domain of G, and
(ii) G(x) must belong to the domain of G.

y=(+1?

SECTION P5:  Combining Functions to Make New Functions 37

(~l.l)\ _v=/\/x—l
iy '\v|: B _\' \_2

2,2)

The domain of G consists of all real numbers except x = —1. If we exclude
g = =l inof Go iti i) wil satisfied. Now ob-
serve that ® ° seee o ® 3
1.~ Paloittain maaritelty funktio.
of GoGi
+ond Funktion madrittelyd ei aina voida tehda yhdelld ainoalla matemaattisella
ol lausekkeella, vaan maérittely on tehtdva erikseen kahdelle tai useammalle e
ey . . 0w . . enee o . ° . binin
«-| R:n osavilille. Esimerkkind jo alemmin maéritelty itseisarvofunktio f(z) = [
weeass! | 2| (ks. 8. 8). Toinen yleinen esimerkki on ns. askel- . porrasfunktio
anel (Kutsutaan my6s Heavisiden funktioksi). s
y —®
Hx) ) terval
1 ;220
The functi H(I) = : - 1 ’ (1) at any
circuit by 4 0 ; x < 0 callejd
_____ bse;‘ve
EXAMP
B 5 ! :
sgn (4] X @
The name e
whether x is positive or negative. Since O is neither positive nor negative, sgn (0) is — PR
not defined. The signum function is an odd function.
PY o—e
W The function , : .
(x+1)? ifx<-1, —q o—e
fx)=93—x if-1<x<lI, — o—s
V=T ifx >, = o—e
is defined on the whole real line but has values given by three different formulas pieus e . L b
depending on the position of x. Its graph is shown in Figure P.63(a). (@) The greal?st INIEEEY t“f‘““"“ Lx] !
® (b) The least integer function [x] (a) (b)
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Even and odd functions

SECTION P6:  Polynomials and Rational Functions 39

(a) Show that f is the sum of an even function and an odd

EXAMPLE [

least integer f
is given in Fig|
example, the c|
part of an hour

In Exercises 1-2, find the domains of the functions f + g, f 4
fe. f/g, and g/f, and give formulas for their values.

L f()=ux, g(x)=+vx—1

2. fx)=+1—u, gx)=+vI1+x

Sketch the graphs of the functions in Exercises 3-6 by combi|
the graphs of simpler functions from which they are built up.
3. x—x? 4. ¥ —x

5. x+ x| 6. [x|+|x—2|

7. If f(x) =x +Sand g(x) = x2 =3, find the following:
(@ fog0) (b) g(f(0)

© f(gx)) ) go f(x)
() fo f(=5) ) g(g2)
@® fUF&) (h) goglx)

In Exercises 8-10, construct the following composite functior]
and specify the domain of each.

@ fof(x) (b) fogx)
©) goflx) d) gog)
8. f)=2/x, g =x/(1-x)

9. fy=1/01—x), gw)=+x—1
10. f() =@+ D/x-1), 8(x) = sgn(x)
Find the missing entries in Table 4 (Exercises 11-16).
Table 4.

f) 2(x) foglx)
11. x? iapll
12. x+4 x
13. I |x
14. X3 2x+3
15. (x+ /x x
16. x—1 1/x?
® 17. Use a graphing utility to examine in order the graphs of t
functions
y =%, y=2+x,
y=24+3+ux, y=1/Q+V3+x).

Describe the effect on the graph of the change made in thy

Potenssifunktiot ja polynomit.

Potenssifunktio potenssille n € N (yleistys mv. potenssiin mychemmin):

=

-x-

T

(n tekijad)

(1)

Polynomi(funktio) P muodostetaan potenssifunktioiden avulla summana

missd n € N ja polynomin kertoimet a; € R; i = 0,...,n. Korkein
potenssi n on polynomin aste (merk. n = deg(P)). Huom: n:nnen

P(x) — an,.'L'n — a,n_la','n_l —_ = 012172 + a1 r + ap,

(2)

asteen polynomille a,, # 0. Sensijaan kertoimet a;; i = 0,...,n — 1 voivat

saada arvon 0.

Erikoistapauksia:

0. asteen polynomi on vakio (esim. P(z) = 1.5)

1. asteen polynomin kuvaaja on suora (esim. P(zx)

-2z +1.)

2. asteen polynomin kuvaaja on parabeli (esim. P(z) = 2%+ 1)

is,!
the!

0!
CI'S.I
ply;
wo|
reel
ed.l

function at each stage.

® 18. Repeat the previous exercise for the functions

y=2x, y=2x—1, y=1-2x,
1 |

N -
o e

y=+1-2x, y=

— il

f(x)={

Why is f (x) called the integer part of x?

Lx]
[x1]

ifx =0
ifx <0.

Multiplying two polynomials of degrees /1 and 11 produces a product polynomial ofl
degree m + n. For instance, for the product

E+ D —x~2)=x> =22 —x—2,

the two factors have degrees 2 and 3, so the result has degree 5.
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Polynomien kertolasku

Olkoon P astetta n oleva polynomi, P(z) = a,z"+a, 12" '+...+a;z+ay
(P # 0) ja @ astetta m oleva polynomi, Q(z) = b,,z™ + by, 2™ 1+ ... + .
Ernsam iz + b (@ # 0). Silloin tulo PQ on astetta n + m oleva polynomi, jolle e

P and
In Exercises 1-2, find the domains = 0.
fg. f/g, and g/f, and give formuld

v it PQ(z) = (anz" + an12" ' + .+ a1 + ao)(bnz™ + b1z L+ iz + by) —
i tcins | - n+m-—1
arnbm.l'n+m + (arnbm.—l + an—lbm)x +

Sketch the graphs of the functions i
the graphs of simpler functions fror

3 x—x? 4
_ n+-m-—2
> ff;::)'ﬂﬁﬂndg(x):f: (anbm—2 + an—1bp—1 + arn—2bm)$ + ...+ (albO + a»Obl)-T + apby. T
@ fog(0) () g( of the

© f(gx)) ) gd
() fo f(=5) ) 24

o s o+ Polynomien kertolasku suoritetaan siis noudattamalla normaaleja reaaliluku-

In Exercises 8-10, construct the fol

i peemineieen | jen osittelulakien mukaisia sulkulausekkeiden kertolaskusaantoja.
©) gof() @) g4 . . .

srw=ae =i (Osittelulait: a(b+ c¢) = ab+ ac ja (@ + b)c = ac + be.) e

10. fx) =@+ )/(x—1), lgree

Find the missing entries in Table 4

Table 4. ° ® « . . .
7w Esimerkki: Olkoon P(z) = 22 + 3z — 4 ja Q(z) = = + 2. Silloin,
T )

