Demo 1
Partial differential equations, 2021

. Classify each of the following PDEs: linear transport equation, Laplace’s
equation, Poisson equation, nonlinear Poisson equation, heat equation,
wave equation, p-Laplace equation, eikonal equation. Is the PDE linear,
semilinear quasilinear or fully non-linear? What is the order of the PDE?

. Let u(z) = |z|%, = € RN, x # 0, where a € R. Calculate Au(x), where
Au = Zivzl 8®z‘aﬂviu = Zfil Dj;u.

. Suppose that u € CH(RY) and ¢ € CZ(RY). Prove using Gauss-Green
theorem that

/uakgodx:f/ pOpudr, k=1,...,N.
RN RN

. Consider the Neumann problem:

{Au(x) =flz) z€Q,

9u(z) =0, z € 09,

(1)

where % = Du-v and v is the exterior unit normal vector of 2. Show that

either the problem (1) does not have a solution or it has many solutions.

. Is the equation Au = 0 in divergence or non-divergence form? Let u € C?
and Du # 0, p > 2. How about

N
|Du’~* (Au+ (p - 2)|Dul > Y DijuD;Dju) =0

i,j=1
(cf. p-Laplace equation)

. Let u be a continuous function in @ C RY. Suppose that

/ugodsz
Q

for all ¢ € C§°(Q2). Show that u(z) = 0 for all x € Q.



