
QUANTUM MECHANICS I A (FYSA231), spring 2010

Exercise 4.

1. U is arbitrary unitary matrix.
a) Show that UU† = 1.
b) Show that, if A′ = UAU†, then A = U†A′U.
c) Show that (AB)† = B†A†.
d) Show that, if A is Hermitian then A′ = UAU† is also Hermitian

2. Ĥ is Hamilton’s operator and Â is another operator corresponding to some
observable. {| 1〉, | 2〉, | 3 〉 } is orthonormalized base of the system. De-

fine the matrix representations for operators Ĥ and Â when following re-
lation are true.

Ĥ | 1〉 = ~ω | 1〉
Ĥ | 2〉 = 2~ω | 2〉
Ĥ | 3〉 = 3~ω | 3〉


Â | 1〉 = λ | 2〉
Â | 2〉 = λ | 1〉
Â | 3〉 = 2λ | 3〉

Find the normalized eigenvectors and eigenvalues of Â. What is the Ĥ in
the base of Â?

3. One dimensional harmonic oscillator is in the ground state. The energy
and the normalized wave function are

E0 =
1

2
~ω, ψ0 = (πb2)−1/4e(

−x2

2b2
).

missä b2 = ~/(mω).
a) Calculate the expectation values for potential energy and for the ki-

netic energy.
b) Calculate ∆x∆p and comment the result remembering the uncertainty

principle.
c) Calculate the most probable value for x.

4. φ1(~r) and φ2(~r) are ortonormalized states of Hamilton’s operator. Observ-
able A do not have explicit time dependence, A 6= A(t). System is in the
normalized state described by

ψ(t, ~r) = c1φ1(~r)e
−iE1t/~ + c2φ2(~r)e

−iE2t/~.

Use notations

~ω = E1 − E2, Amn =

∫
φ∗mÂφnd

3r.

and define the expectation value 〈A〉t. Show that this value oscillates be-
tween two values with period

T =
2π~

|E1 − E2|
.
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5. a) Show that [x̂n, p̂] = i~nxn−1

b) Show by using one particle Hamiltonian and

d

dt
〈A〉 = 〈∂A

∂t
〉+

i

~
〈[Ĥ, Â]〉,

that
d〈x〉
dt

=
〈p〉
m
,

and
d〈p〉
dt

= −〈dV (x)

dx
〉.

Hint: V (x̂) =
∑∞

n=0 anx̂
n