}‘5" x4+ 1D/x . PQ(x) = (22: + 3$ - 4) (I + 2) 1
% — 3 2 2
 17. Use a graphing utility to exami - 2 ' lx + 2 ' 2$ + 3 ! lx + 3 ' 2x - 4 ) lz - 4 ) 2 iudyl;f:
functions K 2 mlzers.l
R = 22°+(4+3)z°+ (6 —4)z —8 it
y=2+3+x, ¥ P degreel
e = 2z° +72° + 2z — 8 i
® 18. Repeat the previous exercise fo |

1
y=+1-2x, W= —= y=——|-———l.

y=2x, y=2x—1, y=1-=2x, (EeliT=sio: 1 @4+ DE —x—2)=x" -2 —x -2,
1—2x 1 =2k Why is f (x) called the integer part of x?

the two factors have degrees 2 and 3, so the result has degree 5.
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1
Just as the quotient of two integers is often not an integer but is called a rational | Roots, Zeros, and Factors
number, the quotient of two polynomials is often not a polynomial, but is instead called 1 A number r is called a root or zero of the polynomial P if P(r) = 0. For example,
a rational function 1 A humbers
. . . ten used
Rationaalifunktiot e
ion with
Olkoon P, ja P,, pol ia, joid ja m. Tyyppia
-
oon I, ]Ja I, polynomeja, J01aen asteet ovat n Ja . 1YVDPpla - boly.
lex num-

/a since
Pn ( x ) ny roots

R(z) = 53
=) =5 @)

dix I for

frjugates

sews e . . . . - e wr . te pairs.

olevaa osaméarafunktiota kutsutaan rationaalifunktioksi. Se on méiritelty |
uadratic

kaikilla reaaliluvuilla z poislukien ne z:n arvot joilla P, (z) = 0. o nd

Jos m < n voidaan rationaalifunktio sieventdsa muotoon L ooy if
o degree

Pn (IE ) Rk (IE) ) such

m = Qn-m(z) + m

suorittamalla polynomien jakolasku. Téssd Q- on astetta n — m oleva —
(osamaééra)polynomi ja R on jakojddnnos(polynomi), jonka aste k < m. o

Jos Ry on nollapolynomi, ts. Ri(z) = 0 kaikilla z:n arvoilla, sanotaan, s
ettd polynomi P, on jaollinen polynomilla P, weres

w—iv,
.) Thus,
product
from which it follows at once that —u—=iv)(x —u+iv)=(x— u)2 +v2=x"—2ux +u*+ vz,
203 —3x% +3x +- 4 Fap7

B . which is a quadratic polynomial having no real roots. It follows that every real
x*+1 polynomial can be factored into a product of real (possibly repeated) linear factors and
PY real (also possibly repeated) quadratic factors having no real zeros.

=2x—3+

X2+
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Just as the i aftwai is often nat an i Mevrtescc ot lvilomd 1 £ Rants Zeras_and Factars

number, the qu

jor example,

ottt Polynomien jakolasku, Esimerkki se number

253 — 3x7 often used
P(r) = 0a

1

1

1

1

1

1

I 2
I x= 2 . . . later in this
' weneand  Olkoon P(z) = 22 + 3z — 4 ja Q(z) = z + 2. Silloin, Rt
1 integer quotien referring to
1 fraction a /b (ix

1 numerator (the 2 every poly-
1 — mplex num-
. P(z) (2z°+3z—4) o — 1 2 s
: 3 3 - 2 - I — - 2 € any roots
T Similarly) it A, T T+ T+

1 m > n, then weg H- 4 is never
| of a quotient p nbers 2{ and
: where the num)| pendix I for
1

1

1

1

1

1

1

has degree k < conjugates
ugate pairs.

An(x) . . .
se | Jakolaskun suorittaminen jakokulmassa: omits o

pr quadratic

We calculate th . factors and
b _ iQiivile_nt:ne_t Jaettava Jaka_] a
[ . 1 [ . \
EXAMPLE 9 el Gl
Solution ME Q1 + 3z —4 | T+2
ving degree

240 _(2$2 + 42:) | 22: _ 1 tant c) such

O S amaara which case

e (—z —9) .

SR 2l
o~ a that every

)
x 0 2 has a zero
The quotient is| 1, which in

fferent. The

I\I;IETHOD II. 1 J I roots; one

factoring ou 1 ' propte 3
Jakojdidnnos

23 | hd v are rc?al

, h=u—iv,

— ke 4 city.) Thus,

- »¢] Huom: Téssd tapauksessa k = 0 ja Ry(z) = 2 = vakio. e prodc

from which it f]

PRSI E—
X2+

=2 —3 + Wwhich is a quadratic polynomial having no real roots. Tt follows that every real
x*+1 polynomial can be factored into a product of real (possibly repeated) linear factors and
PY real (also possibly repeated) quadratic factors having no real zeros.
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PRELIMINARIES

Just as the quotient of two integers is often not an integer but is called a rational
number, the quotient of two polynomials is often not a polynomial, but is instead called
a rational function.

203 —3x2+3x+4 . .
T is a rational function.

SECTION P6: Polynomials and Rational Functions 41

Roots, Zeros, and Factors

A number r is called a root or zero of the polynomial P if P(r) = 0. For example,
P(x) = x> — 4x has three roots: 0, 2, and —2; substituting any of these numbers
for ¥ makes P(x) = 0. In this context the terms “root” and “zero” are often used
interchangeably. It is technically more correct to call a number r satisfying P(r) = Oa

2 X X X =
x4 zero of the polynomial function P and a root of the equation P{(x) = 0, and later in this
hanlk we will fallaws this innmare clacely Rut farnow ta avaid eanfucinn with

rring to

Polynomin nollakohdat ja jako alemman asteen tekijoihin ) ol

K num-
la since

Lukua 7, jolle P(r;) = 0 kutsutaan polynomin P nollakohdaksi (ja yroas

yhtdlon P(xz) = 0juureksi). Oletetaan, ettd deg(P) = n > 1. Merkitdan o

ix I for
jugates

e.0. rationaalifunktion sievennetyssia muodossa P, = P ja valitaan m = 1 i
ja Pi(z) = (x — r1). Kertomalla yhtél6 puolittain (z — 7;):1l4 saadaan s i

P(z) = (z — 11)Qn-1(z) + Roy(x),

jors and

only if

missd Hy on O:nnen asteen polynomi, eli vakio. Jos nyt 7; on P:n nolla- degree

kohta, on oltava Ky = 0. Ts.

P(z) = (z —1)Qn-1(2),

ts. polynomi P on jaollinen 1. asteen polynomilla z — r;. hich i

kun P(r;) =0, "

lc) such

—m -
t every
a zero

nt. The
ts; one
ricity 3

2x% —3x2 4 3x + 4
25 +2x —3x> =3+ 3x +4—2x +3
21 =302+ D) +x+7,

]

Il

from which it follows at once that

3 2 - ¢+ 7
2x"—3x +3,\+4=2X_3+A7+ ;
241 x2+1

ey =

If P is a real polynomial having a complex root r| = u +iv, where u and v are real
and v # 0, then, as asserted above, the complex conjugate of ry, namely, 1, = u — iv,
will also be a root of P. (Moreover, r| and ry will have the same multiplicity.) Thus,
both x —u —iv and x — u + iv are factors of P(x), and so, therefore, is their product

(=u—=iv)(x —u+iv)y=(x— 1)? 4+ v =% — 2ux + u? + 02,
which is a quadratic polynomial having no real roots. It follows that every real

polynomial can be factored into a product of real (possibly repeated) linear factors and
real (also possibly repeated) quadratic factors having no real zeros.
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1
Just as the quotient of two integers is often not an integer but is called a rational 1 Roots, Zeros, and Factors
number, the quotient of two polynomials is often not a polynomial, but is instead called | A number r is called a root or zero of the polynomial P if P(r) = 0. For example
n )
1

s ratonstfunetion P(x) = x> — 4x has three roots: 0, 2, and —2; substituting any of these numbers
263 -3 led
1 Polynomin nollakohdat ja jako alemman asteen tekij6ihin |
wae (jatkoa) .
numerator (thi i
=2 Jos nyt luku r on astetta n— 1 olevan osamédrapolynomin @, -1 nollakoh- [
Similarly, if 4

oy ta, voidaan edelld esitetty pédéttely toistaa @),_;:lle, jolloin alkuperdinen |-

of a quotient pd
where the nu; or

weseet| polynomi P voidaan kirjoittaa muodossa P(z) = (z — 1) (2 — 1) Qn_o(z),

KS.

5w missd Qn—2(z) on astetta n — 2 oleva polynomi. Niin jatkamalla voidaan |,
We calculate .

anemn padtelld, ettd astetta n olevalla polynomilla on korkeintaan n nollakoh- [
oaneiel  taa, ja ettd jos luvut r1, 7, ...r, ovat ndma nollakohdat, niin polynomi P
sauton M yoidaan kirjoittaa muodossa

ce

P(z) = an(z — (2 — 12)...(T = 70). (4)
™ | HUOM: Voidaan osoittaa, etté jokaisella n:nnen asteen polynomilla todel- L]
7 lakin on n kpl. nollakohtia, mutta ne eivit valttdmétta ole reaalilukuja [

The quotient

wemontl (yvaan kompleksilukuja) ja ettd ne eivat valttamatté ole keskendén erisuuria. ¢
Lisaksi voidaan osoittaa, ettd jokainen reaalikertoiminen polynomi voidaan |,

factoring out

- > jakaa yksikésitteisesti korkeintaan 2. astetta olevien reaalikertoimisten

from which it polynomien tUIOkSi.

253 =3,

XA e T polynomial can be factored into a product of real (possibly repeated) linear factors and
@

real (also possibly repeated) quadratic factors having no real zeros.
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Polynomien nollakohtien maarittaminen

0. asteen polynomin tapaus on triviaali.

1. asteen polynomilla P(z) = Az + B on nollakohta r = —B/A

2. asteen polynomilla P;(z) = Az* + Bz + C on nollakohdat

1
2A

jotka ovat joko molemmat reaalisia tai molemmat kompleksisia.

T+

(—B +/B? - 4AC)

3. asteen polynomilla on joko kolme reaalista nollakohtaa tai yksi reaa-
linen ja kaksi kompleksista nollakohtaa. Niiden laskemiseksi on olemassa
kaava, mutta se on kohtalaisen monimutkainen. Sitd kdytetdan harvoin
eika sita esiteta tassa.

4. asteen polynomien nollakohtien ratkaisemiseksi on myos olemassa yleinen
menetelma, mutta se on darimmaisen monimutkainen eika sita juuri kayteta.

Astetta n > 5 oleville polynomeille on pystytty todistamaan, etté yleista kaavaa
nollakohtien loytamiseksi ei ole olemassa.

Korkeamman asteen polynomien nollakohdat voidaan aina loytaa numeeri-
sesti (likiarvoina) tai erikoistapauksissa analyyttisesti (esim. etsimélla osa
nollakohdista kokeilemalla).

factored by

s of |C| for
r
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by looking
Of course, i
and, therefo

EXAMPL

e

JreEr
x2+
22 +

The roots ar
(b) This is

.X4

The rog
(c) We star|

XS

Thus 0
the qua
we use

X o

Find the roots of the polynomials in Exercises 1-12. If a rof
repeated, give its multiplicity. Also, write each polynomial
product of linear factors.

L x> +7x +10 2. x2=3x—10

3. x*+2r 42 4. 22 —6x+13

5. 16x* — 82+ 1 6. x*+6x7 +9x2

7. 0041 8 xt—1

9. x6 -3 321 10. x° —x* — 162+ 16

Trigonometriset funktiot

Tarkastellaan yksikkoympyrdd jonka keskipiste on origossa O. Ympyran
yvhtéls on z* + y* = 1. Olkoon P, sellainen piste yksikkéympyrén kehalla,
ettd jana (ympyrén erés side) OPF; muodostaa z -akselin kanssa kulman ¢
(ks. kuva).

Maéaéritelldaan funktiot ‘cos’ (kosinifunktio) ja ’sin’ (sinifunktio) siten
ettd ko. pisteen x -koordinaatti on cos(t) ja y -koordinaatti on sin(t), ts.
P; = (cos(t),sin(t)). Huom: seké sini- ettd kosinifunktio ovat kuvauksia
R—[-1,1] Y A

sin(t)f--------- P
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Find the roots of the polynomials in E
repeated, give its multiplicity. Also,
product of linear factors.
L x> +7x +10 2. x
3. x*+2r 42 4. o
5. 16x* —8x2 + 1 6. x
7. 0041 8.
0.

9. X0 =3t 4321 10. ¥

Huom: kulmaa voidaan mitata useammalla eri asteikolla, joista tavallisim-
mat ovat aste ja radiaani. Aste madriltelldin kulmaksi joka on 1/360
kertaa tdyden ympyran kulma (ts. tdysi ympyrd on 360°). Kulma radi-
aaniyksikoissa maaritelladn ympyran kehan pituuden s ja ympyran siateen
r vilisend suhteena, siis ¢ = s/r (rad), missd kulma ¢ on ympyréseg-
mentin keskuskulma (ks. kuva). Huom: saman muotoisille ympyréseg-
menteille suhde s/r ei riipu ympyrdn koosta, joten myoskadn kulman
madrittely ei riipu siitd. Tayden ympyran kulma = 27. Koska kulma
on maaritelty kahden pituuden suhteena, se on itseasiassa dimensioton
suure. Yleisen kaytannon mukaan, jos kulma ilmoitetaan asteina, asteluku
merkitdan symbolilla °, esim. « = 30°. Jos kulma ilmoitetaan radi-
aaneina, se merkitddn dimensiottomana lukuna, esim. a = 7/6. Kulma
maédritelldéin positiivisena, jos se on referenssisuunnasta (esim. x -akselista)
vastapdivadn (ns. positiiviseen kiertosuuntaan) ja negatiivisena jos se on
siitd myotdpaivadn (negatiiviseen kiertosuuntaan). YA

ns 45

ation is
" be the |

irection |
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DEFINITION The radian measure of angle AO P, is 1 radians:

ﬂ LAOP, =1 radians.

wncmerecndd Sini- ja kosinifunktioiden ominaisuuksia

P; = (cost, sint)

Arc length ¢

7 radians = 180°.

R sin(t) + cos’(t) = 1; Pythagoraan lause!

multiply by 180/7x.

R Huom: sin'z(t) tarkoittaa (sin(t))2

In calculus it is ass
or other units are

mean /3 s sin(t + 2m) = sin(f);  Sini ja kosini ovat jaksollisia

£ EAPLE T A" cos(t + 2m) = cos(t); funktioita, jakso = 27

and the area A of the sq
e cos(—t) = cos(t); Kosini on parillinen funktio
Figure P.68 Arc length s = rt o= 5"; @mry=1 Sin ( - t)

Sector area A = r2t/2

|

I
m-
=
—
H_
- ol

Sini on pariton funktio

Similarly, the area A of]
712 of the whole circle]

iy cos(t) sin(t)

2

(We will show that the

Using the procedure dq K 2n t rdi-
real number 1, positive

P;. (See Figure P.69.)

DEFINITION Cosine and sine

For any real ¢, the c ust
7 sinr) are the x- and

cost = the x-coordinate of P,

cos?t +sin’t = 1.
sin? = the y-coordinate of P,

(Note that cos? f means (cos 1)2, not cos(cos ). This is an unfortunate notation, but it
is used everywhere in technical literature, so you have to get used to it!)

Because they are defined this way, cosine and sine are often called the circular func-
tions. Note that these definitions agree with the ones given earlier for an acute angle.
(See formulas (x) at the beginning of this section.) The triangle involved is P,O Q; in
Figure P.69.

Periodicity. Since C has circumference 27, adding 27 to f causes the point P; to
£0 one extra complete revolution around C and end up in the same place: Pryor = P;.
Thus, for every 1,
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DEFINITION Tangent, cotang

sin
tanf = —
cos

S

o

FEE B

Figure P.80  The graph of tan x
| F

=
1]

Figure P.82  The graph of secx

Observe that each
asymptotes) at poir]
has value 0. Obser
secant is an even fu
|secx| = 1 for all
The three func
ric functions, whil
secondary trigono]
primary functions;

Tangentti- ja kotangenttifunktiot

tan(t) =

cot(t)

sin(t)
cos(t)’
cos(t) 1

sin(t) ta.n(t);

Tangentti ja kotangentti ovat molemmat antisymmetrisia ja jaksollisia, jak-

sona 7 (!)

Huom: Tangentti ei ole méadritelty pisteissa, joissa cos(t) = 0, ts. kun
t = 54+nm;n € Z. Kotangentti ei ole méaritelty pisteissa, joissa sin(t) = 0,

ts. kun t = nm;n € Z.

cot(t)

y

2--

1--

tan(t)

-0.51

15 on t




Trigonometriset funktiot ja kolmiogeometria
Trigonometriset funktiot liittyvét suorakulmaisten kolmioiden mittasuhteisiin

sin(t) = b/a
cos(t) = c/a
tan(t) = b/c
cot(t) = c/b
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hyp
opp

-

Figure P.85

5
=

Figure P.86

Note that the constant Pi (with an uppercase P) is known to Maple. The evalf () *
function converts its argument to a number expressed as a floating point decimal with \
10 significant digits. (This precision can be changed by defining a new value for the

variable Digits.) Without it, the sine of 30 radians would have been left unexpanded

because it is not an integer.

> Digits :=20: evalf(100*Pi): sin(30)

| x
a

I’}

SECTION P7:  The Trigonometric Functions 59

EXAMPLE 9 For the triangle in Figure P.87, express sides x and y in terms

side a and angle 6.

of

Solution The side x is opposite the angle 8, and y is the hypotenuse. The side

adjacent @ is a. Thus,

It is often|
of sine and co!

sin(s = 1)
cos(s % t)

> expand

> combing

Other trig|
cosine.

tan(s % £)

> convert

The % in the |

Trigonomet
The trigonomg
relationships

beginning of t
can refer to th
), and hyp (hy
be expressed af

sinf

EXAMPLE
Solution He

Trigonometrisilla funktioilla on monia erikoisominaisuuksia, jotka ovat usein
hyodyllisid kaytannon laskuissa, esim:
sin(s) cos(t) = cos(s) sin(t);
cos(s) cos(t) F sin(s) sin(t);

tan(s) &= tan(t)
1 F tan(s) tan(t)’

1
2

2cos5(s+1

2

(Ks. esim. Murray et.al., Mathematical Handbook of Formulas and Tables,
Schaum outlines.)

= 2sin (s +1t)cos (s — t); Sinin ja kosinin
)sin 5(s — t)
2c0s 5(s + t) cos 3(s — t);
= 2sin %(s-+—t) sin 2(s — t); kaavat

®
Kulmien o
yhteenlaskukaavat
; yhteenlasku ja a
vahennys
-

hypotenuse of the triangle is 5 units. Thus,

V3

= sl = ! and —-'y = 307 =
— —sin30° = — = ° —
5 2 cos

5 5v3
S0.x = 3 units and y = - units.

; Y

L C

Figure P.89

SOTOTION— From the third version of the Cosine Law:
¢ =a?+b*—2abcos C =4+ 9 — 12cos40° = 13 — 12 x 0.766 = 3.808.
Side c is about +/3.808 = 1.951 units in length. Now using Sine Law we get

A P 64
sinB=b5mC% sin40° 3 x 0.6428
@

~ ————— =~ (.988.
1.951 1.951
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10.

11.

12.

13.

14.

15.

16.

CHAPTER 2  Differentiation

fa+h)— fx—h) -
2h
(b) Show that the existence of the limit in (i) guarantees that
f is differentiable at x.
(c) Show that the existence of the limit in (ii) does 1ot guar-
antee that f is differentiable at x. Hint: Consider the
function f(x) = |x[atx = 0.

.
G jim

. Show that there is a line through (a, 0) that is tangent to the

graph of y = x* — 2x2 + x at two different points. Can
there exist more than one such line? Why?

% 17. (Double tangents) A line tangent to the quartic (fourth-
degree polynomial) curve C with equation y = ax* +bx3 4+
¢x? +dx + e at x = p may intersect C at zero, one, or two
other points. If it meets C at only one other point x = g, it
must be tangent to C at that point also, and it is thus a “double
tangent.”

ETSCOTN i iefiadburth Rl

curve y = Patx =3a/2. Ifa
line through (a, 0) that is tangent tq

e e ey Algebralliset ja traskendenttiset funktiot

number?

Make a sketch showing that there are
of which is tangent to both of the par

C A PIRERSSS

Transcendental

163

e e e Kokonaislukukertoimisia polynomeja, rationaalifunktioita ja ndiden mur-

Show that if & > 1/2, there are thrg

omeaswn e of - tolukupotensseja kutsutaan yhteiselld nimelld algebrallisiksi (alkeis)

(Distance from a point to a cury

curve y = x? that is closest to the po funkt ioiksi .

from (3, 0) to the closest point Q on
the parabola at Q.

(Envelope of a family of lines) §

s pmnseveivey -l - N[uunlaisia funktioita kutsutaan transkendenttisiksi (tai transsendent-

of the family of lines y = mx— (m*

weamty oy ool tisiksi) funktioiksi. Transkendenttisia alkeisfunktioita ovat:

(Common tangents) Consider the

wmy =iy =aened - Trigonometriset funktiot ja niiden kdénteisfunktiot l. arcusfunktiot

equations do represent different parg

(a) the two parabolas are tangent tof - El@ponent,t,i- ja logaritmifunkt'iot

B2 =4C(A-1);
(b) the parabolas have two commor]

s ca.| -Hyperboliset funktiot ja niiden kaanteisfunktiot 1. areafunktiot

(c) the parabolas have exactly onef
either A = 1and B # 0,0r A #

o e NAISEE trigonometriset funktiot on jo késitelty. Muita transkendenttisia

A= land B =0,0rA # | and|

Make sketches illustrating each of d alkeisﬁlnktioita 1{5.5 itell'a"én lyhy%ti SelUraavassa

Let C be the graph of y = x7.

(a) Show that if a # 0, then the ta
intersects C at a second point

(b) Show that the slope of C at x {

atx =a.
(c) Can any line be tangent to C at more than one point?
(d) Can any line be tangent to the graph of

y = Ax? + Bx? + Cx + D at more than one point?
Let C be the graph of y = o —2x2,
(a) Find all horizontal lines that are tangent to C.

(b) One of the lines found in (a) is tangent to C at two dif-
ferent points. Show that there are no other lines with this
property.

(c) Find an equation of a straight line that is tangent to the

Tiear the base s

per second) is graphed against time in Figure 2.43. From

information in the figure answer the following questions:

(a) How long did the fuel last?

(b) When was the rocket’s height maximum?

(c) When was the parachute deployed?

(d) What was the rocket’s upward acceleration while its motor
was firing?

(¢) What was the maximum height achieved by the rocket?

() How high was the tower from which the rocket was fired?

ern
by

1-1925
(1911)

ns, all the

of three
ilgebraic
ain, each
ariable x
ation, and
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of these
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hen a pair
begin the

e ===y

-
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) =

whose grgph is shown in Figure 3.1. Like any function, f(x) has only one value for |
each x in its domain (the whole real line R). In geometric terms, any vertical line meets |
the graph of £ at only one point. However, for this function f, any horizontal line also !

meets the graph at only one point. This means that different values of x always give
different values to f(x). Such a function is said to be one-to-one.
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DEFINITION

i

.

Figure 3.1 The graph of f(x) = x°

Do not confuse the — 1 in !

with an exponent. The inverse

£~ is not the reciprocal 1/f. If

we want to denote the reciprocal

1/f (x) with an exponent we can
1

write it as (f(x))7 .

DEFINITION

z

Kaanteisfunktio.

Funktio f : D(f) — S on injektio eli yksi-yhteen kuvaus jos mitkién
kaksi maarittelyjoukon D( f) eri alkiota eivit kuvaudu samaksi maalijoukon

alkioksi, ts. 1 # z2 = f(z1) # f(z2).

Funktio on surjektio jos jokainen maalijoukon alkio on jonkin maarittely-

joukon alkion kuva, ts. jos R(f) = S.

Funktio on bijektio, jos se on surjektio ja injektio. Tassa tapauksessa
funktiolla on kdénteisfunktio f ' : R(f) — D(f) (ts. D(f ') = R(f)

jaR(f™) =D(f)

Kaanteisfunktion yleisid ominaisuuksia.

y‘:
(F)" =
fof () =

flx) o z=f"(y)

f

ff @)=z ja flof(x)=f"'(flz) =2
(ts. fof 'ja f'of ovat identtisid kuvauksia)

s 165
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Jos funktio f : R — R on bijektio ja jatkuva (funktion jatkuvuus mééritelldan
tarkemmin my6hemmin), sen kuvaaja y = f(z) on aidosti monotoninen
(aidosti kasvava tai viheneva). Kadnteisfunktion f~! kuvaaja y = f~(z)
saadaan télloin alkuperdisen funktion kuvaajasta peilaamalla se suoran

y = x suhteen.

—

Jy = fa) 17
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Figure 3.3 The graphof y = f~'(x) is
the reflection of the graph of y = f(x) in
the line y = x

1t fq

(Th|

Huom: monet tavanomaiset funktiot eiva ole bijektioita koko maarittely-
alueessaan, jolloin niilld ei myoskéddn ole kdanteisfunktiota. Rajoittamalla
madrittely- ja maalijoukkoa sopivasti, padstaan kuitenkin usein tilanteeseen,
jossa ndin (lievasti’) uudelleen maédritelty funktio on bijektio ja silld siis
on kaanteisfunktio. Esim. funktiolla f(z) = z? jonka méiérittelyjoukko
D(f) = R ja arvojoukko R(f) = R. = {z € R|z > 0} ei ole kdénte-
isfunktiota koko R:ssa. Funktiolla f. (z) = z? : R, — R. sensijaan on
kadnteisfunktio f!(z) = /z. Samoin funktiolla f (z) =2?: R_ = R,
missi R_ = {z € R|z < 0} on kisnteisfunktio f~'(z) = —/.

/ /

y=f-@) ot y=1£.6),

167

then
If (x).

on in

>

-----

&
=
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SECTION 3.5: The Inverse Trigonometric Functions 191

E130. If yo > L, find the interval on which the given solution of
logistic equation is valid. What happens to the solution as
approaches the left endpoint of this interval?

E131. if yp < O, find the interval on which the given solution of
logistic equation is valid. What happens to the solution as
approaches the right endpoint of this interval?

32. (Modelling an epidemic) The number y of persons
infected by a highly contagious virus is modelled by a
logistic curve

aThe Inverse Trigonometric
The six trigon

we did with th)
that the restrid

The Inverse

Let us define
domain is the

DEFINITION

The restri
Sinx

Since its der
increasing on

range [—1, |
Figure 3.17  The graph of Sin x forms part
of the graph of sinx
Being one-t
books and

inverse sine|

Trigonometriset kaanteisfunktiot 1. arcusfunktiot

Trigonometrisilla funktioilla ei ole kiddnteisfunktioita koko méaarittelyalueis-
saan. 'Méié,ritelléén uudet funktiot rajoittamalla maarittelyaluetta seu-
raavastl:

Sin(z)
Cos(z) = cos(z);
Tan(z) ;
Cot(

—m/2<z <72
0<z<m
—mf2<z <72
0<z<m

= sin(z);

Il
ﬁ

an(z);
cot(z);

OIC

Nama funktiot ovat bijektioita joten niilld on kadnteisfunktiot

arcsin(z) ; —1<z <1
_1<z<1
—00 < T < 0C;

arccos(z) ;
arctan(z) ;
) ;

arccot(z) ; —oo <z < o0

K#anteisfunktioita merkitdén yleisesti myds: sin~(z), cos (), jne.

(Lisad: Murray et.al., Mathematical Handbook of Formulas and Tables, |
Schaum outlines.) |

caoTTToT S
(the domain of Sin). The cancellation identities for Sin and sin~! are l

DEFINITION | Theinve
ﬂ .-
The graph o
line y = x.¥m
is[-%. 5]

T'=1(cosy)—.
dx
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Figure 3.6 Tangents to the graphs of f
and f!

Since we are assuming that the graph y = f(x) has a nonhorizontal tangent line at any
x in (a, b), its reflection, the graph y = £~ 1(x), has a nonvertical tangent line at any
X in the interval between f(a) and f(b). Therefore, f ! is differentiable at any such
x. (See Figure 3.6.)

Let y = f~'(x). We want to find dy/dx. Solve the equation y = £ ') for
x = f(y) and differentiate implicitly with respect to .x to obtain

dy 1 1

4 dy —_— = —_—
IR T P R I e))

(x, )

graph of f

/ graph of £ !

/

Therefore, the slope of the graph of f~ 1 at (x, y) is the reciprocal of the slope of the
graph of f at (y, x) (Figure 3.6) and

L L
dx FF @)
. . dy 1
In Leibniz notation we have —| = ——
dx |, c_ii
4y ly=-tw

Show that f(x) = 3+ x is one-to-one on the whole real line, and,

M noting that £(2) = 10, find (£~)' (10).

Solution Since f'(x) = 3x? + 1 > 0 for all real numbers x, f is increasing and
therefore one-to-one and invertible. If y = £~'(x), then

x=f=ry+y = 1=06y¥+Dy
1
= !
T

Now x = f(2) = 10 implies y = £ '(10) = 2. Thus,

v 13
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Show that the functions f in Exercises 1-12 are one-to-one, and 25. Find g () if g(x) = x> +x = 9.
calculate the inverse functions f~'. Specify the domains and 26. Find h="(=3) if h(x) = x|x| - 1.
ranges of f and f~!. |
W) =x— 1 2 f)=2c—1 27. Assume that the function fl(x) satisfies f'(x) = T and that
[ is one-to-one. If y = f~'(x), show that dy/dx = y.
x)=vx—1 4. f(x)=—vx—1 B
3. f0 ; S ! 28. Find (f ') () if f(x) = 1 + 243
5. fx)=x 6. fx)=1+ Ux
7. fx) = 2 x<0 8. fx)y=(— 2¢)} 29. Show that f(xv) = 210 has an inverse and find
1 x .
9, f(x)= —— 10. f(x)=—— U ,
x+1 1+ B130. Find (f7") (-2) if f(x) =xv3+a2
| —2x X e ) 2 = .
1. f(x) = 12, f(x) = —— 88 31. If f(x) = /(1 + /X), find f~'(2) correct to 5 decimal
I 1+x VATl places.
In Exercises 13-20, f is a one-to-one function with inverse f~'. 32. If g(x) = 2x + sin.x, show that g is invertible, and find
Calculate the inverses of the given functions in terms of £~ !. ¢ 1(2) and (g~1)(2) correct to 5 decimal places.
13. g(x) = f(x) =2 14, h(x) = f(2x) 33. Show that f(x) = x sec.x is one-to-one on (—m/2, 7/2).
at is ai =1 ()7 Fi =1y,
15, £(x) = =31 (x) 16. m(x)= flx =2) What is the domain of f~'(x)? Find (f~")'(0).
\ ) -3 34. If f and g have respective inverses f~' and g !, show that
17, p(x) = ———— 18. ¢(x) = JEI=3 the composite function f o g has inverse
1+ £ 2 (foey ' =g of
19. r(x) =1 —2f(3—4x) 20. s(x) = I+ f@x) E135. Fpr what values of the conslanl§ a, b, and c is the function
1= fx) fx) = (x —a)/(bx — ¢) self-inverse?
In Exercises 21-23, show that the given function is one-to-one E136. Can an even function be self-inverse? an odd function?

find its inverse. . L . . .
g E137. In this section it was claimed that an increasing (or

2 .
21, f(v) = !"' ae L= decreasing) function defined on a single interval is

v+l ifx <0 necessarily one-to-one. Is the converse of this statement
2. o) = [_\»?/z if_\- >0 true? Explain.

¢ ifx <0 38. Repeat Exercise 37 with the added assumption that f is
23, h(x) = x|x| + 1 continuous on the interval where it is defined.

24. Find f'(2) if f(x) = &3 +x.

Exponential and Logarithmic Functions

To begin we review exponential and logarithmic functions as you may have encountered
them in your previous mathematical studies. In the following sections we will approach
these functions from a different point of view and learn how to find their derivatives.

Exponentials

An exponential function is a function of the form f(x) = a*, where the base a is a
positive constant and the exponent x is the variable. Do not confuse such functions
with power functions such as f(x) = x“, where the base is variable and the exponent is
constant. The exponential function a* can be defined for integer and rational exponents
x as follows:
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Figure 3.7 y = 2* for rational x

Iedadid g d g a2 a2 i - e ]

2T

=

a6 R
e e

¥

Eksponenttifunktio

Olkoon @ on mv. positiivinen reaaliluku. Tavoitteenamme on mééritelld muo-
toa f(z) = a* oleva eksponenttifunktio kaikille reaaliluvuille z. Aiemmin
maadriteltiin jo luvun potenssi luonnollisille luvuille n:

a"=a-a-..-a (ntekijid); neN

Maaritellaan nyt: 1

e =0 a #0 ja
a’ = 1,
jolloin luvun a potenssi (ja siis eksponenttifunktio) on tullut mééritellyksi
kaikille kokonaisluvuille n.

Maéritellddn edelleen luvun a (> 0) m:s juuri /a positiivisena lukuna
jolle patee: ( {/a)™ = a kaikille m € N. Tamén avulla voidaan eksponent-
tifunktion mééritelmé laajentaa edelleen kaikille muotoa z = n/m oleville
rationaaliluvuille. Méérittelemme siis (a -kantaisen) eksponenttifunktion
tassa vaiheessa kuvauksena

f:Q—{yeRly>0}

f(z) =a"= Va";, nmeZ, z=n/m.
Eksponenttifunktion mééritelmé voidaan laajentaa edelleen irrationaalilu-
vuille ja siten koko reaalilukujen joukkoon. Tama tehdaan seuraavassa
kirjan esityksestd poikkeavalla tavalla kayttamalla reaalilukujen taydelli-
syysominaisuutta (aksiooma).

asymptotic
kL

.8(b). They
= x of the

ithms:

, X +log, v,
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Exponential functions
1If a > 0, then

a® =1

d*=a-a-a---a ifn=1,2,3,...
aaa ¢

Figure 3.7 y = 2* for rational x

Maar: Joukon I C R ylaraja on luku m € R, jolle pétee: =
z<m ¥YzeIl.

(Huom: kaikilla R:n osajoukoilla ei ole yldrajaa.)

Maar: Joukko I C R on ylhddltd rajoitettu, jos silld on (ainakin yksi) i
ylaraja.

= |,
Maar: Ylhaalta rajoitetun joukon I C R pienin ylaraja 1. supremum,

merk. sup([), on luku, joka on joukon I yliraja ja jolle pétee sup(I) < m
kaikille joukon I ylarajoille m. -
Reaalilukujen taydellisyysaksiooma:

Jokaisella ylhdélta rajoitetulla joukolla / C R on olemassa sup(/) € R. e

X i

1 y (3 Ifx>0,y>0,a>0b>0, 1,and b # 1, th
(i) a7F = — ) = i : y 4 a# o # en i
3 () log,1=0 (ii) log,(xy) = log, x +log, y
W) (@) =a” (vi) (ab)* =a*b* : :
(iii) log, (—) =—log, x (iv) log, (—) =log, x—log, y
These identities can be proved for rational exponents using the definitions above. They x y
remain true for irrational exponents, but we can’t show that until the next section. el (x") i B efsss
Ifa = 1,thena® = I = 1 forevery x. Ifa > I, then a* is an increasing function a a 108,

of x;if 0 < a < 1, then a* is decreasing. The graphs of some typical exponential
functions are shown in Figure 3.8(a). They all pass through the point (0,1) since a¥=1
forevery a > 0. Observe that a* > 0 for all @ > 0 and all real x and that “EXA MPLE 2 Ifa > 0,x > 0,and y > 0, verify that log, (xy) = log, x +log, v,

using laws of exponents.
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PSS EIC RSSO s 14y ;s

: | % 1710 ol H e

|| kY 1 A0y - P e
DEFINITION 1 | Exponential functions : B Ll 8 i -

Eksponenttifunktion maaritelman laajentaminen irrationaalilukui- .
hin .

Olkoon z € R\ Q (ts. z onirrationaaliluku). Merk: I, = {g € Q|q < z}.
Selvastikin I, on ylhéélta rajoitettu R:n osajoukko ja sup(l,) = z.

Olkoon nyt a € R, a > 1. Talléin funktio f(g) = a% g € Q on aidosti
-------------------- " kasvava Q:ssa. Téten joukko {a?|q¢ € Q, ¢ < z} on ylhailta rajoitettu R:n

X

relia s e osajoukko (jonka alkiot osaamme laskea).

Maaritellaan eksponenttifunktio irrationaaliselle luvulle z s.e:

a® = sup{a’lg € Q,q¢ < z}.

Huom: taydellisyysaksiooman mukaan a® on olemassa. -
Kantaluvun arvoille 0 < a < 1 maééritelmé on analoginen, mutta koska -

silloin a? on aidosti vidhenevd funktio, korvataan pienin ylaraja -késite
analogisella suurimman alarajan kasitteelld (infimum). Jos taas a = 1,
maéadritellddn, 17 = 1.

remain true for irrational exponents, but we can’t show that until the next section. o

log, a

A= i =
Ifa = 1,thena® = I = 1 forevery x. Ifa > I, then a* is an increasing function () log, (x”) = y log, x (vi) log,x
of x;if 0 < a < 1, then a* is decreasing. The graphs of some typical exponential
functions are shown in Figure 3.8(a). They all pass through the point (0,1) since a® =1l ‘
forevery a > 0. Observe that a* > 0 for all @ > 0 and all real x and that EXAMPLE 2 [fe>0.x>0.andy > O, verify thatlog, (vy) = log, x +log, y,
——————— — using laws of exponents.
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Iedadid g d g a2 a2 i - e ]
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Eksponenttifunktio kantaluvulle @ > 0 on nédin tullut méériteltya kaikille
reaaliluvuille kuvauksena f: R — {y|ly € R,y > 0}, f(z) = a*. Voidaan
todistaa, ettd ndin madritelty eksponenttifunktio on jatkuva ja derivoituva
koko R:ssa ja ettd sille pateviat samat laskusddnnot kuin alkuperaiselle
kokonaislukujen joukossa mééritellylle eksponenttifunktiolle. Vaikka méaédri-
telmd on hyvin formaalinen, se antaa kuitenkin kdytdnnon menetelméan
laskea funktion f(z) = a*; a € R, a > 0 likiarvoja mielivaltaisen tarkasti
myds irrationaaliselle luvulle z. Esimerkiksi laskimet ja tietokoneet laskevat
eksponenttifunktion numeeriset (liki)arvot (ja kaiken muunkin) kéyttden
vain rationaalilukuja. Taméa on aina mahdollista, koska rationaalilukujen
joukko on reaalilukujen joukon tihed osajoukko.

Huom: Vaihtamalla z:n ja a:n roolit, voimme e.o. tarkastelun perusteella
madritelld my6s potenssifunktion positiivisille reaaliluvuille kuvauksena
f{z eR|z >0} = {y € Rly > 0}
flz) =z"a€R.

Jos a > 0 on potenssifunktio méaritelty myés arvolle z = 0 (ts. f(0) = 0).
Jos a < 0, on potenssifunktio médritteleméaton pisteessa x = 0.

is asymptotic
< I

anda # |.

he base «,

' has range
unctions, the

0.

B.8(b). They
y = x of the

hrithms:

18a Y

PEs Y

forevery a > 0. Observe thata* > 0 for all @ > 0 and all real x and that l EXAMPLE 2 ¢ > 0,x > 0,andy > 0, verify thatlog, () = log, x +log, v,

using laws of exponents.
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Eksponenttifunktion perusominaisuuksia

1
1/a”
a“a’
a’/a”
a*?

a’b*

Huom: eksponenttifunktioita kantaluvulle a < 0 ei voida mééritelld reaalilu-

vuille. Sen sijaan kompleksilukujen joukossa taméakin tapaus voidaan kasitella.

1M

hptotic

# 1.

range
ns, the

They
of the

log, v,
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% am = o 5 : -

= S W MY Y e

DEFINITION Exponent

re-of Logaritmifunktio o

0|

a

a”

Olkoon taas @ > 0, a # 1 ja f(z) = a” a-kantainen potenssifunktio. |

) ‘| Madritellddn a-kantainen logaritmifunktio (merk. log,) f:n kdénteis- -
nm« funktiona f~! (joka on olemassa em. oletuksilla). Logaritmifunktiolle |-
won{ Patee slis:
numbers ‘x, . N y
....... 1 i raliolnr;lF\‘:fllll. y - loga(z) @ I = a".
----------- extended to . . . . “ N totic
s s e Logaritmifunktion ominaisuuksia -
= T o £ 1.
log,(a®) = =
EXAMPL ] (I)
a%¥ = . x>0
=3
we can calg loga(l) - 0

ange

log,(zy) = log,(z) + log,(y)
log,(z/y) = log,(z) — log,(y)
Exponent log,(1/z) = —log,(z) e
)
)

Ifa(>i) loga (xy = U loga(x)
6 = B (i i
These iden logb (a)

remain tru
Ifa =
of x; if 0
functions are shown in Figure 3.8(a). They all pass through the point (0, T) since a” =T ST I T P PP e T Y
for every a > 0. Observe that a* > 0 for all @ > 0 and all real x and that EXAMPLE 2 If a> 0,x > 0,and y > 0, verify thatlog, (vy) = log, x +log, v,
——————— — using laws of exponents.




Neperin luku e

Ns. Neperin luku, jota yleisesti merkitdan symbolilla e maaritellaan lausek-
keen (1 + %)’ arvona rajalla r — oo, ts.

1 r
e = lim (1 — —) )
r—0C T

(Merkintd ” im” luetaan: “raja-arvo, kun r ldhestyy déretontd. Raja-
r—0C

arvoista puhutaan lisdi jéljempénd).
Voidaan osoittaa, ettd ko. raja-arvo todellakin on olemassa ja etta se on

irrationaaliluku e &~ 2.71828.... Syy Neperin luvun mééritelmén muotoon
selvida jaljempéna derivaattojen kasittelyn yhteydessa.

Kuten myohemmin opitaan, eksponenttifunktiolla jonka kantalukuna on e,
siis funktiolla f(z) = e, on se tidrked ominaisuus, etté sen derivaattafunk-

tio on funktio itse, siis Eer = ¢”. Tasta ainutlaatuisesta ominaisuudesta

johtuu, ettd ko. funktio on erityisen tarkea funktioanalyysin kannalta.




Luonnollinen logaritmi

Eksponenttifunktion e* kdinteisfunktio on e -kantainen logaritmi log,(z).
Sitd kutsutaan luonnolliseksi logaritmiksi ja merkitdan In(zx).

Huom: Yleisen logaritmin kantaluvun vaihtokaavan mukaan voidaan mv.

a -kantainen logaritmi kirjoittaa luonnollisen logaritmin avulla:
log,z = Inz/Ina. Samoin voidaan a -kantainen eksponenttifunktio kir-
joittaa e -kantaisena eksponenttifunktiona: a* = e*'"%. Niin ollen kaikki
logaritmi- eksponenttifunktiot voidaan aina lausua funktioiden Inz ja e*
avulla. Yleisen kdytdnnon mukaan, jos puhutaan vain ’logaritmista’ tai
‘eksponettifunktiosta’ médritteleméattd kantalukua, tarkoitetaan useimmiten
nimenomaan funktioita Inz ja e (logaritmifunktion kohdalla tosin joskus
10 -kantaista tai harvemmin 2 -kantaista logaritmia).

y=Inzx
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In Exercises 52-55, solve the initial-va|

, 1
£352. l"' R £353.
y(0) =1
peesssss
@ 1 Hyperbolic F
1
DEFINITI

_________

Hyperboliset funktiot

Eksponenttifunktion avulla mééritelldén hyddylliset (transkendenttiset) funk-
tiot hyperbolinen sini ja hyperbolinen kosini:

sinhz = %(eI — e %), coshz = %(eI +e %)

sekd, analogisesti trigonometristen funktioiden kanssa hyperbolinen tan-
gentti ja hyperbolinen kotangentt:

sinhz e*—e™® coshz e*+e”*

sinhz e*—e*

cothz =

tanhz = = :
coshz e*+e*
Néennaisen erilaisesta maarittelystdén huolimatta hyperbolisilla funktioilla
on paljon yhteistd trigonometristen funktioiden kanssa (tdmaé paljastuu eri-
tyisesti kompleksilukujen yhteydessé). Siind missd trigonometriset funktiot
liittyvit yksikkoympyrdn z° + y* = 1 geometriaan, hyperboliset funktiot
liittyvat yksikkohyperbelin z° — y? = 1 geometriaan. Hyperbolisilla funk-
tioilla on paljon trigonometristen funktioiden kanssa analogisia ominaisuuk-
sia. Ne eivat kuitenkaan ole jaksollisia funktioita. Esim:

cosh’z —sinh’z = 1
cosh(z = y) = coshz cosh y & sinh zsinhy
sinh(z & y) = sinhz coshy + cosh zsinhy

jne.

cked alge-
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(See Appendix 1.) Therefore,

- PO A vy e cosh(ix) = 5 = cosx, cos(ix) = cosh(—x) = coshx,

5 AT 57 2x— . )
cosh(2x) = cosh® x + sinh? x = 1 + 2 sinh? x = 2cosh™x — 1, & 4 =it

Hyperboliset kdédnteisfunktiot (areafunktiot) —

ertible on

permition | Hyperbolisten funktioiden kaanteisfunktioita kutsutaan areafunktioiksi ja i

merkitdén esim: arsinhz = sinh~ !z, artanhz = tanh 'z jne. Funktiot
sinh z, tanh z ja coth = ovat bijektioita. Niilld on kdénteisfunktio kaikkialla. it
Sensijaan cosh z el symmetrisend funktiona ole bijektio. Vain sen rajoit- | ____

of natural
tumalla positiivisiin (tai negatiivisiin) z:n arvoihin on kéénteisfunktio. Ne
voidaan lausua luonnollisen logaritmin avulla seuraavasti.

to get the

arsinh z = Sinh_l T = h’l((l? + V2 + 1)
arcoshz = cosh 'z = In(z + /22 — 1), z>1 "

— 1 itive sign:
artanh:v—tanhlar:—ln(1 , lez<l
Figure 3.28  The graph of tanh x

r+1
Tz—1

arcothz = coth 'z = ln( ), r<—ltaiz>1

(Todistukset, ks. kurssikirja kpl. 3.6)

TTIOS,;
onometric and hyperbolic functions largely dis®

Remark The distinction between trig : stergely
appears if we allow complex numbers instead of just real numbers as variables | ey %ln (; m x) | i
the imaginary unit (so that i2 = —1), then 2

¥ =cosx +isinx and e ¥ =cosx —isinx. :




artanh x




